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PREFACE  TO  THE  SECOND  EDITION. 


The  first  edition  of  this  treatise  has  been  for 
several  years  out  of  print,  and  I  had  for  sometime 
given  up  the  idea  of  reprinting  it.  The  work,  having 
been  written  at  a  time  when  the  Modern  Higher 
Algebra  was  still  in  its  infancy,  required  extensive 
alterations  in  order  to  bring  it  up  to  the  present 
state  of  the  science ;  and,  as  I  had  failed  to  bring  out 
a  new  edition  before  my  appointment  to  the  office 
which  I  now  hold,  I  judged  it  impossible  to  do  so, 
now  that  other  engagements  left  me  no  leisure  to 
make  acquaintance  with  recent  mathematical  dis- 
coveries, or  even  to  keep  up  my  memory  of  what 
I  had  previously  known.  When,  however,  years 
passed  and  mine  still  remained  the  only  work  in 
English  professing  to  give  a  systematic  account  of 
the  modern  theory  of  curves,  I  began  to  consider 
whether  republication  might  not  be  possible,  if  I 
could  obtain  the  assistance  of  some  younger  mathe- 
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matician  competent  to  contribute  additional  sections 
representing  the  later  progress  of  the  science. 
Consulting  Professor  Cayley  on  this  subject  I  was 
much  and  agreeably  surprised  by  his  offering  himself 
to  give  me  the  help  I  required.  It  is  needless  to 
say  how  gladly  I  embraced  a  proposal  calculated 
to  add  so  much  to  the  value  of  my  book;  and  the 
only  scruple  I  have  felt  in  profiting  by  it  is  lest 
the  time  and  labour  which  Professor  Cayley  has 
devoted  to  the  work  of  another  may,  for  a  time 
at  least,  have  deprived  the  mathematical  world 
of  a  better  work  on  the  same  subject  by  himself. 
My  original  plan  for  the  division  of  the  labour  was 
that  Professor  Cayley  should  contribute  certain  new 
sections  or  chapters,  of  which  he  should  take  the 
entire  responsibility,  while  I  should  content  myself 
with  revising  the  older  part  of  the  book;  and 
accordingly  the  first  chapter  is  entirely  Professor 
Cayley's.  But  I  found  it  would  be  impossible  in 
this  method  to  give  the  book  the  unity  it  ought  to 
possess;  and  actually  our  work  has  been  combined 
in  a  manner  that  makes  it  not  easy  to  separate 
our  respective  shares.  Professor  Cayley  has  carefully 
gone  over  the  whole,  and  there  is  scarcely  a  page 
that  has  not  in  some  way  been  influenced  by  his 
suggestions;  on  the  other  hand,  I  have  completely 
re-written  many  of  his  contributions  either  for  the 
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purpose  of  making  them  fit  in  better  with  the  rest 
of  the  book,  or  if  I  thought  I  could  make  some 
simplification  in  his  process  or  some  addition  to 
his  results.  I  have  in  fact  dealt  in  the  same 
manner  with  some  of  the  manuscript  materials  which 
he  was  so  good  as  to  place  at  my  disposal,  as  I 
have  done  with  published  memoirs  of  his,  the  results 
of  which  I  have  incorporated  in  the  work.  On 
looking  through  the  pages  the  parts  which  I  re- 
cognize as  taken  from  Professor  Cayley,  with  but 
slight  or  with  no  alteration,  are  Chap.  I. ;  the  account 
of  the  forms  of  triple  points,  Art.  40;  Art.  47, 
the  view  taken  in  which  I  have  not  myself  in 
other  places  fully  accepted ;  Ex.  6,  p.  43 ;  and  Arts. 
^6—58,  87—89,  138,  139,  151,  198,  243,  270, 
282—291,  407,  408.  Besides  these  I  have  worked 
into  Chap.  III.  a  manuscript  of  his  on  envelopes, 
including  the  theory  of  evolutes  and  quasi-evolutes 
and  of  parallel  curves;  from  another  manuscript 
of  his  I  obtained  my  knowledge  of  Sylvester's 
theory  of  residuation;  and  I  have  used  one  on 
the  classification  of  quartics  and  one  on  the  bi- 
tangents  of  quartics.  The  additions  made  to  the 
chapter  in  the  former  edition  on  the  transformation 
of  curves  are  almost  entirely  derived  from  a  manu- 
script of  Professor  Cayley's,  from  which  Arts.  370 
to   the   end    are   taken    nearly   without    alteration; 
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Arts.  401 — 406  are  founded  on  a  manuscript  of  his 
on  Steiner's  theory  of  polar  curves. 

The  first  edition  of  this  work  contained  a  chapter 
on  the  application  of  the  Integral  Calculus  to  the 
theory  of  curves ;  this  I  have  now  omitted  principally 
on  account  of  the  extension  which  this  subject  has 
since  received.  Such  a  chapter  now,  in  order 
to  have  ^ny  pretensions  to  completeness,  ought  to 
contain  an  account  of  the  applications  which  the 
lamented  Clebsch,  in  continuation  of  Eiemann's 
researches,  made  of  elliptic  and  Abelian  integrals 
to  the  theory  of  curves.  But  it  seems  impossible 
that  those  subjects  could  be  done  justice  to,  except 
in  a  work  having  the  Integral  Calculus  as  its  main 
object ;  and  as  such  works  ordinarily  contain  chapters 
on  the  theory  of  curves,  I  have  thought  that  this 
branch  of  the  theory  might  safely  be  omitted  from 
the  present  treatise. 


The  causes  which  delayed  the  publication  of 
the  Second  Edition  have  also  retarded  the  issue 
of  this  Third,  and  have  prevented  me  from  doing 
all  that  might  be  desired  in  the  way  of  including 
recent  investigations.  My  friend  Mr.  Cathcart,  to 
whose  help  in  correcting  the  press  on  this  as  on 
former  occasions  I  am  greatly  indebted,  had  called 
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my  attention  while  the  printing  was  in  progress 
to  various  points  which  needed  fuller  treatment. 
These  I  had  hoped  to  deal  with  in  an  Appendix 
at  the  end,  but  all  I  have  found  time  to  do  has 
reduced  itself  to  the  addition  of  a  few  references. 
Professor  Cayley,  it  will  be  observed,  has  kindly 
given  me  one  or  two  new  contributions. 

Trinitt  Colleqe,  Dublin, 

July,  1879. 
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HIGHER    PLANE    CURVES. 


CHAPTER   L* 


COORDINATES. 


POINT-COORDINATES. 


1.  We  have  in  the  plane  a  special  line,  the  line  infinity ; 
and  on  this  line  two  special  (imaginary)  points,  the  circular 
points  at  infinity.  A  geometrical  theorem  has  either  no  re- 
lation to  the  special  line  and  points,  and  it  is  then  descriptive ; 
or  it  has  a  relation  to  them,  and  it  is  then  metrical. 

2.  The  coordinates  used  for  determining  the  position  of 
a  point  in  the  plane  are  Cartesian  (rectangular  or  oblique) 
or  else  trilinear;  the  latter,  however,  including  as  a  particular 
case  the  former.  Speaking  generally  we  may  say  that  the 
Cartesian  (rectangular)  coordinates  are  best  adapted  for  the 
discussion  of  metrical  properties;  trilinear  coordinates  for  that 
of  descriptive  properties;  but  for  metrical  properties  there  is 
often  great  convenience  in  using  the  notation  of  trilinear 
coordinates,  the  equation  of  a  curve  being  presented  as  a 
homogeneous  equation  in  (a?,  ?/,  z)^  where  ic,  y  are  ordinary 
rectangular  coordinates,  and  2;  is  =  1. 

It  is  proper  to  consider  in  some  detail  the  theory  of  the 
foregoing  kinds  of  coordinates. 

3.  As  defined  Conies^  Art.  62,  the  trilinear  coordinates  of  a 
point  are  its  perpendicular  distances  (^;,  q^  r)  from  three  given 
lines :   it  is  assumed  that  the  lines  form  a  triangle   (viz.   that 
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110  two  of  them  are  parallel),  and  then  if  («,  J,  c)  are  the  sides 
of  this  triangle,  and  A  its  area,  and  if,  moreover,  the  co- 
ordinptes  (^,  5-,  r)  are  taken  to  be  positive  for  a  point  within 
the  triangle,  the  coordinates  p,  q^  r  satisfy  the  relation  ( Conies^ 
Art.  63) 

ap  +  hq  -}-cr  =  2A. 

By  means  of  this  relation,  an  equation,  not  originally  homo- 
geneous, can  be  made  homogeneous ;  and  it  is  always  assumed 
that  this  has  been  done,  and,  in  fact,  the  equations  made  use  of 
are  always  homogeneous. 


4.  But  a  more  general  definition  of  trilinear  coordinates 
is  advantageous;  viz.,  without  in  anywise  fixing  the  absolute 
magnitudes  of  the  coordinates  (a?,  ?/,  z),  we  may  take  them  to 
be  proportional  to  given  multiples  [ap^  fiq^  yr)  of  the  original 
trilinear  coordinates  (^,  ^,  r). 

Observing  that  the  distance  measured  in  a  given  direction 
is  a  given  multiple  of  the  perpendicular  distance  of  a  point  from 
a  line,  the  definition  may  be  stated  with  equivalent  generality 
in  several  forms  as  follows :  the  trilinear  coordinates  [x^  ?/,  z) 
of  a  point  in  the  plane  are  proportional  to 

given  multiples  of  the  perpendicular  distances — 

given  multiples  of  the  distances  measured  in  given  direc- 
tions— 

given  multiples  of  the  distances  measured  in  one  and  the 
same  given  direction — 

the  distances  measured  in  given  directions — 
of  the  point  from  three  given  lines. 

The  three  given  lines,  say  the  lines  a?  =  0,  3/  =  0,  ^  =  0,  are 
said  to  be  the  axes  of  coordinates,  or  simply  the  axes ;  and  the 
triangle  formed  by  them,  the  fundamental  triangle,  or  simply  the 
triangle. 

Observe  that  while  the  quantities  [x,  y^  z)  remain  indeter- 
minate as  regards  absolute  magnitude,  there  can  be  no  identical 
relation  connecting  them  ;  and  the  equations  which  w^e  use, 
being  necessarily  homogeneous,  express  relations  between  the 
mutual  ratios  of  the  coordinates. 
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5.  It  is  not  in  general  desirable  to  do  so,  but  we  may, 
if  we  please,  fix  the  absolute  magnitudes  of  the  coordinates, 
and  say  (a?,  ^,  z]  are  equal  to  {ap,  l3q^  yr)  respectively;  the 
coordinates  are  in  this  case  connected  by  the  relation 

ax      hy      cz      ^ , 
a       /3        y 

which  relation  serves  to  determine  the  absolute  magnitudes  of 
the  coordinates  (a;,  ?/,  z)  of  any  particular  point  when  their 
ratios  are  known. 

It  is  scarcely  necessary  to  remark  that  the  distance  of  a 
point  from  a  line  is  considered  to  change  its  sign  as  the  point 
passes  from  one  to  the  other  side  of  the  line.  The  selection 
of  the  positive  and  negative  sides  might  be  made  at  pleasure 
for  each  of  the  three  lines,  but  it  is  in  general  convenient  to 
fix  them  in  suchwise  that  for  a  point  within  the  triangle 
the  ratios  {x  :  y  \  z)^  or  (when  these  are  determinate  in  absolute 
magnitude)  the  coordinates  (a?,  y,  s),  shall  be  positive. 

6.  Taking  the  lines  a;  =  0,  y  =  0,  2;  =  0  to  be  given  lines,  the 
values  of  the  ratios  x  \  y  \  z  depend  upon  those  of  the  implicit 
constants  a,  /3,  7,  and  are  thus  not  as  yet  completely  defined ; 
but  we  can  fix  them  so  that  for  a  given  point  the  ratios  {x\  y  \  z) 
shall  have  given  values.  Thus,  if  for  the  given  point  whose 
perpendicular  distances  are  ^j,  5^,,  r^  the  ratios  are  to  have  the 
given  values  aj^  :  y^  :  z^^  this  completes  the  determination  of 
the  coordinates,  viz.,  we  have 

X,        y,        z, 
x  :  y  :  z  =  —  p  :  --a  :  —  r, 

-  P.        <1.        r^ 

Again,  what  is  nearly  the  same  thing,  we  can  choose  our  co- 
ordinates so  that  a  given  linear  equation  Ax  +  By+Cz  =  0 
shall  represent  a  given  line.  In  fact,  if  the  equation  of  the 
given  line  in  terms  of  the  coordinates  (^,  q^  r)  is  ap-\-hq+cr  =  0, 
then  we  have  thus  the  determination 

a        b        c 

It  is  not  in  general  desirable  to  make  any  use  of  the  equations 
just  written  down;    the  convenient  course  is  to  consider  tlic 
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coordinates  to  have  been  fixed  in  sucliwise  that  the  point 
(1:1:1)  shall  be  a  given  point  of  the  figure,  or  that  the  line 
ic  -f  ?/  I-  2  =  0  shall  be  a  given  line  of  the  figure. 

7.  It  is  to  be  observed  that  we  may  properly  speak  of  the 
point  (a,  /S,  7),  meaning  thereby  the  point,  the  coordinates  of 
which  have  the  mutual  ratios  x\  y  \  z  equal  to  a  :  /3  :  7.  And 
when  we  speak  of  the  coordinates  of  a  point  as  being  (a,  ^S,  7), 
or  of  (a;,  ?/,  z)  as  being  equal  to  (a,  /3,  7),  we  mean  the  same 
thing ;  that  is  to  say,  we  only  assert  the  equality  of  ratios,  for 
the  very  reason  that  the  absolute  magnitudes  are  indeterminate. 
Thus,  in  the  last  paragraph,  instead  of  the  point  (1:1:1), 
we  might  have  spoken  of  the  point  (1,  1,  1). 

8.  The  point  (J,  1,  1)  and  line  a;  +  ?/  +  2!  =  0  (or  generally 
the  point  (a,  /3,  7)  and  line  -  -f  -^  +  -  =  0)  stand  in  a  well- 
known  geometrical  relation  to  the  fundamental  triangle,  viz* 
if  the  point  be  0,  the  line  M 

will  be  LMN  which  joins 

the  intersections  with  the  L 

sides   of  the  fundamental 

triangle  ABG  of  the  cor-  ^^        ^/\^'^ 

responding    sides    of    the 

triangle  DEF  formed  by 

the  points  where  the  lines    N  A        P  B 

joining  0  to  the  vertices  of  the  fundamental  triangle  meet  the 

opposite  sides;  or,  conversely,  if  the  line  LMN  is  given,  we 

geometrically  construct  the  point  0  by  joining  the  points  Z, 

ili,  N  where  the  line  intersects  the  sides  of  the  fundamental 

triangle  to  the  opposite  vertices  of  that  triangle ;  •  the  joining 

lines  form  a  new  triangle,  and  the  lines  joining  its  vertices  to 

the  corresponding  vertices  of  the  fundamental  triangle  meet  in 

the  point  0.     The  line  and  point  are  in  fact  "  harmonics,"  or, 

as  will  be  hereafter  explained,  they  are  "  pole  and  polar"  in 

regard  to  the  triangle  considered  as  a  cubic  curve,  or  we  may 

say  simply  in  regard  to  the  triangle.     Thus,  if  either  the  point 

or  the  line  be  given,  the  other  is  known,  and  it  is  the  same 
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thing  whether  we  assume  the  point  (1,  1,  1)  to  be  a  given  point, 
or  the  line  x  +  i/  +  z  =  0  to  be  a  given  line. 

Considering  the  line  x-i  y  -]-  z  =  0  as  a  given  line,  we 
have  in  all  four  given  lines,  and  writing  for  convenience 
x-\-y-{-z+w  =  0  (that  is,  considering  tv  as  standing  for  —x—y-z)^ 
the  determination  of  the  coordinates  is  such  that  cc  =  0,  ^  =  0, 
s  =  0,  2^;  =  0  are  given  lines. 

9.  The  coordinates  may  be  such  that  the  point  (1,  1,  1) 
shall  be  the  centre  of  gravity  of  the  triangle ;  or,  what  is  the 
same  thing,  that  the  line  x-{-  y  +  z  =  0  shall  be  the  line  infinity. 
Keverting  to  the  equation  ap-\-hq-\-  cr  —  ^i^^  this  comes  to 
assuming  x '.  y  :  z  —  ap  :  hq\  cr\  viz.  if  we  join  the  point  to 
the  three  vertices,  so  dividing  the  fundamental  triangle  into 
three  triangles,  then  the  coordinates  a?,  ?/,  z  are  proportional  to 
the  three  component  triangles  (or,  what  is  the  same  thing,  each 
coordinate  is  proportional  to  the  perpendicular  distance  from 
a  side,  divided  by  the  perpendicular  distance  of  the  opposite 
vertex  from  the  same  side).  And  it  may  be  noticed  that  if, 
fixing  the  absolute  magnitudes  of  the  coordinates,  we  assume 

_  ap      hq       cr 
^,y,^  =  YK'  2A'  2A^ 

that  is,  take  x^  ?/,  z  to  be  equal  to  the  component  triangles,  each 
divided  by  the  fundamental  triangle ;  then  the  relation  satisfied 
by  the  coordinates  will  h^  x-^y-\-  z  =  \,  * 

10.  A  particular  case  is  when  the  fundamental  triangle  is 
equilateral ;  here  if  a?,  ?/,  z  be  proportional  to  the  perpendicular 
distances  from  the  sides,  (1,  1,  1)  is  the  centre  of  the  figure, 
and  a;+y  +  s  =  0  is  the  line  infinity ;  if,  fixing  the  absolute 
magnitudes,  w^e  take  (a?,  ^,  s)  to  be  equal  to  the  perpendicular 
distances,  and  moreover  take  as  unity  the  perpendicular  distance 
of  a  vertex  from  the  opposite  side,  then  the  coordinates  of  the 
centre  of  the  figure  are  (J,  J,  J),  and  the  relation  between  the 
coordinates  is  x-\-y -\-z  —  \. 

In  this  case,  where  the  fundamental  triangle  is  equilateral 
and  x-{-y-\-z  =  0  the  line  infinity,  the  coordinates  of  the  cir- 
cular points  at  infinity  arc  x  :  y  :  z  =  'i  :  co  :  o)^  and  1  :  w'"*  :  w, 
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where  w  Is  an  imaginary  cube  root  of  unity ;  In  fact,  taking 
X,  Y  as  Cartesian  (rectangular)  coordinates,  the  origin  being 
at  the  vertex  (a;  =  0,  ?/  =  0)  of  the  triangle,  and  the  coordinate 
X  being  along  the  side  ic  =  0,  we  have 

^   XV3-r    2-XV3-F  .    , 

«)  3/3  ^  =  -^)  2 '  2 ■  respectively. 

But  for  the  circular  points  at  infinity  X  and  Y  are  infinite  and 
X± iY=  0  (where  t  =  V(-  l)j  as  usual) ;  wherefore 

^•2/:^  =  l: 2 ^— ^—  ' 

or  taking  w  to  be  = ,  and  therefore  co'  = — —  , 

this  is  aj :  ?/ :  s  =  1  :  0)  :  &)'  or  =  1  :  ft)'^ :  ft). 


11.  Let  one  of  the  axes,  say  that  of  z^  be  the  line  infinity  : 
the  distance  r  has  here  the  value  go  ,  which  must  be  regarded 
as  an  infinite  constant ;  ^r  is  therefore  a  constant,  which  may 
be  made  finite,  and  without  loss  of  generality  put  =  1 ;  we 
have  therefore  x  *.  y  \  z  =  ap  :  ^q  ',  1^  where  the  coefficients  a,  ^ 
may  be  so  determined  that  a/?,  pq  shall  represent  the  dis- 
tances from  the  line  x  =  0  and  from  the  line  y  =  0j  each 
measured  In  the  direction  parallel  to  the  other  of  these  lines ; 
that  is,  if  X,  Y  are  the  Cartesian  coordinates  of  the  point, 
then  X  :  7/  :  z  =  Y :  X  :  1  'j  or,  what  is  the  same  thing,  fixing 
the  absolute  magnitudes  of  the  coordinates,  a?,  y  and  2  =  1,  will 
be  the  Cartesian  coordinates  of  the  point  referred  to  any  two 
axes  of  coordinates. 

12.  In  what  just  precedes  we  have  used  only  the  line 
infinity,  not  the  circular  points  at  Infinity;  and  the  resulting 
Cartesian  coordinates  are  In  general  oblique,  but  they  may 
be  rectangular;  viz.  taking  the  lines  x  =  Oj  2/  =  0  as  any  two 
lines  harmonically  related  to  the  circular  points  at  infinity;  or, 
what  is  the  same  thing,  at  right  angles  to  each  other,  then  the 
coordinates  will  be  rectangular.  The  harmonic  relation  re- 
ferred to  is  that  the  two  lines  meet  the  line  Infinity  in  a  pair 
of  points  forming  with  the  circular  points  at  Infinity  a  range 


CIRCULAR   POINTS  AT   INFINITY.  7 

of  four  harmonic  points ;  or,  what  is  the  same  thing,  the  two 
lines  and  the  lines  from  their  intersection  to  the  circular  points 
at  infinity  form  a  harmonic  pencil.     (See  Conies^  Art.  356). 

13.  It  is  in  some  cases  convenient  to  use  the  imaginary 
coordinates  f  =  ic -f  «'?/,  r]  =  x  —  iy^  and  z  =  \\  these  may  be 
called  circular  coordinates. 
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14.  For  a  given  system  of  trilinear  coordinates,  the  coordi- 
nates of  the  circular  points  at  infinity  may  be  obtained  as 
follows.  Suppose,  first,  that  the  coordinates  cc,  ?/,  z  denote  the 
perpendicular  distances  from  the  sides  of  the  fundamental 
triangle ;  then  taking  an  arbitrary  origin  0  and  system  of 
rectangular  axes  OX,  OF,  if  ^,  ^,  r  are  the  perpendicular  dis- 
tances of  0  from  the  sides  of  the  triangle,  and  X,  yu-,  v  the 
inclinations  of  these  distances  to  the  axis  OX,  the  relations 
between  the  two  sets  of  coordinates  (a;,  ?/,  z)  and  (X,  F),  are 

a;  =  XcosX-f  FsinA,-^, 

y  —  X  cosfi  +  Y  sin /A  —  q^ 

z  =X  cosv  +  F sin  V  —  r. 

Write  for  shortness  cosX  4-  {  sinX,  cosyLt  +  ^  sin/*,  cos  v  +  i  sin  v 
(or  e^\  e*>,  e^")  =  Z,  M^  N  respectively ;  then  taking  X  and  F 
infinite,  and  X+/F=0,  we  have  for  the  two  circular  points 
respectively 

X  :  2/  :  z=^L  :  M:  N  and  x  :  y  :  z  =  -zf: :  -rr-.i  -=rz. , 

Writing  A^  J?,  G  for  the  angles  of  the  fundamental  triangle,  we 
have  between  A^  B^  G  and  \,  yu,,  v  a  set  of  relations  such  as 

A=       IT  ■\-  fJj  —  V^ 

B^-ir^-v  -\, 

(7=        TT  +  X  —  /A, 

and  hence  writing  cos^ +  z  sln^,  cos5+^  sin^,  cosO-f  i  sinO 
(or  e*^,  e*'^,  e'"^)  =  aj  jSj  y  respectively,  we  find 
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and  the  coordinates  of  the  circular  points  at  infinity  are  thus 
X  \  y  \  z=^  —  l  \   -  :   /8,     and    a- :  ?/ :  s  =  —  1  :    7    ;  -^  , 

=7:-!:-,  =-:-!:«, 

a  '  7  ' 

the  three  expressions  for  each  set  of  coordinates  being  of  course 
identical  in  virtue  of  the  relation  a^7  =  —  I. 

The  same  formulae  obviously  apply  to  the  case  where  the 
coordinates  x^  y,  z^  instead  of  being  equal,  are  only  proportional 
to  the  perpendicular  distances  from  the  sides  of  the  triangle ; 
and  they  are  thus  the  formulas  belonging  to  the  system  of 
coordinates  for  which  the  equation  to  the  line  infinity  is 

X  sin^-f  ?/  sin^+s  cos (7=  0. 

15.  It  may  be  added,  that  the  original  system  of  relations 
between  re,  y^  z  and  X,  F,  gives 

(y  +  2)  (s  +  r)  sin^  +  (2  +  r)  [x  +^)  sin^  +  {x  -\-j))  [y  +  q)  sin  G 

=  sin^  sin  ^  sin  (7  (Z''' -f- r ') , 

or,  what  is  the  same  thing,  we  have 

yz  mi  A  4  zx  sin^  +  xy  sin  (7=  sin^  sin^  sin  C  [X'^  +  F^) 

+  linear  function  of  X,  Y,  1, 

viz.  the  equation  yz  ^\nA-\-zx  mnB->rxy  sin  (7=0  is  the  equa- 
tion of  a  circle,  and  this  being  so,  it  is  obviously  the  equation 
of  the  circle  circumscribed  about  the  fundamental  triangle; 
and  the  formula  holds  good  in  the  case  where  x^  y^  z  are 
proportional  to  the  perpendicular  distances ;  the  circular  points 
at  infinity  are  therefore  the  intersections  of  the  circle 

yz  sin^  +  zx  sin5-|-  xy  sin (7=  0, 

by  the  line  infinity 

X  Sin  A  •{-  y  sinB+  z  sin  (7=0, 

(compare  Conies^  Art.  359),  and  it  is  easy  to  verify  that  the  fore- 
going expressions  of  the  coordinates  of  the  circular  points  at 
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Infinity   m  fact   satisfy  these  two  equations.     It  Is  to  be  re- 
marked also,  that  the  general  equation  of  a  circle  is 
{yz  mi.  A  +  zx  sin  B-\-xy  sin  C) 

-f  {Px-\-Qy-^Bz){x  sInJ  +  v  sInJ5+2J  sin(7)  =  0, 
where  P,  Q^  R  are  arbitrary  coefficients. 

16.  In  the  system  of  coordinates  wherein  ic,  y^  z  are  pro- 
portional to  the  perpendicular  distances,  each  multiplied  by  the 
corresponding  side,  or  where  the  equation  of  the  line  infinity  is 
x+y  +  z  =  Oj  we  have  only  in  place  of  the  foregoing  or,  y,  z 

X  li  z 

to  write  - — i  ,  -7^ ,  -r— ^ ;   the  coordinates  of  the   circular 
sm^  '  smi? '  smG 

points  are  therefore  given  by 

^    .    y    ,    ^    _     1.1 


sIn-4  '  sin-S'  sinC  7 

=    7   :-l 


/3, 
1 


and  -; — T  :  -r^ :  -^—^  =  - 1  :    7   :  -5  , 

sm^    smi?    smC  p  ' 

=  -    :  — 1  :   a  , 
7 

=  ..!:-., 

and  the  general  equation  of  a  circle  is 

[yz  sinM  -f  zx  mi'B-\-xy  sin'C)  +  {Px  -\r  Qy -^  Bz){x -^r  y  \  z)  ^  0, 

LI  N  E-COORDIN  ATES. 

17.  The  coordinates  above  considered  are  coordinates  for 
determining  the  position  of  a  point ;  say  they  are  point- 
coordinates.  We  have  also  line-coordinates  (tangential  co- 
ordinates, see  Gonics^  Art.  70)  for  determining  the  position  of 
a  line;  viz.  if  with  any  given  system  of  trilinear  coordinates 
(a?,  ?/,  z)^  the  equation  of  the  line  is  fa;  +  77?/ +  f^  =  0,  then 
we  have   a   corresponding  system  of  line-coordinates,  wherein 

C 
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(fj  ^)  ?)  ^re  said  to  be  the  coordinates  (line-coordinates)  of 
the  line  in  question.  Observe  that  according  to  this  definition 
(?)  ^)  ?)  ^^®  given  as  to  their  ratios  only,  their  absolute  magni- 
tudes are  indeterminate;  herein  resembling  point-coordinates, 
according  to  their  mgiBt  general  definition* 

18.  The  coordinates  (f ,  i?,  f)  belong  to  a  line ;  a  linear 
equation  af +  Z>9^+cf=0  between  these  coordinates  refers  to 
the  whole  series  of  lines,  the  coordinates  of  any  one  of  which 
satisfy  this  equation ;  but  all  these  lines  pass  through  a  point, 
viz,  the  point  whose  coordinates  in  the  corresponding  system 
of  point-coordinates  [x,  y,  z)  are  (a,  h,  c) ;  the  linear  equation 
af-hJi^+cf=0  in  fact  expresses  that  the  equation  in  point- 
coordinates  fic  +  97^  +  f^  =  0  is^  satisfied  on  writing  therein  (a,  J,  c) 
for  (a;,  2/,  z).  The  conclusion  is,  that  in  the  line-coordinates 
(f,  97,  f),  the  equation  af -t-5i?  +  cf  =0  represents  a  point,  viz. 
the  point  whose  trilinear  coordinates  in  the  corresponding 
system  are  (a,  h,  c).  And,  generally,  any  homogeneous  equa- 
tion in  the  line-coordinates  (f,  77,  f)  represents  the  curve  which 
is  the  envelope  of  all  the  lines  ^x  ■\- viy  -\-  t^z  =  0,  which  are  such 
that  the  coefficients  (^,  77,  f )  satisfy  the  relation  in  question  \ 
and  this  relation  is  said  to  be  the  line-  or  tangential  equation 
of  this  envelope ;  in  cither  words,  the  line-equation  of  a  curve 
is  the  equation  between  (f,  17,  f),  which  expresses  that  the  line 
f 03  + 17^  +  fs;  =  0  is  a  tangent  to  the  curve. 

19.  In  what  precedes  th«  line-coordinates  (f,  77,  f)  are 
defined  by  means  of  a  corresponding  system  of  trilinear  co- 
ordinates (ic,  y,  z)^  the  signification  of  the  ratios  ?  :  17  :  f  being 
thereby  in  effect  completely  determined.  This  is  the  most  con- 
venient course;  but,  not  so  much  for  any  application  thereof, 
as  in  order  to  more  fully  establish  the  analogy  between  the 
two  kinds  of  coordinates,  it  is  proper  to  give  an  independent 
quantitative  definition  of  line-coordinates.  We  may  say  that 
the  trilinear  coordinates  (^,  77,  J*)  of  a  line  are  proportional 
to  given  multiples  of  the  distances  measured  in  given  directions 
of  the  line  from  three  given  points.  Suppose,  to  fix  the  ideas, 
we  take  them  proportional  to  the  perpendicular  distances  of 
the  line  from  the  three  given  points.      If  referring  the  figure 
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to  Cartesian  coordinates,  the  coordinates  of  the  points  are 
(a,  /3),  (a,  /3'),  (a",  yS"),  and  the  equation  of  the  line  is 

AX+BY-^C=0, 
then  we  have 

or,  what  is  the  same  thing,  the  equation  of  the  line  is 

X,    Y,  1    =0; 
I,    «,    A  I 

?,  a",  ^",  1 

the  coefficients  of  f,  ^,  f  are  here  given  linear  functions  of 
(X,  r,  1),  and  denoting  these  coefficients  by  (a?,  ?/,  z)  we  shall 
have  (ic,  ?/,  s)  a  system  of  trilinear  coordinates,  and  the  equation 
will  be  f a;  +  7;y  +  Jjs  =  0 ;  the  definition  thus  agrees  with  the  one 
given  above. 

We  may  in  like  manner,  as  in  Art.  6,  determine  the  line- 
coordinates  (f,  t;,  f),  so  that  the  line  (1:1:1)  shall  be  a  given 
line  of  the  figure,  or  that  the  point  f +i7+f=0  shall  be  a 
given  point  of  the  figure. 


20.    Some  particular  systems  may  be  mentioned.   Let  a,  y9,  7 
denote  respectively  the  distances  J^ 

in  a  given  direction  of  the  vari- 
able line  from  the  points  A^  B^  -^^ 
(7,  viz.  [oL  =  Aa,  l3=Bbj  y=Cc); 
then  the  coordinates  f ,  9;,  f  may 
be  taken  proportional  to  these 
distances,    |  :  17  :  J*  =  a  :  /3  :  7.             ^        J' 
Imagine  the   point   G  to   move   off  to    infinity   in    the   given 
direction;  7  has  an  infinite  value  which  must  be  regarded  as 

a  constant;  and  writing  ^  :  tj  :  -  =  a  :  0  :  Ij  we  may,  instead 

7 

.  t 

of  the  original  coordinates,  f ,  9;,  J",  take  as  coordinates  ?,  ^,  - ; 

7 
that  is,  a,  /8,  1.     We  have  here  a  system  of  two  coordinates 
a,  /3,  which  are  respectively  equal  to  the  distances  in  a  given 
direction  of  the  line  from  two  fixed  points. 
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21.  Again,  in  the  annexed  figure  we  have 

a  _Ap    ^  __Bq  ^ 
y~~Cjp^  y~"Cq' 
or,  what  is  the  same  thing, 

JL     A.     _J_     Jl.i 

Jp'  Bq'^      Cp'  Cq       ' 

Imagine  -4,  B  to  go  off  to  infinity 
in  the  given  directions pG^qC  re- 
spectively ;  Aj)j  Bq  have  infinite  y  ^ 
values  which  must  be  regarded  as  constants;   and  instead  of 

coordinates  proportional  to  a,  yS,  7,  we  may  take  coordinates 
o 

proportional   to   -j-  ,  -5"  j   7  J   that   is,   we  may  take   as  co- 
ordinates -^ ,  -^  ,  1 ;  we  have  thus  a  system  of  two  coordinates, 

which  are  respectively  the  reciprocals  of  the  distances  in  two 
given  directions  of  the  line  from  a  fixed  point. 

22.  There  is  little  occasion  for  any  explicit  use  of  line- 
coordinates,  but  the  theory  is  very  important;  it  serves  in 
fact  to  show  that  in  demonstrating  by  point-coordinates  any 
descriptive  theorem  whatever,  we  demonstrate  the  correlative 
theorem  deducible  from  it  by  the  theory  of  reciprocal  polars 
(or  that  of  geometrical  duality),  viz.  we  do  not  demonstrate 
the  first  theorem  and  deduce  from  it  the  other,  but  we  do 
at  one  and  the  same  time  demonstrate  the  two  theorems; 
our  (ar,  y,  z)  instead  of  meaning  point-coordinates  may  mean 
line-coordinates,  and  the  demonstration  is  in  every  step  thereof 
a  demonstration  of  the  correlative  theorem. 

23.  And  in  like  manner  when  any  theorem  is  demonstrated 
by  line-coordinates,  this  is  also  a  demonstration  of  the  corre- 
lative theorem ;  the  only  difference  is  that  we  here  pass  from  the 
somewhat  less  familiar  theory  of  line-coordinates  to  the  more 
familiar  one  of  point-coordinates;  the  transition  is  rendered 
clearer  if  we  consider  the  original  line-coordinates  (f ,  97,  ^)  as 
being  the  point-coordinates  of  the  point  which  is  the  pole  of 
the  line  in  regard  to  the  conic  x*  +  ?/^  -f  z^  =  0. 


(     13     ) 


CHAPTER    IL 

ON  THE  GENERAL  PROPERTIES  OF  CURVES  OF  THE  nth  DEGREE. 

SECT.  I.-ON  THE  NUMBER  OF  TERMS  IN  THE  GENERAL  EQUATION. 

24.  The  first  step  towards  obtaining  a  knowledge  of  the 
general  properties  of  curves  of  the  n^  degree  is  the  ascertaining 
the  number  of  terms  in  the  general  equation.  We  should  thereby 
be  enabled,  on  being  given  any  equation  of  the  n^  degree, 
by  simply  counting  the  number  of  independent  constants  in  the 
equation,  to  know  whether  or  not  the  given  form  were  one  to 
which  all  equations  of  the  n^  degree  could  be  reduced.  For 
example,  the  general  equation  of  the  second  degree  contains 
five  independent  constants.  If,  then,  we  were  given  any  other 
equation  of  the  second  degree,  containing  five  constants,  for 
instance, 

{x  -  ay  +  [y  -  0y  =  {ax  +  hy-{-  cf, 

or  \[x  -  aY  +  (y  -  PYY  +  l(^  -  o^f  +  (3/  -  /^TP  =  c, 

we  could  expand,  and  comparing  the  equation  (as  at  Gomcs^ 
Art.  77)  with  the  general  equation  of  the  second  degree,  should 
obtain  a  sufficient  number  of  equations  to  determine  a,  /9,  &c., 
in  terms  of  the  coefficients  of  the  general  equation.  We  see, 
then,  that  any  equation  of  the  second  degree  may,  in  general, 
be  reduced  to  either  of  the  above  forms,  and  we  might  thus 
obtain  a  proof  of  the  properties  of  the  foci  and  of  the  directrix. 
The  equation 

[ax  +  ^^  +  cf  =  [a'x  +  h'y  +  c)  [a"x -f  h"y  +  c") 

contains  seven  independent  constants.  The  problem,  therefore, 
to  express  these  in  terms  of  the  coefficients  in  the  general 
equation  is  indeterminate,  as  is  also  geometrically  evident, 
since  the  equation  may  be  thrown  into  this  form  by  taking 

f  ,7'         ,        t  It  7 II         ,11 

ax-{oy-\-Cj   a  x-f  0  y-\-c 
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to  represent  any  two  tangents,  and  ax  +  bi/  -^-c  their  chord  of 
contact.      The  equations 

{ax  +  ht/Y  =  cx-\-  di/+  e^ 
{ax^-hy-fr  1)  {ax -i-  i y  +  1)  =  0, 
contain  each  but  four  independent  constants,  and  must,  therefore, 
implicitly  involve  one  other  condition;  or,  in  other  words,  the 
general  equation  cannot  be  thrown  into  either  of  these  forms, 
unless  one  other  condition  be  fulfilled.  This  is  geometrically 
evident,  since  the  first  equation  denotes  a  parabola  and  the 
second  two  right  lines.     The  general  equation  of  a  circle, 

containing  but  three  expressed  constants,  must  impllcity  involve 
two  conditions,  or  the  general  equation  cannot  be  thrown  into 
this  form  unless  two  conditions  be  fulfilled.  And  so,  again, 
the  equation 

(where  5,  S'  are  given  quadric  functions  of  the  coordinates) 
containing  but  one  expressed  constant  must  imply  four  con- 
ditions; as  we  otherwise  know,  since  the  conic  expressed  by 
this  equation  passes  through  four  fixed  points. 

25.    Some  caution  must  be  used  in  the  application  of  these 
principles.     Thus,  the  equation 

{x-af  -^  {y - PY :=-ax  +  hy  ^c 
appears  to  contain  five  constants,  and,  therefore,  to  be  a  form  to 
which  every  equation  of  the  second  degree  is  reducible.  But 
if  we  expand,  we  shall  see  that  the  constants  do  not  enter  into 
the  highest  terms  of  the  equation,  and  that  there  are  but  three 
equations  available  to  determine  a,  ^,  &c.  The  equation  can, 
therefore,  not  be  thrown  into  this  form  unless  two  other  con- 
ditions be  fulfilled.     In  like  manner,  the  equation 

where  8^^  &c.,  are  six  conies,  is  a  form  to  which  the  equation 
of  any  conic  may  be  reduced ;  but  suppose  three  of  the  equations 
of  these  conies  to  be  connected  by  the  relation  8^  =  k8^  + 18^ ; 
substituting  this  value,  the  equation  would  be  found  to  contain 
but  four  independent  constants,  and  the  general  equation  could 
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not  be  reduced  to  this  form  unless  some  one  condition  were 
fulfilled. 

26.  Having  thus  endeavoured  to  give  the  reader  an  idea  of 
the  nature  of  the  advantage  to  be  gained  by  a  knowledge  of 
the  number  of  terms  in  the  general  equation  of  the  n^^  degree, 
we  proceed  to  an  investigation  of  this  problem.  The  general 
equation  of  the  n^^  degree  between  two  variables  may  be  written, 

A 

■^Bx  +  Cy 

^  Dx' -^^  Exy -{■  Fy^ 

+ 

+  Px"  +  Qx^'-'y  +. . .+  i^ic/-'  +  /%"  =  0. 

And  the  number  of  terms  in  this  equation  is  plainly  the  sum 
of  the  series  1  +  2 +  3  4...+ (w -f  1),  and  is  therefore  equal  to 
•J  (n  +  1)  (?2  +  2),  as  has  been  already  proved  {Conies^  Art.  78). 

We  shall  sometimes  write  the  general  equation  in  the 
abbreviated  form, 

where  u^  denotes  the  absolute  term,  and  w^,  w^,  m^,  &c.,  denote 
the  terms  of  the  first,  second,  w*\  &c.,  degrees  in  x  and  y. 

We  shall  also  sometimes  employ  the  equation  in  trilinear 
coordinates,  which  only  differs  from  that  just  written  in  having 
a  third  variable  z  introduced,  so  as  to  make  the  equation  homo- 
geneous, viz., 

w^s"  -f  u^z""-'  +  u/-^  +. . .+  u^,.^z  +  w„  =  0. 

The  number  of  terms  is  evidently  the  same  as  in  the  preceding 
case  ( Conies^  Art.  289). 

27.  The  number  of  conditions  necessary  to  determine  a 
curve  of  the  n*^  degree  is  one  less  than  the  number  of  terms 
in  the  general  equation,  or  is''  equal  to  J«  (n  -f  3).  For  the 
equation  represents  the  same  curve  if  it  be  multiplied  or  divided 
by  any  constant ;  we  may  therefore  divide  by  A^  and  the  curve 
is  completely  determined  if  we  can  determine  the   \n  [n  +  3) 

quantities  -a^'Ii  ^c. 
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Thus  a  curve  of  the  n^^  degree  is  in  general  determined  when 
we  are  given  ^n  [71  -[-  3)  points  on  it ;  for  the  coordinates  of  each 
point  through  which  the  curve  passes,  substituted  in  the  general 
equation,  give  a  linear  relation  between  the  coefficients.  We 
have,  therefore,  |w  (w  +  3)  equations  of  the  first  degree  to 
determine  the  same  number  of  unknown  quantities,  a  problem 
which  admits  in  general  of  but  one  solution.  We  learn,  then, 
that  a  curve  of  the  third  degree  can  be  described  through  nine 
points,  one  of  the  fourth  degree  through  fourteen  points,  and 
in  general  through  ^n  (ti  +  3)  points  can  he  described  one,  and 
hut  one  J  curve  of  the  7i^^  degree, 

28.  When  we  say  that  \n  (n  +  3)  points  determine  a  curve 
of  the  n^^  degree,  we  would  not  be  understood  to  mean  that 
they  always  determine  a  proper  curve  of  that  degree.  All 
that  we  have  proved  is,  that  there  exists  an  equation  of  the  w*^ 
degree  satisfied  for  the  given  points,  but  this  equation  may  be 
the  product  of  two  or  more  others  of  lower  dimensions.  Thus, 
five  points  in  general  determine  a  conic,  but  if  three  of  them 
lie  on  a  right  line,  the  conic  is  the  improper  quadric  curve 
formed  by  this  right  line  and  the  line  joining  the  other  two 
points.  And,  in  general,  it  is  evident  that,  if  of  the  \n  [n  +  3) 
points  more  than  np  lie  on  a  curve  of  the  ^^^  degree  {p  being 
less  than  ??),  b.  proper  curve  of  the  n^'^  degree  cannot  be  described 
through  the  points,  for  we  should  then  have  the  absurdity  of 
two  curves  of  the  n^^  and  p^'^  degrees  intersecting  in  more  than 
np  points  ( Conies^  Art.  238).  The  system  of  the  n^^  degree  through 
such  a  set  of  points  is  the  curve  of  the  p^^  degree,  together  with 
a  curve  of  the  {n  —pY^  degree  through  the  remaining  points. 

We  may  even  fix  a  lower  limit  to  the  number  of  points 
determining  a  proper  curve  of  the  n^^  degree  which  can  lie  on 
a  curve  of  the  p*^  degree,  and  can  show  that  this  number 
cannot  be  greater  than  7ip  —  \  [p  —  1)  [p  —  2).  For  if  we  suppose 
that  one  more  of  the  points  (viz.  np  —  ^  [p  —  '^)  [p  ~  2)  +  1)  lie 
on  a  curve  of  the  p^^  degree,  subtracting  this  number  from 
\n  [n  +  3),  it  will  be  found  that  the  number  of  remaining 
points  is  \  [n  —  p)  [n  —p  +  3),  and  that,  therefore,  a  curve  of  the 
(w— p)^^  degree  can  be  described  through  them.  This  with  the 
curve  of  the  p^^  degree  forms  a  system  of  the  n*^  degree  through 
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the  points;   and  it  follows  from  the  last  Article  that  it  is  in 
general  impossible  to  describe  through  them  any  other. 

29.  There  are  cases,  however,  in  which  the  solution  of 
Art.  27  fails :  a  very  simple  instance  will  show  that  this  is  so. 
The  number  of  points  required  for  the  determination  of  a  cubic 
curve  is  nine ;  but  nine  points  do  not  in  every  case  determine 
a  single  cubic,  for  any  two  cubics  intersect  in  nine  points ;  and 
through  these  nine  points  there  pass  the  two  cubics;  as  will 
presently  appear,  there  are  in  fact  through  the  nine  points  an 
infinity  of  cubics.  The  explanation  is  that  although  m  linear 
equations  are  in  general  sufficient  to  determine  m  unknown 
quantities,  the  equations  may  be  not  all  of  them  independent, 
and  they  will  in  this  case  be  insufficient  for  the  determination 
of  the  unknown  quantities.  The  given  points  are  then  in- 
sufficient to  determine  the  curve,  and  through  them  can  be 
described  an  infinity  of  curves  of  the  /z*^  degree.  The  geo- 
metrical reason  why  such  cases  occur  requires  to  be  further 
explained. 

Let  us,  for  simplicity,  commence  with  the  example  of  curves 
of  the  third  degree.  Let  TJ—  0,  V—  0,  be  the  equations  of  two 
such  curves,  both  passing  through  eight  given  points ;  then  the 
equation  of  any  curve  of  the  third  degree  passing  through  these 
points  must  be  of  the  form  TJ  —  hV—^.  For  this  equation, 
from  its  form,  denotes  a  curve  of  the  third  degree  passing 
through  the  eight  given  points,  and  it  contains  an  arbitrary 
constant  h  which  can  be  so  determined  that  the  curve  shall  pass 

through  any  ninth  point.     We  should,  in  fact,  have  ^  =  — , 

where  TJ\  V  are  the  results  of  substituting  the  coordinates  of  the 
ninth  point  in  U  and  F.  This  gives  a  determinate  value  for  k 
in  every  case  but  one,  viz.  when  the  ninth  point  lies  on  both  U 
and  F;  for  since  two  curves  of  the  m}^  and  w*^  degrees  intersect 
in  mn  points,  U  and  F  intersect  not  only  in  the  eight  given 
points,  but  also  in  one  other.     For  the  coordinates  of  this  point 

k  takes  the  value  - ;  and  indeed  the  form  of  the  equation  suffi- 
ciently shows  that  every  curve  represented  by  the  equation 
U-  k  F=  0  passes  through   all  the  intersections  of  U  and    F. 

D 


1^ 


ON   THE   NUMBER  OF  TERMS 


Hence  we  have  the  important  theorem,  All  curves  of  the  third 
degree  which  pass  through  eight  fixed  points  pass  also  through 
a  ninth.  And  we  perceive  that  nine  points  are  not  always 
sufficient  to  determine  a  curve  of  the  third  degree;  for  we  can 
describe  a  curve  of  the  third  degree  through  the  intersections  of 
two  such  curves,  and  through  any  tenth  point. 

30.  The  same  reasoning  applies  to  curves  of  any  degree.  If 
there  be  given  a  number  of  points  one  less  than  that  which  will 
determine  the  curve  {|?2  (??  4- 3)- 1),  then  U—hV=^  (where  U 
and  Fare  any  two  particular  curves  of  the  system)  is  the  most 
general  equation  of  a  curve  of  the  n^^  degree  passing  through 
these  points.  For  the  equation  contains  one  arbitrary  constant, 
to  which  we  can  assign  such  a  value  that  the  curve  shall  pass 
through  any  remaining  point,  and  be  therefore  completely  de- 
termined. But  the  form  of  the  equation  shows  that  the  curve 
must  pass  through  all  the  n^  points  common  to  U  and  F,  and 
therefore  not  only  through  the  \n  [n  -f  3)  —  1  given  points,  but 
also  through  as  many  more  as  will  make  up  the  entire  number 
to  w*.  Hence,  All  curves  of  the  n^^  degree  lohich  pass  through 
^w  (» -f  3)  -  1  fixed  points  pass  also  through  \[n  —  \)[n-  2) 
other  fixed  points, 

31.  The  following  Is  a  useful  deduction  from  the  preceding 
theorem :  If  of  the  «*  poinUt  of  intersection  of  two  curves  of  the 
n^^  degree^  np  lie  on  a  curve  of  the  p^^  degree  (p  being  less  than  ?i), 
the  remaining  n  {n  —p)  will  lie  on  a  curve  of  the  [n  —pY^ 
degree.  For  describe  a  curve  of  the  [n  —  pY^  degree  through 
\  [n  —p)  [n  —p  -v  3)  of  these  remaining  points,  and  this,  together 
with  the  curve  of  the  p^^  degree,  form  a  curve  of  the  riP^  degree 
passing  through  ^  (w  -  j^)  (w  —  ^  +  3)  +  np  points ;  and  since  this 
number  {being  equal  \o\n{n\^)  —  \-\-\{p  —  \)[p  —  2)j  cannot 
be  less  than  j7i(?i  +  3)  —1,  this  curve  will  pass  through  all  the 
remaining  points ;  but,  obviously,  the  remaining  points  do  not  any 
of  them  lie  on  the  curve  of  the  ^*^  degree,  and  therefore  they 
lie  all  of  them  on  the  curve  of  the  [n  —  pY^  degree. 

It  is  to  be  understood  in  these  theorems  concerning  the 
intersections  of  curves  of  the  rt^  degree,  that  the  curves  need  not 
be  proper  curves  of  that  degree,  for  the  demonstration  in  Art.  30 
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holds  equally  even  though  U  or  F  be  resolvable  into  factors. 
As  an  illustration  of  the  theorem  of  this  Article,  we  add  the 
following :  If  a  ijolygon  of  2yi  sides  he  inscrihed  in  a  conic^  the 
n{n  —  2)  points^  where  each  odd  side  intersects  the  non-adjacent  even 
sideSj  will  lie  on  a  curve  of  the  {n  —  2)'**  degree.  For  the  product 
of  all  the  odd  sides  forms  one  system  of  the  n^  degree,  and  the 
product  of  all  the  even  sides  another;  these  systems  intersect 
in  n^  points,  viz.  since  each  odd  side  has  two  adjacent  and  w  —  2 
non-adjacent  even  sides,  in  the  2n  vertices  of  the  polygon,  and 
the  n\n  —  2)  points,  which  are  the  subject  of  the  present  theorem. 
But  since,  by  hypothesis,  the  2h  vertices  lie  on  a  conic,  the 
remaining  n{ii  —  2)  points,  by  this  Article,  lie  on  a  curve  of 
i\iQ[n-2f''  degree. 

32.  Pascal's  theorem  is  a  particular  case  of  the  theorem  just 
given,  but  on  account  of  the  importance  that  the  learner  should 
clearly  understand  the  principle  of  the  foregoing  demonstrations, 
we  think  it  advisable  to  repeat  In  other  words  the  proof  already 
given. 

Denote  the  sides  of  the  hexagon  by  the  first  six  letters  of 
the  alphabet  ^  =  0,  &c. ;  then  AGE-kBDF^O  is  the  equa- 
tion of  a  system  of  curves  of  the  third  degree  passing  through 
AB,  BO,  CD,  DE,  EF,  FA,  and  also  through  AD,  BE,  CF, 
If  the  first  six  points  lie  on  a  conic  S,  then  the  curve  of  the 
system  determined  by  the  condition  that  it  shall  pass  through 
any  seventh  point  of  the  conic  S  must  give  A  CE—  k'BDF=  SL, 
For  it  cannot  be  a  proper  curve  of  the  third  degree,  since  no 
such  curve  can  have  more  than  six  points  common  with  S, 
The  right  line  L  will  therefore  contain  the  three  points  AD, 
BE,  OF. 

We  may  add,  that  it  is  this  proof  of  Pascal's  theorem  which 
leads  most  readily  to  Steiner's  and  Kirkman's  theorems  [Conies, 
p.  361).     Thus,  let 

12.34.56-45.61.23  =  >Si:, 

where  12  denotes  the  line  joining  the  vertices  1,  2,  &c. ;  and 
where  L  consequently  denotes  the  line  through  the  intersections 
of  the  opposite  sides,  12,  45  ;  34,  61 ;  56,  23  ;  and  let 

12.34.56-36.25.14  =  /SJ/; 
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then,  obviously, 

45.61.23-36.25.14  =  /S(.1/-Z); 

or  the  Pascal  line  indicated  by  the  latter  equation  passes 
through  the  Intersection  of  the  other  two. 

It  may,  however,  be  remarked  that  the  theorem  of  Art.  31, 
in  the  case  in  question  n  =  3,  is  a  particular  case  of  the  theorem 
of  Art.  30 ;  viz.,  the  system  of  the  three  odd  sides  is  one  of  the 
cubics,  and  the  system  of  the  three  even  sides  the  other  of  the 
cubics  Z7=  0,  F=  0  of  Art.  30.  And  we  may  deduce  Pascal's 
theorem  directly  from  that  theorem ;  viz.,  considering  the  conic 
through  the  six  vertices,  and  the  line  joining  two  of  the  three 
points  of  intersection  of  the  opposite  sides,  the  conic  and  line 
form  a  cubic  through  eight  of  these  nine  points,  and  therefore 
through  the  ninth  point;  that  is,  the  line  passes  through  the 
remaining  one  of  the  three  points  of  intersection  of  the  opposite 
sides ;  viz.,  these  three  points  lie  in  a  line. 

33.  It  has  been  proved  that,  although  two  curves  of  the 
n'^  degree  intersect  in  ri^  points,  yet  n^  points,  taken  arbitrarily, 
will  not  be  the  intersections  of  two  such  curves;  but  that 
n"  —  ^  (n—  1)  (w  —  2)  of  them  being  given,  the  rest  will  be  deter- 
mined. A  similar  theorem  holds  with  regard  to  the  ??p  points 
of  intersection  of  two  curves  of  the  w^^  and  f^^  degrees.  Thus, 
though  a  curve  of  the  third  degree  intersects  one  of  the  fourth 
in  twelve  points,  yet  through  twelve  points  taken  arbitrarily 
on  a  curve  of  the  third  degree,  it  will,  in  general,  be  impossible 
to  describe  a  proper  curve  of  the  fourth  degree.  For  the 
system  of  the  fourth  degree  through  these  twelve  and  any 
other  two  points  will,  in  general,  be  no  other  than  the  curve 
of  the  third  degree  and  the  line  joining  the  two  points.  And, 
generally,  Every  curve  of  the  n*^  degree  which  is  drawn  through 
w^  —  ^(p— 1)  (p  —  2)  points  on  a  curve  of  the  p^^  degree  {p  being 
less  than  n)  meets  this  curve  in  ^  (p  —  I)  (^:>  —  2)  other  fixed  points. 
For  we  had  occasion  in  Art.  31  to  see  that 

np-\[p-l)[p-2)-\-\(n-^p)[n-p  +  ^)=^\n[n  +  ^)-l', 

therefore,  by  Art.  30,  every  system  of  the  ?i*^  degree  described 
through  the  given  points,  and  \[n-p)  {n—p  +  Z)  others,  passes 
through  J  (n  -  1 )  (n  -  2)  other  fixed  points.     But  one  system  of 
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the  n}^  degree  which  can  be  described  through  the  points  is 
the  given  curve  of  the  p^^  degree  and  one  of  the  (n—pY^ 
through  the  additional  assumed  points.  The  ^  {71  —  1)  [n  -  2) 
new  points  must  therefore  lie,  some  on  one,  some  on  the  other 
of  these  two  curves.  And  it  is  evident  that  these  points  must 
be  so  distributed  between  them  as  to  make  up  the  total  number 
of  points,  in  the  first  case,  to  np^  in  the  second  to  w(n— ^). 
Hence  the  truth  of  the  theorem  enunciated  is  manifest. 

34.  A  further  extension  of  this  theorem  has  been  given  by 
Prof.  Cayley :  "  Ani/  curve  of  the  r*^  degree  {r  heing  greater  than 
ra  or  w,  hut  not  greater  than  m  +  w  — 3),  which  passes  through  all 
hut  \[m-\-n  —  r—\){m-{-n  —  r  —  2)  of  the  mn  intersections  of  two 
curves  of  the  m^^  and  n^^  degree^  will  pass  also  through  the 
remaining  intersections.'''' 

The  reader  will  more  easily  understand  the  spirit  of  the 
general  proof  we  are  about  to  give  by  applying  it  first  to  a 
particular  example.  "Any  curve  of  the  fifth  degree  which 
passes  through  fifteen  of  the  intersections  of  two  curves  of  the 
fourth  degree  will  also  pass  through  the  remaining  intersection." 
For  take  two  arbitrary  points  on  each  of  the  curves  of  the 
fourth  degree.  These  four,  with  the  fifteen  given  points,  make 
nineteen  points,  through  which,  if  several  curves  of  the  fifth 
degree  pass,  they  will  (by  Art.  30)  pass  through  six  other  fixed 
points.  But  each  curve  of  the  fourth  degree,  together  with 
the  line  joining  the  two  arbitrary  points  on  the  other  curve, 
forms  a  system  of  the  fifth  degree  through  the  nineteen  points. 
Hence  all  the  intersections  of  the  given  curves  of  the  fourth 
degree  lie  on  eveiy  curve  of  the  fifth  degree  through  the 
points.     Q.  E.  D. 

So,  in  general,  take  \[r  —  m)  [r  —  m-\-  3)  arbitrary  points  on 
the  curve  of  the  n^^  degree,  and  through  them  draw  a  curve  of 
the  [r  —  m)^  degree ;  and  take  \[r  —  n){r  —  n-\-2)  points  on 
the  curve  of  the  m^^  degree,  and  through  them  draw  a  curve  of 
the  {r—ny^  degree;  take  as  many  of  the  ran  points  of  inter- 
section as  with  the  arbitrary  points  make  up  ^r  (r  +  3)  — 1 ;  then, 
since  the  curves  of  the  (r  —  m)^^  and  m^^  degree  make  one  system 
of  the  r^^  degree  through  the  points,  and  the  curves  of  the 
(r  -  nY^  and  n^^  make  another,  the  intersection  of  these  two 
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systems  will  be  common  to  every  curve  of  the  r^^  degree  through 
the  points.     But  •• 

Jr  (r  +  3)  -  1  - 1  {r  -m)  (r  -  «i  +  3)  -  ^  (r  -  n)  {r-n  +  3) 

=  iivi  -  2  [tn  ■\-n  —  r-'l)  (m  +  ?i  —  r  —  2), 

as  the  reader  may  verify  without  difficulty.  Hence  the  truth 
of  the  theorem  appears.  To  make  the  proof  applicable  r  must 
be  at  least  equal  to  the  greater  of  ra  or  n ;  and  also  r  -  m 
must  be  less  than  n^  since  otherwise  it  would  not  be  possible 
to  describe,  through  the  assumed  points  on  the  curve  of  the 
/jth  degree,  a  curve  of  the  (r-  mY^  degree,  distinct  from  or  not 
including  as  part  of  itself  the  curve  of  the  n^^  degree ;  and,  since 
the  theorem  is  nugatory  for  r  =  m-\-n  —  l  or  ?w  +  w  —  2,  the 
condition  is  r  not  greater  than  ??z  +  tz  —  3.* 

SECT.   IL — ON  THE   NATURE    OF    THE    MULTIPLE   POINTS  AND 
TANGENTS  OF  CURVES. 

35.  The  simplest  method  of  introducing  to  the  reader  the 
subject  of  the  singular  points  and  lines  connected  with  curves 
seems  to  be,  first,  to  illustrate  by  particular  examples  the  nature 
of  these  points  and  lines,  and  afterwards  to  lay  down  rules  by 
which  their  existence  may  be  detected  in  general. 

We  shall  employ  the  Cartesian  equation  given  in  Art.  26. 


*  Euler  appears  first  to  have  noticed  the  paradox,  that  two  curves  of  the  n^^  degree 
may  mtersect  in  a  greater  number  of  points  than  are  sufficient  to  determine  such  a 
curve  (see  a  Memoir  in  the  Berlin  Transactions  for  1748,  "  On  an  apparent  Contra- 
diction in  the  Theory  of  Curves").  The  same  difficulty  is  pointed  out  by  Cramer, 
in  his  "  Introduction  ^  I'Analyse  des  Lignes  courbes  algebriques,"  pubhshed  in  the 
year  1750.  It  was  only  comparatively  recently,  however,  that  the  important  geo- 
metrical theorems  were  observed,  which  are  derived  from  this  piinciple.  In  the  year 
1827  M.  Gergonne  gave  the  theorem  of  Art.  31  {Annales,  vol.  xvii.,  p,  220).  The 
general  theorem  of  Art.  30  was  given  about  the  same  time  by  M.  Pliicker  {Entwicke- 
hingen,  vol.  I.,  p.  228 ;  and  Gergonne's  Annales,  vol.  Xix.,  pp.  97,  129).  It  was  some 
years  afterwards  that  the  cases  were  discussed  of  the  relation  which  exists  between 
the  points  of  intersection  of  curves  and  surfaces  of  different  degi-ees  (as  in  Art.  33), 
These  cases  were  discussed  in  two  papers  sent  at  the  same  time  for  publication  in 
Crelle's  Journal,  one  by  M.  Jacobi  (vol.  xv.,  p.  285),  the  other  by  M.  Pliicker 
(vol.  XVI.,  p.  47).  Besides  the  papers  just  mentioned,  the  reader  may  also  consult 
a  Memoir  by  Prof.  Cayley  {Cambridge  Math.  Journal,  vol.  ill.,  p.  211).  The  historical 
sketch  given  in  the  present  note  is  taken  from  Pliicker's  Iheorie  dcr  Alfjtbraiichen 
Curven,  p.  13. 
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If  we  transform  this  equation  to  polar  coordinates,  by  sub- 
stituting p  cosOj  p  ?>\nO  for  x  and  y  (or  if  the  axes  be  not 
rectangular,  ??2/?,  np^  as  at  Conies^  Art.  136),  we  get  an  equation 
of  the  7z*^  degree  in  /?,  whose  roots  are  the  distances  from  the 
origin  of  the  n  points,  where  the  curve  is  met  by  a  line  drawn 
through  the  origin,  making  an  angle  6  with  the  axis  of  x, 

36.  If  in  the  general  equation  the  absolute  term  ^  =  0, 
then  the  origin  is  a  point  on  the  curve  ;  for  the  equation  is 
evidently  satisfied  by  the  values  a;  =  0,  ?/  =  0,  that  is,  by  the 
coordinates  of  the  origin. 

The  same  thing  appears  from  the  equation  expressed  in  polar 
coordinates, 

{B  cos  l9  +  (7  sln^)  p-v{D  cos'(9 + ^  cos  (9  sin  d-^F  sin'  6)  p^+  &c.  =  0 ; 

for  this  equation  being  divisible  by  p,  one  of  Its  roots  must  be 
/)  =  0,  whatever  be  the  value  of  6,  and  therefore  one  of  the 
n  points,  in  which  every  line  drawn  through  the  origin  meets 
the  curve,  will,  in  this  case,  coincide  with  the  origin  Itself. 

The  other  (n—  1)  points  will  in  general  be  distinct  from  the 
origin ;  there  is,  however,  one  value  of  0,  for  which  a  second 
point  will  coincide  with  the  origin,  viz.,  if  6  be  such  that 

^cos^+  asln^  =  0. 

The  equation  then  becoming 

(D  cos'^^  +  E sin e  cof^e  +  F sin'6') p*  +  &c.  =  0, 

is  divisible  by  p*^,  and  has,  therefore,  for  two  of  its  roots,  p  =  0. 
The  line,  therefore,  answering  to  this  value  of  ^,  meets  the 
curve  in  two  coincident  points,  or  Is  the  tangent  at  the  origin. 

Since  we  have  a  simple  equation  to  determine  tan^,  we  see 
that  at  a  given  point  on  a  curve  there  can,  in  general,  be  drawn 
but  one  tangent.     Its  equation  Is  evidently 

p(5cos^+ (7sin^)  =  0,   or  Bx-\-Cy  =  0. 

Hence  if  the  equation  of  a  curve  he  u^-\-u^-\-  &c.  =  0  [the  origin 
heing  a  point  on  the  curve) ^  then  Wj  =  0  is  the  equation  of  the 
tangent. 

If  -B=  0,  the  axis  of  .r  is  a  tangent ;  if  C=  0,  the  axis  of  ^. 
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37.  Let  us  now,  however,  suppose  that  A,  B^  G  are  all  =  0 ; 
the  coefficients  of  p  will  then  =  0,  whatever  be  the  value  of  6 ; 
in  this  case,  therefore,  every  right  line  drawn  through  the  origin 
meets  the  curve  in  two  points  which  coincide  with  the  origin. 
The  origin  is  then  said  to  be  a  double  point. 

We  may  see  now,  exactly  as  in  the  last  Article,  that  it  is  in 
this  case  possible  to  draw  through  the  origin  lines  which  meet  the 
curve  in  three  coincident  points.  For  let  6  be  such  as  to  render 
the  coefficient  of  p^  =  0,  or  J)  cos'^  +  E  s'md  co&d-\-F  sin'^  =  0, 
then  the  equation  becomes  divisible  by  /o^,  and  three  values  of  p 
are  =0.  Since  we  have  a  quadratic  to  determine  tan^,  it 
follows  that  there  can  be  drawn  through  a  double  point  two  right 
lines,  each  of  which  meets  the  curve  in  three  coincident  points ; 
their  equation  is 

p'(i>cos'l9-f  ^sin^cos^+Fsin'(9)  =  0,  or  Dx' -\- Exy  ■\- Fy" ^0. 

We  learn  hence  that  although  every  line  through  a  double 
point  meets  the  curve  in  two  coincident  points,  yet  there  are 
two  of  these  lines  which  have  besides  contact  (viz.,  a  conse- 
cutive point  common)  with  the  curve , at  that  point;  so  that  it 
is  usual  to  say  that  at  a  double  point  on  a  curve  there  can  be 
drawn  two  tangents.  If  the  equation  of  the  curve  (the  origin 
being  a  double  point)  be  written  w^  -f  w^  -I-  &c.  =  0,  then  w,  =  0 
is  the  equation  of  the  pair  of  tangents  at  the  origin. 

.  K  . 

38.  It  is  necessary  to  distinguish  three  species  of  double 
points,  according  as  the  lines  represented  by  u,^  —  0  are  real, 
imaginary,  or  coincident. 

I.  In  the  first  case  the  tangents  are  both  real ;  the  double 
point  or  node  is  such  as  that  represented  in  the  second  figure 
(Art.  39) ;  an  inspection  of  the  curve  shows  that  there  are  at  the 
node  two  branches  each  with  its  own  proper  tangent ;  and  the 
foregoing  quadratic  equation  in  fact  determines  the  directions  of 
these  two  tangents :  such  a  point  is  termed  a  crunode. 

A  simple  illustration  of  such  double  points  occurs  when  the 
given  equation  is  the  product  of  two  equations  of  lower  dimen- 
sions, or  U=  PQ.  The  equation  U=  0  then  represents  the  two 
curves  denoted  by  P=0  and  Q  =  0.  But  if  these  two  be  con- 
sidered as  making  up  a  complex  curve  of  the  n^  degree,  this 
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curve  must  be  said  to  have  pq  double  points  (the  points,  namely, 
where  P  intersects  Q) ;  and  at  each  of  these  points  there  are 
evidently  two  tangents  (viz.,  the  tangents  to  Pand  Q), 

II.  The  equation  u,^  =  0  may  have  both  its  roots  imaginary. 
In  this  case  no  real  point  is  consecutive  to  the  origin,  which 

Is  then  called  a  conjugate  point  or  acnode.  Its  coordinates  satisfy 
the  equation  of  the  curve,  but  it  does  not  appear  to  lie  on  the 
curve,  and,  In  fact,  the  existence  of  such  points  can  only  be 
made  manifest  geometrically  by  showing  that  there  are  points, 
no  line  through  which  can  meet  the  curve  In  more  than  w  -  2 
points. 

III.  The  equation  u^  may  be  a  perfect  square  j  In  this  case 
the  tangents  at  the  double  point  coincide,  and  the  curve  takes 
the  form  represented  In  the  fourth  figure  (Art.  39).  Such 
points  are  called  cusps  or  spinodes.  They  are  also  sometimes 
called  stationary  points;  for  if  we  Imagine  the  curve  to  be 
generated  by  the  motion  of  a. point,  at  every  such  cusp  the 
motion  In  one  direction  Is  brought  to  a  stop,  and  Is  exchanged 
for  a  motion  in  the  opposite  direction. 

The  reader  might  suppose  that  we  could  Illustrate  these 
points,  as  In  the  last  paragraph,  by  supposing  the  curve  U  to 
break  up  Into  two,  P  and  §,  which  touch ;  for 
every  point  of  contact  will  be  a  double  point,  the 
tangents  at  which  coincide.  But  such  a  point 
must  be  classed  among  singularities  of  a  higher 
order  than  those  which  we  are  now  considering  j 
for  the  tangent  has  at  it  four  points  along 
the  complex  curve,  viz.,  two  on  each  of  the  simple  curves, 
while  at  the  cusps  we  are  considering  we  have  seen  that  the 
tangent  generally  meets  the  curve  In  only  three  consecutive 
points.  In  order  that  the  tangent  at  a  cusp  should  meet  the 
curve  In  four  consecutive  points.  It  is  necessary  not  merely  that 
Wg  should  be  a  perfect  square,  but  further,  that  its  square  root 
should  be  a  factor  In  ii^ ;  that  is  to  say,  that  the  equation  should 
be  of  the  form 

i;,"  +  v^v,^  +  u^  -f  &c.  =  0. 

Such  points  arise  from  the  union  of  two  double  points,  as 
the  reader  will  readily  perceive  from   the   example  which  we 
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have  already  given,  for  when  the  curves  P  and  Q  touch,  the 
point  of  contact  takes  the  place  of  two  points  of  intersection. 

It  is  proper  to  remark  that  the  crunode  and  the  acnode  are 
varieties  of  the  node,  and  varieties  of  the  same  generality,  the 
difference  being  that  of  real  and  imaginary.  The  cusp  has  in 
the  investigation  presented  itself  as  a  particular  case  of  the 
node,  but  it  is  really  a  distinct  singularity;  the  force  of  this 
remark  will  appear  in  the  sequel. 

39.  As  the  learner  may  probably  find  some  difficulty  in 
conceiving  the  relation  of  conjugate  points  to  the  curve,  we 
shall  illustrate  the  subject  by  the  following  example.  Let  us 
take  the  curve 

y'^{x-a)[x-'h){x-  c), 

where  a  is  less,  and  c  greater  than  h.  This  curve  is  evidently 
symmetrical  on  both  sides  of  the  axis  of  ar,  since  every  value  of  x 
gives  equal  and  opposite  values  to  y.  The  curve  meets  the  axis 
of  X  at  the  three  points  x^a^x^h^  x=^c.  When  x  is  less  than 
a,  y'^  is  negative,  and  therefore  y  imaginary ;  y^  becomes  positive 
for  values  of  x  between  a  and  h]  negative  again  for  values 
between  h  and  c;  and,  finally,  positive  for  all  values  of  x 
exceeding  c.  The  curve  therefore  consists  of  an  oval  lying 
between  A  and  B^  and  a  branch 
commencing  at  C,  and  extending 
indefinitely  beyond  it.  ^/^       \  ^ 

Let   us    now  suppose  h  =  c  and        \^ y' 

the  equation  will  become 

y^  =  {x'-a){x-'h)\ 
where  h  is  greater  than  a.  The  point  B  has  now  closed  up  to  C  5 
as  B  approaches  to  (7,  the  oval  and  infinite  branch  sharpen  out 
towards  each  other,  and  when  ulti- 
mately the  two  points  are  united' 
together  the  oval  has  joined  the  in- 
finite branch,  and  the  point  B  has 
become  a  double  point,  with  branches 
cutting  at  an  angle. 

But,  on  the  other  hand,  let  &  = «,  then  the  equation 
becomes 

y'  =  [x-af{x-h), 
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where  a  is  less  than  h ;  the  oval  has  shrunk  Into  the  point  A^ 
and  the  curve  is  of  the  annexed  form. 
This  example  sufficiently  shows  the       _ 


analogy  between  conjugate  points  and     A. 

double  points,  the  tangents  at  which  are 

real.     If  we  suppose  a=b=Cj  the  equation  becomes  2^'=  (a; -a)', 

the  point  A  becomes  a  cusp,  as  in  III.  of 

last  Article,  and  the  tangent  at  the  cusp 

meets  the  curve  in  three  coincident  points 

A,  B,  a 

40.  If  in  the  general  equation  A^B,G,  i),  ^,  F  were  all  =  0, 
then  the  origin  would  be  a  triple  point,  every  line  through  the 
origin  meeting  the  curve  in  three  coincident  points ;  and  it  is  easy 
to  see,  as  before,  that  at  a  triple  point  there  are  three  tangents, 
which  are  the  three  lines  represented  by  the  equation  u^  =  0. 

We  may  also,  as  before,  distinguish  four  species  of  triple 
points,  according  as  the  three  tangents  are  (a)  all  three  real 
and  (1)  all  three  distinct,  (2)  two  coincident,  (3)  all  three  cor 
incident,  or  (b)  one  real  and  two  imaginary.  A  triple  point 
may  be  regarded  as  arising  from  the  union  of  three  double 
points :  viz.  In  the  cases  [a]  these  are  (1)  three  crunodes,  (2)  two 
crunodes  and  a  cusp,  (3)  a  crunode  and  two  cusps ;  as  illustrated 
in  the  annexed  figures,  which  exhibit  the  three  double  points 
as  they  are  about  to  unite 
into  a  triple  point.  The  ^J^ 
case  (3)  scarcely  differs 
visibly  from  an  ordinary 
point  on  the  curve,  but 
when  the  figure  Is  drawn  accurately  there  Is  a  certain  sharpness 
of  bend  at  the  singular  point.  In  the  case  (5),  there  is  In  like 
manner  a  real  branch  which  comes  to  pass  through  an  acnode : 
to  the  eye  the  singular  point  does  not  appear  to  differ  from  any 
other  point  on  the  curve. 

We  may,  In  like  manner,  investigate  the  conditions  that  the 
origin  should  be  a  multiple  point  of  any  higher  degree  {k). 
The  coefficients  of  all  terms  of  a  degree  below  k  will  vanish, 
and  the  equation  will  be  of  the  form 
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At  tbe  multiple  point  there  can  be  drawn  h  tangents,  represented 
by  the  equation  w^  =  0 ;  and  the  nature  of  the  multiple  point 
varies  according  as  the  roots  of  this  equation  are  all  real  and 
unequal,  or  two  or  more  of  them  equal  or  imaginary. 

A  multiple  point  of  the  order  h  may  be  considered  as 
resulting  from  the  union  oi^k[k—l)  double  points.  This  may 
be  illustrated  by  the  case  of  k  right  lines,  which  must  be 
regarded  as  a  system  having  \k(h—l)  double  points,  namely, 
the  mutual  intersections  of  the  lines.  But  if  all  the  lines  pass 
through  the  same  point,  this  is  in  the  system  a  multiple  point 
of  the  order  k^  and  takes  the  place  of  all  the  double  points. 
And  the  principle  is  the  same  whether  the  lines  which  intersect 
be  straight  or  curved.  A  curve  by  the  mutual  crossing  of 
k  branches  may  have  \k[k—\)  double  points,  but  if  all  the 
branches  pass  through  the  same  point,  these  double  points  are 
replaced  by  a  multiple  point  of  the  order  k, 

41.  To  be  given  that  a  particular  point  is  a  double  point 
of  a  curve  is  equivalent  to  three  conditions.  For  if  we  take  it 
for  the  origin,  three  terms  of  the  equation  vanish  (Art.  37), 
and  the  constants  at  our  disposal  are  three  less  than  in  the 
general  case.  If  we  are  further  given  the  tangents  at  the 
double  point,  this  is  equivalent  to  two  conditions  more ;  for  in 
addition  to  ^  =  0,  i?  =  0,  (7=  0,  we  are  now  also  given  the  ratios 

Being  given  a  triple  point  is  equivalent  to  six  conditions; 
for,  ipaking  it  the  origin,  tbe  six  lowest  terms  of  the  equation 
vanish ;  and  so  in  general  if  it  is  given  that  a  certain  point  is 
a  naultiple  point  of  the  order  /c,  this  is  e(juivalent  to  ^k  {k  + 1) 
conditions, 

42.  There  is  a  limit  to  the  number  of  double  points  which 
a  curve  of  the  n^  degree  can  possess,  when  it  does  not  break 
up  into  others  of  lower  dimensions. 

For  example,  a  curve  of  the  third  degree  cannot  have  two 
double  points ;  for  if  it  had,  the  line  joining  them  must  be  con* 
sidered  as  meeting  the  curve  in  four  points  ;  but  more  than  three 
points  of  a  curve  of  the  third  degree  cannot  lie  on  a  right  line^ 
unless  the  curve  consist  of  this  right  line  and  a  conic. 
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Again,  a  curve  of  the  fourth  degree  cannot  have  four  double 
points;  for  if  it  had,  the  conic  determined  by  these  and  any 
fifth  point  of  the  curve  must  be  considered  as  meeting  the  curve 
in  nine*  points ;  whereas  no  conic,  distinct  from  the  curve,  can 
meet  it  in  more  than  2x4  points.  And,  in  general,  a  curve  of 
the  n^^  degree  cannot  have  more  than  i{n—l){n  —  2)  double 
points ;  for  if  it  had  one  more,  through  these  ^  (n  —  1)  (w  —  2)  +  1 
and  71  —  3  other  points  of  the  curve,  we  could  describe  a  curve 
of  the  degree  n  —  2  (Art.  27),  which  must  be  considered  as 
meeting  the  given  curve  in  2  {|  (n  -  1)  (n  —  2)  +  1}  +  7^  —  3  points, 
or  in  w  (?i  —  2)  +  1  points,  which  is  impossible  if  the  given  curve 
be  a  proper  curve.  Of  course,  the  demonstration  given  only 
shows  that  curves  cannot  have  more  than  a  certain  number  of 
double  points,  and  does  not  show  (what  in  fact  is  the  case) 
that  they  can  always  have  so  many. 

43.  If  the  curve  have  multiple  points  of  higher  order,  the 
same  criterion  applies,  each  multiple  point  of  order  k  being 
counted  as  equivalent  to  lk[k—l)  double  points.  But  there 
are  limitations  to  the  possibility  of  substituting  for  a  certain 
number  of  double  points  a  multiple  point  of  higher  order. 
Thus  a  curve  of  the  fifth  degree  may  have  six  double  points, 
and  three  of  these  may  be  replaced  by  a  triple  point;  but 
in  this  case  the  other  three  cannot  be  replaced  by  a  second 

*  If  a  point  of  intersection  of  two  curves  be  a  double  point  on  one  of  them,  that 
intersection  must  be  reckoned  as  two,  and  the  curves  can  only  intersect  in  Tip  —  2  other 
points.  If  it  be  a  double  point  on  both,  the  intersection  must  be  reckoned  as  four. 
And  in  general  if  it  be  on  the  one  curve  a  multiple  point  of  the  degree  k,  and  on  the 
other  of  the  degree  /,  that  intei-section  must  be  counted  as  Al.  Thus,  for  example,  a 
system  of  k  right  lines  meets  a  system  of  I  right  lines  in  /cl  points ;  but  if  all  the  hues 
of  the  first  system  pass  through  a  point  on  a  line  of  the  second  system,  that  point 
clearly  counts  as  k  intersections,  and  the  lines  intersect  only  in  ^-  (^  —  1)  other  points. 
And  if  every  line  of  both  systems  pass  through  the  same  point,  that  point  counts  as 
kl  intersections,  and  the  lines  meet  nowhere  else. 

If  two  curves  touch  at  their  point  of  intersection,  the  point  of  contact  will,  of 
course,  count  as  two  intersections,  since  they  have  two  coincident  points  common. 
If  the  point  of  intersection  be  a  multiple  point  on  one  or  both  curves,  and  if  one 
of  the  tangents  at  the  multiple  point  be  common  to  both  curves,  we  must  add  one 
to  the  number  of  intersections  to  which  it  has  been  already  shown  that  the  multiple 
point  is  equivalent ;  for,  besides  the  points  just  proved  to  be  common,  they  have  a 
consecutive  point  in  common  on  one  of  the  branches  through  the  multiple  point. 

The  reader  will  have  no  difficulty  in  seeing  the  effect  of  any  combination  of 
tangents  and  multiple  pomts. 
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triple  point,  since  the  line  joining  the  two  would  meet  the 
curve  in  more  points  than  five.  Or,  generally,  if  a  curve  have 
a  multiple  point  of  the  order  w  —  2,  it  can  have  no  other  higher 
than  a  double  point,  and  of  these  according  to  the  criterion  not 
more  than  n  —  2. 

44.  We  call  the  deficiency  of  a  curve  the  number  D,  by 
which  its  number  of  double  points  is  short  of  the  maximum ; 
this  number  playing  a  very  important  part  in  the  theory  of  curves. 
If  i)  =  0,  that  is,  if'  a  curve  have  its  maximum  number  of  double 
points^  the  coordinates  of  any  point  on  the  curve  can  he  expressed 
as  rational  algebraic  functions  of  a  variable  parameter.  For 
the  ^[n-  l)[n  —  2)  double  points,  and  w  —  3  other  assumed  points 
on  the  curve,  making  together  |  {n+  1)  (w-  2)  —  1  points,  or  one 
less  than  enough  to  determine  a  curve  of  degree  w  —  2,  we  can 
describe  through  these  points  a  system  of  such  curves  included 
in  the  equation  Z7=XF.  ^'ow  if  we  eliminate  either  variable 
between  this  equation  and  that  of  the  given  curve,  we  get 
to  determine  the  other  coordinate  for  their  points  of  intersection, 
an  equation  of  the  n  {n  —  2)  degree  in  which  \  enters  in  the 
y^th  degree.  But  of  this  equation  all  the  roots  but  one  are 
known ;  for  the  intersections  of  the  curves  consist  of  the  double 
points  counted  twice,  of  the  n  —  3  assumed  points,  and  only  of 
one  other  point,  since 

(?i  -  1)  (w  -  2)  +  (w  -  3)  +  1  =  w  (w  -  2). 

Dividing  out,  then,  the  known  factors  of  the  equation,  the  only 
unknown  root  remains  determined  as  an  algebraic  function  of 
the  n^^  degree  in  \. 

It  is  true,  conversely,  that  if  the  coordinates  can  be  expressed 
as  rational  functions  of  a  parameter,  the  curve  has  the  maximum 
number  of  double  points.  Curves  of  this  sort  are  called  unicursal 
curves.  When  we  are  given  x,  y,  z  respectively  proportional  to 
aX"  +  &c.,  a'X"  -f  &c.,  a"A,"  +  &c.,  the  actual  elimination  of  \  is 
easily  performed  dialytically.    Writing  down  the  three  equations 

(9a;  =  a\"  +  &c.,    %  =  aV  +  &c.,    (90  =  a'V+&c., 

and  multiplying  each  successively  by  \,  \'^,...\""\  we  shall  have 
Zn  equations,  exactly  enough  to  eliminate  linearly  all  the 
quantities  ^,  Q\  &c.,  X,  X\  &c.     The  equation  of  the  curve, 
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then,  appears  in  the  form  of  a  determinant  of  the  order  3«, 
but  only  n  rows  will  contain  the  variables ;  the  curve  therefore 
will  be  of  the  n^^  order,  and  its  equation  will  involve  the  co- 
efficients «,  5,  &c.,  in  the  2n^^  degree.  All  this  will  be  more 
clearly  understood  if  we  actually  write  down  the  result  for  the 
case  n  —  2.     We  have,  then,  the  three  equations 

Multiplying  each  by  \,  and  then  eliminating  linearly  from  the 
six  equations  the  quantities  6^  6\  X^,  \^^  X,  the  result  appears 
as  the  determinant 


Xs 


y^ 


X, 

y^ 


a' ,  Z>' ,  c' , 

n      -III         n 

a  J  0  J  c  J 

a  J  h  J  c 


0. 


This  is  the  same  as  the  final  equation.  Higher  Algebra^  Art.  193. 

45.  It  appears  from  Art.  41,  that  any  three  points  taken 
arbitrarily  may  be  double  points  on  a  curve  of  the  fourth 
degree;  for  the  three  are  equivalent  to  but  nine  conditions. 
But  the  tangents  at  all  these  double  points  cannot  also  be 
assumed  arbitrarily;  for  being  given  the  three  double  points 
and  these  three  pairs  of  tangents  is  equivalent  to  fifteen  con- 
ditions, one  more  than  enough  to  determine  the  curve.  There 
must  then  be  some  relation  connecting  these  tangents ;  and  in 
fact,  we  shall  prove  afterwards  that  these  six  tangents  all  touch  the 
same  conic  section,  so  that,  given  five,  the  sixth  is  determined. 

Twenty  conditions  determine  a  curve  of  the  fifth  degree. 
We  may  then  assume  arbitrarily  its  six  double  points,  and  also 
the  pair  of  tangents  at  any  one  of  them ;  but  the  curve  is  then 
completely  determined,  and  therefore  also  the  pairs  of  tangents 
at  the  other  five. 

Twenty-seven  conditions  determine  a  curve  of  the  sixth 
degree.  It  would  therefore,  at  first  sight,  appear  that  such 
a  curve  might  be  described,  having  for  double  points  nine  points 
assumed  arbitrarily.  But  this  is  not  so,  for  there  is  through 
the  nine  points   a  determinate  cubic   curve    t/'=  0 ;    and  then 
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a  curve  of  the  sixth  order  having  the  nine  points  for  double 
points,  and  in  general  the  only  such  curve  is  U^  =  0,  viz.  the  cubic 
twice  repeated. 

And  so  in  like  manner  for  cui'ves  of  higher  degrees,  when 
the  J  have  their  maximum,  or  even  some  number  less  than  their 
maximum,  number  of  double  points  there  must  be  relations 
connecting  them.  Except  in  the  case  of  curves  of  the  fourth 
degree,  we  are  not  aware  that  any  attempt  has  been  made  to 
express  these  relations  geometrically,  but  there  must  remain  an 
extensive  class  of  theorems  of  this  nature  still  to  be  discovered. 

46.  What  has  been  said  is  sufficient  to  enable  the  reader  to 
form  a  conception  of  the  nature  of  multiple  points  on  curves. 
We  shall  now  proceed  to  show  that  a  curve  may  in  like  manner 
have  multiple  tangents ;  or,  in  other  words,  that  there  may  be 
lines  which  touch  the  curve  in  two  or  more  points,  or  which 
have  with  the  curve  a  contact  of  the  second  or  higher  order. 
What  are  commonly  called  the  "  singular  points"  of  curves  may 
be  reduced  to  the  two  classes,  either  of  multiple  points,  or  of 
points  of  contact  of  multiple  tangents.  As  we  introduced 
multiple  points  to  the  reader  by  an  examination  of  the  particular 
case  where  the  origin  was  a  multiple  point,  so  it  will  be  more 
simple  to  commence  our  discussion  of  multiple  tangents  by 
examining  the  condition  that  the  axis  (^  =  0)  should  be  a 
multiple  tangent. 

We  find  in  general  the  points  where  this  line  meets  the  curve 
by  making  y  =  0  in  the  general  equation,  whence  we  get 

an  equation  which  can  be  reduced  to  the  form 

P{x  —  a)  [x-  h)  [x  —  c)  {x-  d)  &c.  =  0, 

where  a,  J,  &c.,  are  the  values  of  x  for  the  points  where  the 
axis  meets  the  curve. 

The  axis  will  be  a  tangent  when  two  of  these  points  coincide, 
that  is,  when  there  is  between  the  roots  a  single  equality  a  =  Z>. 
The  equation  here  is 

P(a;-a)'(aj-c)&c.  =  0. 
The  axis  then  touches  the  curve  at  the  point  y=0^x—a.     If 
^  =  0,  ^=0,  the  axis  touches  the  curve  at  the  origin.      We 
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consider  only  the  case  a  rccal,  because  the  equation  being  real,  an 
equality  a  =  h  between  two  imaginary  roots  would  imply  another 
equality  c  =  c?  between  two  other  imaginary  roots. 

The  axis  is  a  double  tangent  if  we  have  between  the  roots 
two  equalities  c  =  a,  d  —  h\  the  equation  is  then 
P  (a;  -  aj  {x  -  hf  [x  -  e)  &c.  =  0. 
We  have  here  the  two  cases 

I.  a  and  h  each  of  them  real,  when  the  axis  is  a  tangent 
at  the  two  real  points,  x  =  a^  x  =  h.  It  is  evident  that  such  a 
tangent,  meeting  the  curve  in  two  pairs  ^->. 
of  coincident  points,  cannot  occur  in  any  ^  /  \  /  \ 
curve  of  a  degree  lower  than  the  fourth. 

II.  a  and  h  imaginary,  viz.,  the  equation  is  here 

P  {x'  -^px-k-  qj  [x  -  e)  &c.  =  0, 
and  we  have  a  double  tangent  with  two  imaginary  points  of 
contact. 

Again,  we  may  have  between  the  roots  an  equality  a  =  h  —  c. 
Here  the  equation  is  of  the  form,  a  being  supposed  real, 

P[x--af[x-d)&Q.  =  0, 

The  axis  then  meets  the  curve  in  three  consecutive  points. 
In  general,  taking  three  consecutive  points  on  a  curve,  the  line 
joining  the  first  and  second  of  these  is  a  tangent,  and  the  line 
joining  the  second  and  third  is  the  consecutive  tangent.  In 
the  present  case,  therefore,  two  consecutive  tangents  coincide. 
Hence  too,  in  such  a  case,  the  axis  may  be  called  a  stationary 
tangent ;  for  if  we  consider  the  curve  as  the  envelope  of  a  move- 
able line,  in  this  case  two  consecutive  positions  of  the  moveable 
line  coincide.  The  point  of  contact  of  a  stationary  tangent  is 
called  a  point  of  inflexion. 

If  ^  =  0,  i5  =  0,  Z)  =  0,  the  origin  is  a 
point  of  inflexion,  and  2^  =  0  the  tangent  at  it , 
since  then  the  equation  is  of  the  form 

Pcc'(a;-c)&c.  =  0. 

47.   The  crunode  and  acnode  (Art.  38)  correspond  precisely 
to  the  double  tangent  with  real  contacts  and  the  double  tangent 
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with  imaginary  contacts ;  the  cusp  or  stationary  point  also 
corresponds  precisely  with  the  stationary  tangent.  But  there 
is  no  correspondence  in  the  analytical  theories ;  for  the  cusp  we 
have  an  equality  a  =  J,  which  is  a  particular  case  of  the  unequal 
values  (a,  Z>),  which  belong  to  the  crunode  and  to  the  acnode; 
for  the  inflexion  we  have  a  double  equality  a  =  b  =  Cj  which  is 
a  relation  distinct  in  kind  from  the  equalities  a  —  h^c  =  d^  which 
belong  to  the  double  tangent  with  real  or  imaginary  contacts. 
The  double  point  was  discussed  with  point-coordinates ;  to  make 
the  analytical  theories  agree,  the  double  tangent  should  have 
been  discussed  with  line-coordinates — the  stationary  tangent 
would  then  have  presented  itself  as  a  particular  case  of  the 
double  tangent.  But  in  what  precedes  the  stationary  tangent 
presents  itself  as  a  distinct  singularity  from  the  double  tangent : 
so  with  line-coordinates  the  cusp  would  have  presented  itself  as  a 
distinct  singularity  from  the  double  point;  and  in  reference 
hereto  the  remark  was  made,  Art  38,  that  the  cusp  was  really 
a  distinct  singularity.  The  singularities  then  mutually  corre- 
spond as  follows : 


To  a  double  point  or  node 
(crunode  or  acnode), 

To  a  cusp,  spinode,  or  sta- 
tionary point. 


A  dowble  tangent  (contacts, 
real  or  imaginary), 

A  stationary  tangent,  or  tan- 
gent at  inflexion  j 


and  it  is  only  in  a  certain  point  of  view  that  the  cusp  is  a 
particular  case  of  the  double  point,  and  in  a  different  point  of 
view  (the  reciprocal  one)  that  the  stationary  tangent  is  a  parti- 
cular case  of  the  double  tangent. 

Considering  the  curve  as  described  by  a  point  which  moves 
along  a  line  at  the  same  time  that  the  line  revolves  round  the 
point :  there  is  at  the  cusp  a  real  peculiarity  in  the  motion,  the 
point  first  becomes  stationary,  and  then  reverses  the  sense  of 
its  motion;  and  so  at  the  inflexion,  the  line  first  becomes 
stationary  and  then  reverses  the  sense  of  its  motion.  At  a 
double  point  there  is  no  peculiarity  in  the  motion,  all  that 
happens  is  that  the  point  in  its  course  comes  twice  into  the 
same  position ;  and  so,  for  the  double  tangent,  there  is  no 
peculiarity  in  the  motion ;  all  that  happens  is,  that  the  line  in 
its  course  comes  twice  into  the  same  position.     The  cusp  and 
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stationary  tangent  are  singularities  in  a  more  precise  sense  tlian 
are  the  double  point  and  the  double  tangent. 

48.  In  ordinary  cases  the  curve  lies  altogether  at  the  same 
side  of  the  tangent,  but  at  a  point  of  inflexion  the  curve  crosses 
the  tangent,  and  lies  part  on  one  side  and  part  on  the  other. 

This  is  a  particular  case  of  the  following  more  general 
theorem :  Two  curves  which  liave  common  an  even  number  of 
consecutive  points  touch  without  cutting  ;  those  which  have  common 
an  odd  number  of  consecutive  points  cross  one  another  at  their 
point  of  meeting^ 

Let  the  equations  of  the  two  curves  be  ^  =  <f)X^  y  —  y^x ;  let 
them  intersect  at  the  point£c  =  a;  then,  by  Taylor's  theorem, 
the  values  of  the  ordinates  of  the  two  curves,  for  the  point 
a;  =  a  +  A,  are 

^      d^  h      d'^    h^       d'cj)      h^        ^ 

where  ^,  "^j  jt^  ,  &c.,   are   the  values  of  <^x^  yjrxj  ~~ ,   &c, 

when  a;  =  a.     Now,  by  hypothesis,  <^  =  '^,  since  the  curves  inter- 
sect at  the  point  x  =  a\  therefore 

^'  y^~\dx  dxJl^Kdx'  dx'Jl.2^\dx'  ^:i:V  1.2.3^ 
Now,  by  the  principles  of  the  dififerential  calculus,  when  h  is  in- 
definitely small,  the  sign  of  the  sum  of  this  series  is  the  same  as 
the  sign  of  its  first  term,  but  the  sign  of  this  term  is  changed 
when  the  sign  of  h  is  changed  5  therefore,  if  at  the  infinitely 
near  point  {x  =  a-\-  h]^  the  ordinate  of  the  curve  </>  be  greater 
than  that  of  the  curve  i/r,  it  will  be  less  at  the  point  {x  =  a  —k). 
Hence  if  tw^o  curves  have  one  point  common,  in  general,  that 
which  is  uppermost  at  one  side  of  the  point  will  be  undermost 
at  the  other. 

But  now  suppose  that  ^  =  — - ,  the  first  term  of  the  series 
ax      ax 

will  then   be  ( -^.^  —  -j-^  J  -—  ,   which   does   not  change   sign 

when  h  changes  sign.      The  same  curve,  therefore,  which  is 
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uppermost  on  one  side  of  tlie  given  point,  will  be  uppermost  also 

on  the  other.     But  when  ~  =  -^ ,  the  curves  are  manifestly 

closer  to  each  other  than  in  the  previous  case,  since  the  difference 
of  the  ordinates  no  longer  involves  the  first  power  of  h ;  which 
is  equivalent  to  what  is  expressed  geometrically,  by  saying  that 
the  curves  have  two  consecutive  points  common.  Or  the  same 
thing  may  be  shown  thus :  x'i/\  xy"  being  the  coordinates  to 

rectangular  axes  of  any  two  points  on  a  curve,  ^ ,  — *  „-  Is  plainly 

X    —"  X 

the  tangent  of  the  angle  which  the  chord  joining  them  makes 
with  the  axis  of  x ;  but  if  the  points  coincide,  we  learn  that 

the  value  of  ~  for  the  given  point  expresses  the  tangent  of  the 

angle  which  the  line  joining  it  to  the  consecutive  point  {i.e,  the 
tangent)  makes  loith  the  axis  of  x ;  consequently,  if  two  curves 

have  a  point  common,  and  -~  for  that  point  the  same  for  both 

curves,  it  follows  that  the  consecutive  point  is  also  common. 

49.  When  the  curves  have  three  consecutive  points  common, 
we  shall  have  -7^  =  -7-^  ;  the  first  term  of  the  series  for  y^  —  y^^ 

^^  { T~^  ~  1^ )      Q      J  which  does  change  its  sign  with  ^,  and 

therefore,  as  before,  the  curves  cross  at  the  given  point.  And 
so,  in  general,  if  the  expansion  of  y,—y„  commence  with  an 
even  power  of  ^,  it  will  not  change  sign  with  ^,  and  therefore 
the  curves  touch  without  crossing ;  but  if  it  commence  with  an 
odd  power  of  A,  the  sign  will  change  with  ^,  and  therefore  the 
curves  cross  at  the  given  point. 

The  reader  has  already  had  an  illustration  of  this,  in  the  case 
of  the  circle  which  osculates  a  conic  at  any  point,  and  which,  in 
general,  having  three  points  common  with  the  curve,  touches 
and  crosses  the  curve  (Cbw/c5,  Art.  239) ;  but  at  the  extremities 
of  the  axes  the  osculating  circle  passes  through  four  consecutive 
points,  and  touches  without  crossing. 

The  same  investigation  appHes  when  one  of  the  curves 
becomes  a  right  line.     A  tangent,  therefore,  at  a  point  of  in- 
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flexion,  or  any  line  meeting  the  curve  in  an  odd  number  of 
consecutive  points,  is  crossed  by  the  curve ;  but  a  tangent  which 
meets  the  curve  in  an  even  number  of  consecutive  points  has 
the  neighbouring  part  of  the  curve  all  at  the  same  side  of  it. 

50.  The  axis  y  =  0  will  be  a  triple  tangent  when  the  equa- 
tion which  determines  the  points  where  it  meets  the  curve  is 
of  the  form 

P(a; _  ay  [x  -  hf  {x -  cf  [x-d)  &c.  =  0. 
It  is  evident  such  a  tangent  cannot  occur  in  a  curve  of  any 
degree  lower  than  the  sixth.  We  may,  as  in  Art.  40,  dis- 
tinguish four  species  of  triple  tangents  according  as  the  points 
of  contact  are  real  and  distinct,  one  real  and  two  imaginary, 
one  real  and  two  coincident,  or  all  three  coincident.  The  last 
will  be  the  case  when  the  equation  is  of  the  form 

.  P[x-ay[x-h)&c.  =  Q] 
and  the  axis  meets  the  curve  in  four  coincident  points :  the  point 
of  contact  of  such  a  tangent  is  called  a  jpoint  of  undulation.  In 
like  manner  there  may  be  multiple  tangents  of  still  higher 
orders,  or  again,  points  of  undulation  of  higher  orders,  arising 
when  a  line  meets  the  curve  in  more  than  four  coincident  points. 
Cramer  calls  those  points  at  which  the  tangent  meets  the  curve 
in  an  odd  number  of  consecutive  points,  points  of  visible  inflexion^ 
to  distinguish  them  from  those  points  de  seiyentementj  or  points 
of  undulation,  which  do  not,  to  the  eye,  differ  from  ordinary 
points  on  the  curve. 

51.  We  have  hitherto  only  illustrated  the  case  where  the 
©rigin  is  a  multiple  point,  or  one  of  the  axes  a  multiple  tangent ; 
it  is  evident,  however,  that  the  form  of  the  equation  might,  in 
like  manner,  show  the  existence  of  multiple  points  and  tangents 
situated  anywhere. 

I.    For  instance,  if  the  equation  be  of  the  form 
a^  +  /3x|r  =  0, 

where  a,  ^  are  linear  functions  of  the  coordinates,  and  <^,  yjr 
are  any  functions  of  the  coordinates,  then  aj3  is  one  point  on  the 
curve.     The  equation  of  the  tangent  at  this  point  is 
ac^'  +  ^f  =  0, 
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where  ^',  yjr'  are  the  values  which  <^  and  yjr  assume  when  we 
introduce  the  conditions  a  =  0,  /3  =  0.  For  if  we  seek  the  n  —  l 
points,  in  which  any  line  through  a/3,  {a  —  k^)  meets  the  curve, 
we  get  an  equation  of  the  form 

^  [k  [(f>'  +  M^  +  W  +  &c.)  +  (V^'  +  M'^  +  N'fi''  +  &c.)}  =  0 ; 

and  m  order  that  a  second  root  of  this  should  be  yS  =  0,  we  must 

have  k(l>  +  ^Ir'  =  0 ;  whence,  substituting  for  k  its  value  ^  ,  we 
get  for  the  equation  of  the  tangent 

a^'  4  /Si/r'  =  0, 

II.  In  general  the  curve  represented  by 

a^^Z  &c.  =  oi,/3^y^B^  &c. 
passes  through  the  points 

aa,,  a/S^,  ay,,  &c.,  ^a,,  /3/3,,  ^^x,  &c.,  7a,,  7^,,  77,,  &c. 

III.  If  the  equation  be  of  the  form 

we  see  (as  at  Comes ^  Art.  252),  that  a  is  the  tangent  at  the  point 
a^,  for  two  of  the  points  in  which  this  line  meets  the  curve 
coincide. 

Or  again,  if  the  curve  be 

*j,  &c.  are  the  tangents  at  the  7i  points,  where  ^  meets  the  curve. 

The  form  of  the  equation  shows  that  if  the  ])oints  of  contact  of 
n  tangents  lie  on  a  right  line  /3,  the  remaining  points  where  these 
tangents  meet  the  curve  lie  on  the  curve  of  the  [n  —  2)*^  degree  (j), 

lY.   If  the  equation  be  of  the  form 

and  if  we  seek  the  points  where  any  line  {oL=k^)  through  a^  meets 
the  curve,  we  find  that  two  of  these  always  coincide  with  a^, 
and  therefore  that  this  is  a  double  point.  It  appears  precisely  as 
in  I.,  and  in  Art.  37,  that  the  tangents  at  this  double  point  are 

where  <^',  -(/r',  ;)^'  are  the  values  which  these  functions  take  for 
the  coordinates  of  the  point  a  =  0,  /3  =  0. 
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V.  So  again,  if  the  equation  be  of  the  form 

the  point  a/3  is  a  triple  point ;  the  three  tangents  being  given  by 

the  equation 

oTcj)'  +  a'^f'  +  ajS'x'  +  ^W  =  0. 

VI.  If  the  equation  be  of  the  form 

a  is  a  double  tangent  at  the  points  a/3,  07. 

VII.  If  the  equation  be  of  the  form 

ajS  is  a  point  of  inflexion,  and  a  the  tangent  at  it. 

52.  We  shall  first  illustrate  th^  last  Article  by  showing  how 
the  equation  enables  us  to  discern  the  nature  of  the  points  of 
the  curve  at  an  infinite  distance.  The  trilinear  equation  is 
(Art.  26) 

Writing  herein  2=0,  the  directions  of  the  n  points  at  infinity 
are  found  from  the  equation  u„  =  Oy  which^  solved  for  ^  :  ic,  is  of 
the  form 

(2/  -  m^x)  {y  -  m^x)  [y  -  m^x)  (&c.)  [y  -  m^^x)  =  0. 
A  curve  of  the  n}^  degree  has,  in  general,  n  asymptotes,  namely, 
the  tangents  at  the  n  points,  where  z,  the  line  at  infinity,  meets 
the  curve.  We  can  find  their  equations  readily  as  follows,  when 
the  equation  m„  =  0  has  been  solved  for  y  :  x.  It  appears,  from 
III.  of  the  last  Article,  that  if  the  equation  were  reduced  to 
the  form 

t^j  &c.  would  be  the  n  asymptotes.     But  the  given  equation 

(y  -  m^x)  [y  -  m^x)  &c.  -t  zu^^^  +  z%^^  -f  &c.  =  0 
may  always  be  reduced  to  the  form 

(y  —  m^x  +  \z)  [y  —  m^x  -f  \z)  &c.  =  z^<j) ;    . 

for  the  terms  of  the  n^^  degree  in  x  and  y  are  obviously  the  same 
for  both  equations,  and  the  n  arbitraries,  \,  &c.,  in  the  second, 
can  be  so  determined  as  to  make  the  n  terms  of  the  {n  -  \Y^ 
degree  the  same  for  both  equations. 
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The  reader  will  have  no  difficulty  in  understanding  this  method, 
if  he  tries  to  apply  it  to  a  particular  example ;  for  instance, 

{x  +  y)  {2x  +  7/)  {Sx  +  y)  -f  17a;''  +  1  Ixi/  +  2/  +  12a;  +  1 0^^  +  36  =  0, 
which  it  is  desired  to  throw  into  the  form 

{x  +  y  +  \){2x  +  7/  +  \)  [Sx  +  y  +  X^)-\-Ax  +  Bi/-\-C=  0. 
To  determine  \,  X^,  Xg  we  should  then  have  the  three  equations 

6\  +  3X5,-f2\3=17,   5X,  + 4X2 +3X3  =  11,   \+X.^-|-X3  =  2; 
and  the  equation  may  be  reduced  to  the  form 

(a;  +  3/  +  4)  (2a;  +^  -  3)  (3a;  4  3/  +  1)  +  43a;  +  217/  +  48  =  0. 
Observe   that  the   values  X^,  X^,   Xg  are  such  that  we   have 
identically 

17a;' +  11a;?/ +  2/''  X,      ^       X  X3 

[x  ■]- y)  (2x -{■  1/)  (Sx  +  y)      x  +  y      2x-\-y      3x+y^ 

and  so  in  general  the  values  \,  X.^, ...  are  determined  by  decom- 
posing w^_,  -r-  u^  into  its  simple  fractions. 

53.  If  two  roots  of  the  equation  m^  =  0  be  equal  (???,  =m^)j 
the  general  equation  takes  the  form  (y  —  m^xY  <f) -\-  zyfr  =  0  •  two 
of  the  points  where  z  meets  the  curve  coincide,  and  the  line  at 
infinity  is  therefore  a  tangent  to  the  curve.  But  if  the  factor 
y  —  m^x  is  also  a  factor  in  m„_„  then  the  curve  has  a  double 
point  at  infinity ;  for  the  equation  is  of  the  form 

{y  —  m^xY  (f)  +  z  {y  —  7n^x)  yfr  +  2";^  =  0. 

Should  three  roots  of  the  equation  u^^  =  0  be  equal,  the  line 
at  infinity  meets  the  curve  in  three  coincident  points,  and  there- 
fore touches  at  a  point  of  inflexion. 

If  in  the  general  equation  the  coefficient  of  ?/"  be  =  0,  the  axis 
of  y  passes  through  a  point  at  infinity,  and  we  have  evidently 
only  an  equation  of  the  [n—iy^  degree  to  determine  the  re- 
maining points  where  it  meets  the  curve. 

Should  the  coefficient  of  ^""^  also  vanish,  the  axis  of  ^  will  be 
an  asymptote. 

54.  We  shall  in  a  future  section  show  how  the  singular 
points  of  a  curve  may,  in  general,  be  found.  But  the  application 
of  the  general  methods  being  usually  a  work  of  some  difficulty. 
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the  examples  given  in  works  on  the  differential  calculus  are,  for 
the  most  part,  cases  whei*e  the  existence  of  the  singular  points 
more  readily  appears  from  mere  inspection  of  the  equations;  a 
selection,  including  all  the  most  difficult  of  these  examples, 
will  therefore  serve  to  illustrate  the  preceding  Articles.  (^See 
Gregory's  Examples^  p.  170,  &c.) 

Ex.  1.  a:*  -  ax^y  +  hy^  =  0. 

Ex.  2.  xS  -  lax^y  +  Ix^y'^  +  ay^  +  y*  =  0. 

In  both  cases  the  origin  is  a  triple  point.  The  tangents  of  the  first  are  given  by 
the  equation  ax^y  —  by^ ;  and  of  the  second  by  the  equation  2x^y  =  y^.  By  Art.  43 
neither  curve  can  have  any  other  multiple  point. 

Ex.3,  ay*  -  x^  ±  bx^  =  0. 

The  origin  is  a  double  point,  whose  tangents  are  given  by  the  equation  ay^  ±  bx^  =  0. 

If  the  sign  be  given  positive,  the  origin  is  a  conjugate  point. 

Ex.  4.    (x*  -  a^f  -  ay*  {2y  +  8a),  or  (x  -  a)*  {x  +  a)'  =  ay*  {2y  +  3a). 

Here  evidently  {x  —  a,  y)  and  {x  +  a,  y)  are  double  points.  To  get  the  tangents 
at  the  first,  we  are  to  make  x  =  a,  y  —  0  in  the  parts  which  multiply  (x  —  a)*,  y*, 
and  we  get 

4  (a;  -  a)*  =  3y*. 

In  like  manner  for  the  tangents  at  the  other  double  point, 
4  (x  +  a)2  =  3y*. 
The  curve  has  a  third  double  point,  whose  existence  can  be  shown  by  throwing  the 
equation  into  the  form 

X*  (x*  -  2a*)  =a{2y-a)  (j/  +  a)*. 
Hence,  {x,  y  +  a)  is  a.  double  point,  and  the  tangents  at  it  are 

2x2  =  3  (y  +  a)*. 
Having  found  these  three,  we  know,  by  Art.  42,  that  the  curve  can  have  no  other 
multiple  point. 

Ex.  6.    {by  —  ex)*  =  (x  -  a)*. 

The  point  {by  —  ex,  x  —  a)  is  a  cusp  of  such  a  nature  that  the  tangent  at  it  meets 
the  curve  in  five  consecutive  points. 

Ex.  6.  X*  (x  +  5)  =  a^y*. 

The  origin  is  a  double  point,  the  tangent  at  which  meets  the  curve  in  four 
consecutive  points.  There  is  a  triple  point  at  infinity,  to  which  the  line  at  infinity  is 
the  only  tangent.  The  line  x  +  b  touches  the  curve  where  it  meets  the  axis  of  x, 
and  also  at  a  point  of  inflexion  at  infinity. 

§       1       ! 
Ex.7.  X  +y  +«  =0. 

This  equation,  cleared  of  radicals,  becomes 

{x*  +  y*  +  z*f  =  21x*y*z*; 
and  in  this  form  the  existence  of  six  cusps  is  manifest,  for  each  of  the  points  where 
X  meets  y*  +  z*  is  a  double  point,   and  x  the  only  tangent  at  it.     Similarly  for 
{y,  X*  +  z*)  and  (z,  x*  +  y*).     But  the  cusps  are  all  imaginary. 

The  curve  has  also  four  double  points,  viz.  (x  ±  y  =  0,  x  +  ^  =  0). 
This  can  be  proved  by  putting y  +  x  =  u,  z  +  x  =  v;  and  therefore 
y  =  u±x,  z  =  V  ±x. 

a 
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Substituting  these  values  in  the  given  equation,  it  is  of  the  form 

«'(^  +  uvxp  +  v^x- 
The  tangents  at  any  of  the  double  points  will  be  found  to  be  given  by  the  equation 

m2  -f  iiv  +  1,2  =  0, 

and  therefore  the  double  points  in  question  are  conjugate  points;  and,  in  fact,  these 
are  the  only  real  points  of  the  curve. 

Or  again,  the  equation  may  be  written 

which  is  one  of  three  like  forms,  viz.  writing  ^,  tj,  ^  =  y^  —  «',  z'  —  ^,  x"^  —  y^,  the 
form  is  Bar'  {n^  +  ?j$  +  ^2)  _  (,|  _  ^s  —  q  j  putting  in  evidence  the  double  points  tj  =  0, 
J  =  0  J  or,  what  is  the  same  tiling,  5  =  0,  ri  =  0,  $  =  0,  that  is,  x^  =  ^^  _  ^2. 

SECT.    III. — TRACING   OF   CURVES. 

55.    It  is  proper  to  give  some  examples  of  the  method  of 

tracing  the  figure  of  a  curve  from  its  equation.     If  we  give  any 

value  (a)  to  either  of  the  variables  a;,  the  resulting  numerical 

equation  can  be  solved  (at  least  approximately)  for  ?/,  and  will 

determine  the  points  in  which  the  line  x  =  a  meets  the  curve, 

By  repeating  this  process  for  different  values  of  x^  as  at  Coyiics^ 

Art.  16,  we  can  obtain  a  number  of  points  on  the  curve;   and, 

by  drawing  a  line  freely  through  them,  can  obtain  a  good  idea 

of  its  figure.     By  taking  notice  what  values  of  x  render  any 

of  the  values  of  y  imaginary,  we  can  perceive  the  existence  of 

ovals,   or  can   observe   whether   the   curve   is   limited   in   any 

direction ;    and  we  have  already  shown  (Art.  52)  how  to  find 

whether  the  curve  has  infinite  branches,  and  how  to  determine 

its  asymptotes.     It  will  be  shewn  in  the  next  section  how  to  find 

dit 
its  multiple  points  and  points  of  inflexion.      The  value  of  ~f- 

at  any  point  gives  the  direction  of  the  tangent  at  that  point 

(Art.  48) ;  and  if  we  examine  for  what  points  -^  =  0,  or  =  oo  , 

we  shall  have  the  points  at  which  the  course  of  the  curve  is 
parallel  or  perpendicular  to  the  axis  of  x. 

In  practice  we  must,  of  course,  take  advantage  of  any 
simplifications  which  the  equation  of  the  curve  suggests.  Thus, 
if  we  consider  a  series  of  lines  parallel  to  one  of  the  asymptotes 
(or  a  series  of  lines  passing  through  a  point  on  the  curve),  the 
equation  which  determines  the  other  points  in  which  each  of 
them  meets  the  curve  is  of  a  degree  one  lower  than  the  degree 
of  the  curve.     If  the  equation  shows  that  the  curve  has  a  double 
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or  other  multiple  point,  It  is  advantageous  to  consider  a  series 
of  lines  drawn  through  this  point,  since  then  the  equation  in 
question  will  lose  two  or  more  dimensions. 

There  is  scarcely  any  exercise  more  instructive  for  a  student 
than  the  tracing  of  curves,  and  more  particularly  those  in  which 
the  equation  contains  one  or  more  parameters  which  assume  a 
succession  of  different  values.  In  the  case  of  a  single  parameter, 
this  may  be  conceived  of  as  an  ordinate  z  in  the  third  dimension 
of  space,  and  the  problem  thus,  in  eiFect,  is  to  find  the  form  of 
the  several  parallel  sections  of  a  surface. 

It  will  suffice  to  add  a  few  examples  to  those  which  will 
incidentally  occur  in  the  course  of  these  pages.  We  refer 
the  reader  who  may  wish  for  further  illustration,  to  Gregory's 
Examples^  Chap.  XI. ;  or,  if  still  unsatisfied,  to  the  source 
whence  all  later  writers  on  the  subject  have  drawn  largely. 
Cramer's  Introduction  to  the  Analysis  of  Curves, 


Ex.  1.  a;*  -  axh)  +  %'  =  0  (see  Ex.  1,  p.  41). 

Here,  the  origin  being  a  triple  point,  it  is  advan- 
tageous to  consider  a  series  of  lines  drawn  through  it. 
Substituting  y  =.  nix,  we  find  x  =  m  {a  —  hni^),  a  func- 
tion which,  as  m  passes  fi'om  0  to  +  oo ,  increases  from  0, 
when  m  =  0,  to  a  maximum  value  when  a  —  Smb"^  =  0  ; 
then  decreases,  and  vanishes  when  a  —  brti^  =  0,  and  has 
an  indefinitely  increasing  negative  value  as  m  increases 
further.  The  curve  is  manifestly  symmetrical  in  re- 
gard to  the  axis  of  y.  Hence  the  figure  is  that  here 
represented. 


Ex.  2.   {x^  -  a2)2  =  af  (3a  +  2y),  (see  Ex.  4,  p.  41). 

Hence  ic'  =  a'  +  4["I/'  (3a  +  2^)}.  The  curve  is  plainly  symmetrical  in  regard  to 
the  axis  of  y.  It  has  on  each  side  two  branches,  corresponding  to  the  two  sigrvs 
which  may  be  given  to  the  radical.  The  two  branches  intersect  when  y  =  0,  and  ac- 
cordingly we  have  seen  that  there  are  on  the  axis  of  x  two  double  points  at  the  distance 
x  =  ±a.  Aa  y  increases  positively,  the  radical  increases  indefinitely  j  hence  the  value 
of  X,  corresponding  to  the  one  branch,  increases 
indefinitely  ;  that  corresponding  to  the  other  de- 
creases, untQ  we  come  to  the  value  of  y  corre- 
sponding to  the  single  positive  root  of  the  equation 
2ay^  +  Sa'^y''  =  a*,  {2y  =  a),  beyond  which  this 
branch  can  extend  no  higher.  For  negative  values 
of  y,  the  radical  increases  to  a  maximum  value 
when  y  +  a=zO ;  the  one  pair  of  branches  then 
intersect  in  a  double  point  on  the  axis  of  y,  and 
the  other  pair  is  at  its  furthest  distance  from  that 
axis.    Evidently  neither  branch  can  proceed  lower 
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than  the  value  3a  +  2y  =  0.     Hence  the  shape  of  the  curve  is  that  represented  in 
the  figure. 


Ex.  3.  Given  base  of  a  triangle  2e  and  rectangle  under  sides  m',  the  locus  of 
is  Cassini's  oval,  whose  equation  is,  the  origin 
being  the  middle  point  of  base, 

{x^  +  y'  -  c2)2  -  4c^x^  =  m*. 

The  accompanying  diagram  represents  the 
figure  for  different  values  of  m.  The  dark 
curve  represents  the  figure  for  m  =  c,  the  curve 
being  then  known  as  the  lemniscate  of  Ber- 
nouilli.    When  m  is  less  than  c,  Cassini's  curve 

consists  of  two  conjugate  ovals  within  the  parts  of  this  figure:  when  m  is 
than  c,  of  one  continuous  oval  outside  it. 


vertex 


Ex.  4.  On  the  radius  vector  from  a  fixed  point  0  to  a  fixed  line  MN  a  portion 
RP  of  given  length  is  taken  on  either  side  of  the  right  line.  The  locus  of  P  is  a 
curve  called  the  conchoid  of  Nicomedes,  invented  by  that  geometer  for  the  solution 
of  the  problem  of  finding  two  mean  proportionals. 

If  OA  =p,  RP  =  m,  the  polar  equation  is  (/>  +  m)  cosw  =p,  and  the  rectangular 
equation 

mV  =  (i>-y)«(a:2  +  y'), 

The  line  MN  (p  =  y)  touches  at  a  singular  point  at  infinity,  and  there  meets  the 
curve  in  four  consecutive  points. 

The  point  0  is  also  a  double  point,  the  tangents  at  which  are  given  by  the  equations 


It  will  therefore  be  a  node,  conjugate  point,  or  cusp,  according  as  m  is  greater,  less 
than,  or  equal  to  p.  The  continuous  line  represents  the  case  when  m  is  greater  than 
p ;  the  dotted  line  that  when  m  is  less  than  p. 


Ex,  5.  In  like  manner  on  the  radius  vector  to  a  fixed  circle  from  a  fixed  point  on  it 
a  portion  of  fixed  length  is  taken  on  either  side  of  the  circle.  The  curve  is  called 
PascaVs  limagon.  The  polar  equation  is  /o=^cosa)  +  m;  and  the  rectangular 
(a;2  4.  yz  —pxY  =  iri^  (x'  +  y^).  The  origin  is  evidently  a  double  point  and  is  a  node 
or  conjugate  point  according  as  />  is  greater  or  less  than  m.  When  j9  =  m,  the  origin 
is  a  cusp,  and  the  curve  is  of  the  form  of  a  heart,  and  is  called  the  cardioide.  This 
is  represented  by  the  dark  curve  in  the  figure,  the  inner  and  outer  curves  repre- 
Benting  the  forms  with  a  node  and  with  a  conjugate  point  respectively. 
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Ex.  6.  (x«  -  a')*  4-  (y'  -  y^Y  =  c*,  where  6  is  supposed  less  than  a.  When  tf  =  0, 
the  curve  consists  of  the  four  conjugate  points  +  a,  ±b.  The  figures  represent  the 
cases,  (1)  e  less  than  b,  (2)  c  =  J,  (3)  c  intermediate  between  6  and  a,  (4)  <j  =  a, 
(5)  c>  a,  <  lj(a*  +  J*),  (fi)  c  =  U(a*  +  i*).  "When  c  has  a  greater  value,  the  curve 
is  of  similar  form,  but  without  the  conjugate  point  at  the  origin.  "When  c  =  a  —  b, 
the  double  points  of  (2)  and  (4)  present  themselves  simultaneously,  and  the  curve  in 
fact  breaks  up  into  two  ellipses  as  in  (7). 


0 


0 


(1) 


0 


0 
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56.  If  a  curve  pass  through  the  origin,  then  if  this  be  an 
ordinary  point  on  the  curve,  y  may  be  developed  in  the  form 
i/=Ax-^Bx^ -{-...',  when  the  origin  is  a  singular  point,  the  form  is 
y=Ax'+Bx^+&c.j  where  a  is  positive  and  ^  and  all  the  indices 
which  follow  are  greater  than  a ;  it  is  for  determining  the  nature 
of  the  singular  point,  and  the  form  of  the  curve  in  its  neighbour- 
hood, very  convenient  to  find  even  the  first  term  of  this  develop- 
ment; in  fact,  in  the  neighbourhood  of  the  origin  the  figure 
resembles  that  of  the  curve  y  =  Ax*,  which  can  easily  be  con- 
structed. In  order  to  effect  such  a  development,  we  can  employ 
the  process  given  by  Newton,*  which  is  most  conveniently 
used  in  the  following  form.  Write  in  the  equation  y  =  Ax'',  and 
determine  the  positive  quantity  a  by. the  condition  that  the 
indices  of  two  or  more  terms  shall  be  equal,  and  less  than  the 
index  of  any  other  of  the  terms.  This  can  always  be  done 
by  trial,  by  equating  the  indices  of  each  pair  of  terms,  and 
observing  whether  the  resulting  value  of  a  is  positive,  and 
the  equal  indices  not  greater  than  the  indices  of  some  other 
term.  Having  thus  found  oc,  we  determine  A  by  equating  to 
zero   the   quantity   multiplying   the   terms   with    equal    index. 


*  See  Methodus  Fluxionum  et  Serierum  infinitaruvi,  (^c,  under  the  heading 
De  reductione  affectarum  equationum  {Opusc.  ed,  Castillon,  vol.  I.,  p,  37).  See  also 
a  paper  by  Professor  De  Morgan,  Quartei^ly  Journal,  vol.  I.,  p.  1,  and  Transactions 
of  the  Cambridge  Philosophical  Society,  vol.  IX.,  p.  608.  Newton  gives  the  rule 
by  means  of  a  diagram  of  squares,  in  a  form  different  from  that  given  above. 
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We  can  then  carry  on  the  expansion  by  substituting  y^Ax'+Bxp^ 
where  A  and  a  have  the  values  abeady  found ;  and  /3  and  B  are 
determined,  if  need  be,  by  a  similar  process;  but  it  usually 
happens  that  after  the  first  term  or  terms  the  indices  will 
proceed  in  a  regular  order,  and  the  coefficients  will  be  each  of 
them  linearly  determined.  Thus,  for  example,  let  the  curve  be 
x^  +  7/^  —  Saxi/  =  0^  where  the  origin  is  a  double  point  having  the 
two  axes  for  tangents ;  then,  writing  y=Ax*  the  equation  becomes 

We  are  now  to  make  two  indices  equal.  Trying  first  3  =  3a, 
or  a=  1,  we  reject  this  value  because  it  makes  the  equal  indices 
greater  than  the  index  a  + 1  of  the  other  term.  Trying  next 
3  =  a+l,  ora  =  2,  wefind  that  this  value  will  make  the  equal 
indices  less  than  that  of  the  third  term.  The  equation  will 
become  (1  -  3a^)  a;'+ ^V=  0,  and  determining  A  so  as  to 
make  the  coefficient  of  x^  vanish,  we  see  that  the  equation  may 

be  expressed  in  the  form  y —  —  x^  -\-&c.^  where  the  indices  of 

0(X 

the  remaining  terms  are  greater  than  2 ;  and  we  learn  that  the 
form  of  one  branch  of  the  curve  at  the  origin  resembles  that 
of  the  parabola  Say  =  x\  And  in  the  third  place  equating 
the  indices  3a,  a+1,  we  find  a  =  |.  Here  again,  the  equal 
indices  are  the  lowest  and  the  coefficients  of  the  two  terms  are 
A^j-SaA,  whence  A  =V(3a),  and  the  branch  is  y  =  \/{Ba)x^-\-&c.j 
wherefore  near  the  origin  the  form  approaches  to  that  of  the 
parabola  ^'^  =  3aa;.  It  is  not  necessary  for  our  present  purpose, 
but  if  we  desire  to  continue  the  expansion  we  should  substitute 

y  =  —  x^  -f  Bx^.     The  lowest  terms  would  then  be 

We  can  then  make  the  indices  of  two  terms  equal,  and  lower 

than  the  remaining  one,  by  making  /9  =  5,  whence  ^=——5. 

We  have  shown,  then,  that  if  we  trace  in  the 
neighbourhood  of  the  origin  the  two  parabolas 
Say  =  x'^j  y^=3aXj  we  have  approximately  the 
figure  in  that  neighbourhood  of  the  curve  we  wish 
to  construct. 


\ 
\ 


\ 


48 


TRACINa  OF  CURVES. 


57.  The  same  process  will  lead  to  a  determination  of  the 
infinite  branches  of  the  curve.  We  must  then  expand  y  in 
descending  powers  of  ic,  and  the  only  dif- 
ference in  the  process  is  that  we  now  make 
the  equal  indices  greater  than  that  of  any 
other  term.  Thus,  in  the  example  already 
given,  equating  the  indices  3,  3a,  we  have 
a=  1,  and  their  coefficient  J^\  1.  Attending 
only  to  the  real  value  for  ^  (=  —  1)  we  sub- 
stitute y  =  —  a;  +  Bx^^  and  find  in  like  manner  13  =  0,  B  =  -  a. 
We  thus  get  the  expression  ?/  =  —  ic  — a -I- &c.,  and  we  see  that 
the  line  a;  +  ?/-fa  =  0  is  an  asymptote.  The  figure  is  as  in  the 
diagram. 

58.  In  the  case  of  the  simple  cusp  of  which  we  have  had  an 
example,  see  Art.  39,  the  two  branches  which  meet  at  the  cusp 
lie  on  opposite  sides  of  the  common  tangent,  and  have  their 
convexities  opposed  to  each  other ;  but  there  is  a  cusp  (which 
is  a  singularity  of  higher  order)  in  which  the  branches  lie  on 
the  same  side  of  the  tangent.  Thus,  in  the  curve  m{a7/—x'^Y=x^^ 
it  is  plain  that  any  positive  values  of  x  give  real  values  for  y ; 

and  if  we  write  the  equation  in  the  form  ay  =  ic'  +  -^  ,  then  since 

the  last  term  is  less  than  the  preceding  when  x  is  small,  we  see 
that,  whether  we  use  the  upper 
or  lower  sign,  the  value  of  y  will 
be  positive  for  small  values  of  x. 
The  axis  of  cc,  then,  is  a  tangent 
and  both  branches  lie  on  the 
upper  side  of  it.  The  figure  is 
as  here  represented.  These  two  kinds  of  cusps  have  been 
called  keratoid  and  ramphoid  from  a  fancied  resemblance  to  the 
forms  of  a  horn  and  a  beak.  We  have  seen  (p.  27)  that 
ordinary  multiple  points  of  higher  order  may  be  regarded  as 
resulting  from  the  union  of  a  number  of  double  points.  Professor 
Cayley  has  shewn  {Quarterly  Journal,  vol.  VII.  p.  212)  that 
any  higher  singularity  whatever  may  be  considered  as 
equivalent  to  a  certain  number  of  the  simple  singularities,  the 
node,   the   ordinary   cusp,   the    double    tangent,   and   the   in- 
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flexion.  Thus,  a  cusp  of  the  kind  described  in  this  article  is 
equivalent  to  one  node, 
one  cusp,  one  doubk 
tangent,  and  one  inflex- 
ion, as  will  appear  from 
the  annexed  figure  which 
exhibits    the    node    and 

cusp  on  the  point  of  uniting  themselves  into   the  higher  sin- 
gularity in  question. 

SECT.  IV. — POLES  AND  POLARS. 

59.  The  method  that  we  shall  presently  use  in  investigating 
the  conditions  that  a  curve  should  have  multiple  points  or 
tangents,  and  in  a;scertaining  their  position,  is  the  same  as  that 
already  employed  in  the  case  of  the  origin.  We  shall  consider 
a  series  of  radius  vectors  drawn  through  a  given  point ;  we 
shall  form  the  equation  which  determines  the  coordinates  of 
the  n  points  where  any  such  radius  vector  meets  the  curve,  and 
we  shall  examine  the  conditions  that  one  or  more  of  these 
points  may  coincide  with  the  given  point  itself.  In  order  to 
determine  the  coordinates  of  these  n  points  we  shall  use 
Joachimsthal's  method  explained  Conies^  Art.  290.  Since  the 
trilinear  coordinates  of  any  point  on  the  line  joining  two  points 
x'yz\  x"y"z"  are  of  the  form  \x  4  aacc",  Xy  +  fiy\  \z'  +  ^z\ 
the  points  where  the  joining  line  meets  any  curve  are  found 
by  substituting  these  values  for  a;,  y,  s,  and  then  determining  the 
ratio  \'.  [xhj the  resulting  equation.  And  it  will  be  a  necessary 
preliminary  to  the  following  investigation  to  discuss  carefully 
the  functions  which  present  themselves  in  this  substitution. 

If  then  in  Z7,  which  is  a  homogeneous  function  of  the  n^^  order 
in  ir,  y,  z^  we  substitute  \x  +  iix\  \y  4-  fJ^y\  Xs  +  /jlz'  for  rr,  y,  «, 
it  is  evident  by  Taylor's  theorem  that  the  coefficient  of  A."  will 
be  U^  and  that  of  \""^/Lt  will  be 

,     dZl  ,dU  ,aTJ  ,    yy.  ,yy.  .yy  .y  ,    ,    ,  j,^ 

^■^^  ly'^^Tz'  or  "^^t  +  y  ^2  +  ^^35  ^^  xL-]ryM+zN, 

using  the  abbreviations  Z7j,  ZJ^,  U^  or  X,  i/,  iV  (as  the  case  may 
be)  for  the  difierential  coefficients.     We  shall  use  the  symbol  A 

H 
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to  denote  the  operation  x  -j- -{- y  -j- -\- z  -^  ^  and  the  coefBcient 

ux         cty         dz 

of  \""*/A  may  thus  be  written  A  TJ,  In  like  manner  the  coeffi- 
cient of  X"-V  will  be  half 

„d'U  ^    ,^d^U      „d'U'  ^,,d'U     ^,,dU     ^,,dU 
dx""     ^    dy'  dz'        ^     dydz  dzdx  ^  dxdy ' 

which  may  be  written 

The  second  differential  coefficients  are  often  written  with  double 
suffixes  £/;,,  C7^,  Z7^,  U^^^^  U^,  f/,,,  but  we  find  it  more  con- 
venient to  use  the  letters,  a,  Z>,  c, /,,</,  A,  and  so  to  write  ^'U 
in  the  form  we  have  used  in  expressing  the  general  equation 
of  a  conic 

ax'  -\-  hy"^  +  cz^  +  2fyz  4  'igzx  4-  '27ixy, 
In  like  manner  the  coefficient  of  X'''^  in  the  expansion   is 

-  „  „  A^  Z/,  and  so  on ;   the  last   coefficient  beiner  — A"  U, 

1.2. d  '  °    1.2. ..7? 

It  is  evident  however  from  the  symmetry  of  the  substitution 
that  this  coefficient  will  be  U\  and  in  general,  that  the  co- 
efficients of  any  two  corresponding  terms  X'V?  ^V"?  0"ly  differ 
by  an  interchange  of  accented  and  unaccented  letters.  We 
see  thus  that  A""^C  only  differs  by  a  numerical  factor  from 
xU\  +  y  U\  +  z Z/'g,  and  generally  that 

only  differ  by  a  numerical  factor.  We  may  write  the  last 
function  A^  Z7',  the  accent  on  the  U  serving  to  mark  the  inter- 
change of  accented  and  unaccented  letters. 

60.  The  curve  of  the  {n-  1)*^  degree  A  U=  0  is  called  the 
first  polar  of  the  point  xy'z\  with  respect  to  U.  In  like 
manner  A^U=0  is  called  the  second  polar,  and  so  on,  the 
degrees  of  the  successive  polar  curves  regularly  diminishing  by 
one,  the  {n  —  2)^^  polar  being  a  conic,  and  the  {n  —  1)*^  a  right 
line.  And,  from  the  remark  just  made,  it  is  plain  that  the 
equations  of  the  polar  line  and  conic  are  respectively 
/     d  d  d\  rr,     r.     f     d    ,       d  d\\^,     ^ 
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Since  £^^U  Is  obtained  by  performing  the  operation  A  upon 
A  fT,  It  Is  plain  that  the  second  polar  of  xyz\  with  respect  to  ?7, 
is  the  first  polar  of  the  same  point  with  respect  to  AC/;  and 
generally  that  the  polar  curve  of  any  rank  is  also  a  polar  of  the 
same  point  with  respect  to  all  polar  curves  of  a  rank  lower  than 
its  own ;  as  is  evident  from  the  equation  A*  (A'Z7)  =  A'^^U, 

For  the  origin,  for  which  x  and  y'  vanish,  the  operation 
A  reduces  to  differentiating  with  respect  to  z.  If  the  ordinary 
Cartesian  equation  be  made  homogeneous  by  the  Introduction 
of  the  linear  unit  z  {Conies^  Art.  69),  it  may  be  written 

u^z""  +  u/-^  +  u/-^  +  &c.  =  0, 

and  we  find  without  difficulty,  by  dlfFerentiatlng  with  respect  to  z^ 
that  the  equations  of  the  polar  line,  conic,  &c.  of  the  origin  are 

nu^z  +  Wj  =  0,  \n  (n  —  1)  u^z^ -\-{n—\)  u^z  +  w^^  =  0,  &c. 

61.  The  locus  of  all  the  points  whose  polar  lines  pass  through 
a  given  point  is  the  first  polar  of  that  point. 

The  equation  xU^ -\- yU^  +  z U^  —  0  expresses  a  relation 
between  xyz  the  coordinates  of  ■  any  point  on  the  polar  line, 
and  xyz  those  of  the  pole.  And,  as  in  Conies^  Art.  89,  we 
indicate  that  the  former  coordinates  are  known  and  the  latter 
variable,  by  accentuating  the  former  and  removing  the  accent 
from  the  latter  coordinates,  when  the  equation  becomes 
X  U^  +  y'U,^-^  zU^  =  0.  There  are  (n- 1)^  points,  whose  polar 
lines  with  respect  to  U  will  coincide  with  any  given  line,  or, 
more  briefly,  every  right  line  has  (n  —  Ij^  poles.  For  take  any 
two  points  on  it,  the  poles  of  the  right  line  must  lie  on  the 
first  polar  of  each  of  these  points;  therefore  they  are  the 
intersections  of  these  curves.  Also  the  first  polars  of  all  the 
points  of  a  right  line  have  [n  —  lY  common  points^  viz.  the  {n  —  1)* 
poles  of  the  right  line. 

In  like  manner,  the  locus  of  points  whose  polar  conies 
pass  through  a  given  point  is  the  second  polar  of  the  point ; 
and  so  on. 

If  the  polar  line  (or  any  other  polar)  of  a  point  pass  through 
the  point,  that  point  will  be  on  the  curve.  For  If  we  substi- 
tute xyz  for  xyz  In  the  equation  of  the  polar,  it  becomes 
identical  with  the  equation  of  the  curve,  since  the  operation 
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^'j~  "^y-T-  +^J"  performed  on  a  homogeneous  function  only 
affects  it  with  a  numerical  factor. 

62.  If  a  curve  have  a  multiple  point  of  the  order  h^  that  point 
will  he  a  multiple  point  of  the  order  k  —  1  on  every  first  polar^ 
of  the  order  k—2  on  every  second  polar  ^  and  so  on.  For  if  the 
origin  be  at  the  multiple  point,  the  lowest  terms  in  x  and  y 
will  be  of  the  degree  k ;  in  the  first  polar,  which  involves  only 
first  differentials  of  U^  the  lowest  terms  in  x  and  y  will  be  of 
the  degree  Z:-  1,  and  therefore  the  origin  will  be  a  multiple 
point  of  that  order ;  the  equation  of  the  second  polar,  involving 
second  differentials  of  Z7,  will  contain  x  and  y  at  lowest  in  the 
degree  ^  —  2,  and  so  on. 

If  two  tangents  at  the  multiple  point  in  the  curve  coincide, 
the  coincident  tangent  will  be  a  tangent  to  the  first  polar. 
For  the  lowest  terra  u^  is  of  the  form  cihcd..,^  where  «,  J,... 
represent  linear  functions  of  the  coordinates,  and  hence  its 
differentials  will  contain  a  as  a  factor,  and  therefore  the 
lowest  terms  in  the  equation  of  the  polar  contain  a  as  a  factor. 
And,  in  general,  if  I  tangents  to  the  multiple  point  on  the 
curve  coincide,  Z  -  1  of  them  will  be  coincident  tangents  at 
the  multiple  point  on  the  first  polar,  Z  — 2  at  the  multiple  point 
on  the  second  polar,  and  so  on.  For  if  u^  have  any  factor 
in  the  V^  degree,  that  factor  will  be  one  of  the  (Z-  1)*^  degree 
in  all  the  first  differentials  of  w^j  of  the  (Z— 2)^^  in  all  the 
second  differentials,  &c, 

SECT,   v.— GENERAL  THEORY  OF  MULTIPLE  POINTS  AND 
TANGENTS. 

63.  We  proceed  now  to  apply  the  method  indicated  In 
Art.  59  to  the  investigation  of  the  multiple  points  and  tangents 
of  curves.  In  order  to  find  where  the  line  joining  the  points 
xy'z,^  x'y'z"  meets  the  curve,  we  substitute  in  the  equation 
\x  +  ^ix"  for  ic,  &c.,  and  we  get  in  order  to  determine  the  ratio 
X  :  /x,  an  equation  which  we  may  refer  to  as  A  =  0,  and  which 
may  be  written 

\"  U'  +  x"->  A  U'  +  i\"-VA''  U'  +  &c.  =  0, 
it  being  supposed  that  in  A  U\  &c.,  as  previously  written,  x'y'z" 
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have  been  substituted  for  xyz.  In  order  that  one  of  the  points 
Xx'  +  iix\  \y'  +  fji,y'\  \z'  -f  ^z"  should  coincide  with  x'y'z\  it  is 
obviously  necessary  that  one  of  the  roots  of  the  equation  A  =  0 
should  be  jj,  =  0.  But  this  clearly  will  not  be  the  case  unless 
C'  =  0 ;  and  it  is  otherwise  evident  that  the  condition  that 
xy'z  should  be  on  the  curve  is,  that  its  coordinates  substituted 
in  the  equation  of  the  curve  should  satisfy  it. 

64.  Two  of  the  points  in  which  the  line  meets  the  curve 
will  coincide  with  xy'z\  if  the  above  equation  be  divisible  by 
fM^ ;  that  is,  if  not  only  V  =  0  but  also  A  f/"'  =  0  :  now  it  is  plain 
that  if  the  line  joining  xy'z'  a  point  on  the  curve  to  x"y"z"  meet 
the  curve  in  two  points  which  coincide  with  x'y'z'^  then  xy'z" 
must  lie  on  the  tangent  (or  tangents  if  more  than  one)  which  can 
be  drawn  to  the  curve  at  xy'z  :  but  we  have  now  proved  that  in 
this  case  xy'z'  must  satisfy  the  equation  xU^  -V  yU^  -\-  zU^  =  0, 
Hence,  in  general,  at  a  given  point  on  the  curve  there  is  but 
one  tangent,  whose  equation  is  that  just  written.  It  appears 
thus  that  the  polar  line  of  a  point  on  the  curve  is  the  tangent, 

A II  the  other  polar  curves  of  the  point  xy'z  will  touch  the 
curve  at  that  point.  For  it  was  proved  (Art.  60)  that  the  polar 
line  with  respect  to  the  curve  U  will  also  be  the  polar  line 
with  respect  to  each  of  the  polar  curves;  and  (Art.  61)  the 
coordinates  xy'z  satisfy  the  equation  of  each  of  the  polar 
curves ;  and  therefore,  by  what  has  been  just  proved,  the  polar 
line  with  respect  to  any  of  them  will  coincide  with  the  tangent. 

65.  The  points  of  contact  of  tangents  drawn  to  a  curve  from 
any  point  lie  on  the  first  polar  of  that  point.  This  is  a  particular 
case  of  what  was  proved  in  Art.  61,  or  it  may  be  established 
directly  in  the  same  way.  The  equation  of  the  tangent  at  the 
point  xy'z  having  been  shewn  to  he  xU^'  +  yUJ  +  zU^'  =  0,  then 
by  an  interchange  of  accented  and  unaccented  letters  we  in- 
dicate that  the  coordinates  of  a  point  on  the  tangent  are  sup- 
posed to  be  known,  and  those  of  the  point  of  contact  unknown ; 
and  we  see  that  the  latter  coordinates  must  satisfy  the  equation 
x'U^-\-y'U^-\-zU^  —  0,  The  curve  and  its  first  polar  clearly 
intersect  in  n[n-  \)  points,  and  since  at  each  of  these  inter- 
sections 27=  0,  d  U=  0  will  be  satisfied,  we   see  that  from  a 
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given  point  there  can  he  drawn  n[n  —  l)  tangents  to  a  curve  of 
the  n^^  degree.  Or,  again,  {Conies^  Art.  303)  the  degree  of  the 
reciprocal  of  a  curve  of  the  n^^  degree  is  in  general  w  (w—  l). 

66.  If,  however,  the  curve  have  a  double  point,  it  was 
proved  (Art.  62)  that  the  first  polar  of  any  given  point  must 
pass  through  that  double  point.  The  double  point,  therefore 
(see  note,  p.  29),  counts  for  two  among  the  intersections  of  the 
curve  with  its  first  polar.  But  the  line  joining  the  point  x"y"z" 
to  the  double  point  is  not  a  tangent  in  the  ordinary  sense  of 
the  word,  though  it  is  indeed  included  among  the  solutions  to 
the  problem  we  have  been  discussing  (viz.,  to  draw  a  line 
through  x"y'z'\  so  as  to  meet  the  curve  in  two  coincident 
points) ;  for  we  have  shewn  that  every  line  through  the  double 
point  must  be  considered  as  there  meeting  the  curve  in  two 
coincident  points.  Now  the  entire  number  of  solutions  to  this 
problem  being  always  n  [n—  1)  (viz.,  the  intersections  of  C^and 
A  ZJ),  the  number  of  tangents,  properly  so  called,  which  can  be 
drawn  to  the  curve  is  diminished  by  two  for  every  double  point 
on  the  curve ;  or  the  degree  of  the  reciprocal  of  a  curve  of  the 
n^  degree  having  8  double  points  is  n[n  —  \)  —  2h, 

67.  If  the  curve  have  a  cusp,  we  have  proved  (Art.  62)  that 
the  first  polar  not  only  passes  through  the  cusp,  but  also  has  its 
tangent  the  same  with  the  tangent  at  the  cusp.  Hence  (see 
note,  p.  29)  this  cusp  counts  as  three  among  the  intersections 
of  the  curve  with  its  first  polar,  and  the  remaining  intersections 
are  consequently  diminished  by  three  for  every  cusp  on  the 
curve.  Hence  the  degree  of  the  reciprocal  of  a  curve  having  8 
ordinary  double  points  and  k  cusps j  is 

n{n-l)-2B-SK.^ 


*  According  to  Poncelet,  Waring  was  the  first  who  investigated  the  problem 
of  the  number  of  tangents  which  can  be  drawn  from  a  given  point  to  a  curve  of  the 
w*'*  degree.  {Miscellanea  Analytica,  p.  100).  This  number  he  fixed  as  at  most  n'. 
Poncelet  shewed  (Gergonne's  Annales,  vol.  viii,  p.  213)  that  this  limit  was  fixed 
too  high  ;  that  the  points  of  contact  He  on  a  curve  of  the  (»  —  l)th  degree,  and  that 
their  number  cannot  exceed  n  {n  —  1).  Finally,  Pliicker  estabhshed  the  formula 
in  the  text,  and  thereby  fully  explained  (as  we  shall  do  further  on)  why  it  is  that 
only  n  tangents  can  be  drawn  to  the  reciprocal  of  a  curve  of  the  nth  degree,  though 
that  reciprocal  is,  in  g«neral,  of  the  degree  n  (n  -  1). 
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68,  The  same  principles  would  shew  the  effect  of  any  higher 
multiple  point  on  the  degree  of  the  reciprocal.  A  multiple  point 
of  the  order  h  would  (Art.  62)  be  a  multiple  point  of  the  order 
^  —  1  on  the  first  polar,  and  therefore  the  number  of  remaining 
intersections,  and  consequently  the  degree  of  the  reciprocal, 
would  be  diminished  by  ^(A:— 1). 

We  have  shewn  (p.  28)  that  a  multiple  point  of  the  order 
h  is  equivalent  to  \k  (/^—  1)  double  points,  each  of  which  would 
diminish  the  degree  of  the  reciprocal  by  two.  And  the  result 
we  have  now  obtained  may  be  stated  :  the  effect  of  a  multiple 
point  on  the  degree  of  the  reciprocal  is  the  same  as  that  of  the 
equivalent  number  of  double  points.  And  so  generally  (see 
Art.  58)  for  a  multiple  point  equivalent  to  h'  double  points,  k 
cusps,  T  double  tangents,  and  i  inflexions,  the  effect  on  the 
degree  of  the  reciprocal  is  =2S'-l-3/c'. 

69.  We  have  already  seen  that  the  line  joining  xyz'  and 
x'y'z"  will  meet  the  curve  in  two  points  which  coincide  with 
x'y'z  if  U'  =  0,  and  if  x'y'z"  be  so  taken  as  to  satisfy  the 
equation  x"  U^ -\- y"  U^  +  z"  U^  =  0.  But  if  it  should  happen 
that  the  coordinates  x'y'z  satisfy  the  three  equations  U^  —  0, 
C7^  =  0,  Z73  =  0,  then  the  second  condition  x'U^ ^  y"U^+ z"U^=() 
is  satisfied,  no  matter  what  x'y'z"  may  be.  The  point  x'y'z  is 
then  a  double  point,  and  every  line  drawn  through  it  meets  the 
curve  in  two  coincident  points. 

We  see  then  that  the  curve  expressed  by  the  general  equa- 
tion in  Cartesian  or  trllinear  coordinates  will  not  have  any 
double  point  unless  the  coefficients  be  connected  by  a  certain 
relation.  For  the  three  curves  U^  =  0,  ^7^  =  0,  U^  =  (y  will  not  in 
general  have  any  point  common  to  all  three,  and  therefore  the 
functions  ZJ^,  ?7^,  l\  cannot  all  be  made  to  vanish  together.  If 
between  these  three  equations  we  eliminate  x\y:z^  we  shall  have 
a  relation  between  the  coefficients,  which  will  be  the  condition 
that  these  three  polars  should  intersect,  or  that  the  curve  U 
should  have  a  double  point.  This  condition  is  called  the  dis- 
criminant of  the  equation  of  the  curve.  Thus  {Conies^  Art.  292) 
we  found  the  discriminant  of  a  conic  by  eliminating  x\y  \  z 
between  the  three  equations 

ax^hy^gz^^^   hx-^hy -{-fz^O^  gx-^-fy  +  cz^O^ 
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each  of  which  must  be  satisfied  by  the  coordinates  of  the  double 
point  if  the  curve  have  one,  and  we  found 

ahc  +  2fgh  -  af  -  5/  -  ch^  =  0. 

In  general  the  discriminant  will  be  of  the  degree  3  (n  -  1 )" 
in  the  coefficients  of  the  given  equation ;  for  (see  Higher 
Algebra^  Art.  7&)  since  the  three  derived  equations  are  each  of 
the  degree  w  —  1,  their  resultant  contains  the  coefficients  of  each 
in  the  degree  {n—  \y^  but  the  coefficients  of  the  derived  equa- 
tions are  each  of  the  first  degree  in  the  coefficients  of  the  original 
equation.     See  also  Higher  Algebra^  Art.  105. 

70.  We  may  apply  these  principles  to  examine  the  con- 
ditions which  must  be  satisfied  when  the  first  polar  of  any  point 
-4,  x'yz\  has  a  double  point.  Differentiating  the  equation 
xU^+y'U^  +  z'U^  =  0^  and  using  for  the  second  differentials  the 
notation  of  Art.  59,  we  see  that  if  there  be  a  double  point  B^ 
its  coordinates  must  satisfy  the  three  equations 

ax  +  hy  +  gz  =0,    hx  -\-  hy  +fz  =  0,  gx  +fy  +  cz'  =  0. 

These  are  three  relations  connecting  x'yz\  the  coordinates  of 
the  point  A  with  xyz^  the  coordinates  of  the  double  point  B^ 
of  which  coordinates  a,  5,  &c.  are  functions  each  of  the  {n  —  2)*^ 
degree.  But  on  comparing  these  equations  with  those  cited 
in  the  last  article,  we  see  that  if  we  write  the  polar  conic  of 
the  point  B 

ax^  +  J/  +  C2*  +  2fyz  4  '2gzx  +  2hxy  =  0, 
the  three  relations  are  exactly  the  conditions  that  must  be 
fulfilled  when  A  or  x'y'z  is  a  double  point  on  the  polar  conic. 
Hence  we  infer,  if  the  first  polar  of  any  point  A  has  a  double 
point  Bj  then  the  polar  conic  of  B  has  a  double  point  A  /  and 
vice  versa. 

Between  the  three  equations  we  can  eliminate  xy'z\  and 
obtain  as  a  relation  which  must  be  satisfied  by  xyz, 

abc  4  2/gh  -  af  -  bf  -  ch^  =  0. 

This  equation  then  is  the  equation  of  the  locus  of  points  B^  and 
it  appears  from  what  has  been  said,  that  it  may  be  described 
either  as  the  locus  of  points  which  are  double  points  on  first 
polar  curves,  or  as  the  locus  of  points  whose  polar  conies  break 
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up  into  two  right  lines.  Since  the  second  differentials  a,  Z>,  &c. 
are  each  of  the  order  w  —  2  in  xyz^  the  equation  just  written  is 
of  the  order  3  (7i-2).  The  curve  which  it  represents  has  im- 
portant relations  to  the  given  curve,  of  which  it  is  a  covariant 
[Higher  Algebra^  p.  124).  On  account  of  its  having  been  first 
studied  by  Hesse,  it  is  called  the  Hessian  of  U, 

If  between  the  three  equations  we  eliminated  xyz^  the  re- 
sulting equation  in  x'y'z  would  give  the  locus  of  points  -4, 
which  may  be  described  either  as  the  locus  of  points  whose 
first  polar  has  a  double  point,  or  of  points  which  are  double 
points  on  polar  conies.  This  locus  we  shall  call  after  the 
geometer  ISteiner,  the  Steinerian  of  U,  In  order  actually  to 
perform  the  elimination  in  any  case,  it  would  be  necessary  to 
write  out  a,  5,  &c.,  explicitly ;  but  we  can  easily  see  that  the 
degree  of  the  resulting  equation  is  3  (w  -  2)*,  since  it  is  the 
resultant  of  three  equations  each  of  the  degree  w  -  2,  and  each 
containing  x^  y,  z  in  the  first  degree. 

71.  Returning  now  to  the  equation  A  =  0,  we  see  that  it  will 
have  three  roots  /*  =  0,  or  that  the  line  in  question  will  meet 
the  curve  in  three  points  coincident  with  x'y'z\  if  the  three 
conditions  are  satisfied  Z7'  =  0,  AU'  =  0,  A^  U'  =  0.  Let  us  con- 
sider first  the  case  when  x'y'z  is  a  double  point ;  then,  as  we  have 
seen,  U'  and  AZ7'  vanish  independently  oi x'y'z" ^  and  the  third 
condition  expresses  that  x'y'z'  must  be  on  the  polar  conic  of 
zy'z.  But  clearly  the  point  x'y'z"  may  be  any  point  on  either 
of  the  two  tangents  at  the  double  point,  since  each  of  these 
meets  the  curve  in  three  coincident  points.  Hence  the  polar 
conic  of  x!yz'  must  be  identical  with  these  two  lines;  or,  in 
other  words,  the  equation  of  the  pair  of  tangents  at  the  double 
point  is  ^^  U  —  0,  or 

a V  +  Vy'  +  cz^  4  "i^fyz  +  "Ig'zx  +  2^'a;y  =  0. 
The  double  point,  being  one  whose  polar  conic  has  thus  been 
proved  to  break  up  into  two  right  lines,  is  a  point  in  the 
Hessian ;  and  we  shew  directly  that  it  satisfies  its  equation. 
For,  by  the  theorem  of  homogeneous  functions,  the  three 
equations  JJ^  =  0,  TJ^  =  0,  TJl  —  0,  which  are  satisfied  for  the 
double  point,  may  be  written 

dx  +  h'y+g'z'  =  0,  h'x  +  h'y  ^-f'z  =  0,  gz  -\-f'y  +  c'z'  =  0, 

1 
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whence    eliminating   x'i/'z'   we    see   that   the   equation    of    the 
Hessian  is  satisfied  for  the  double  point. 

72.  The  double  point  will  be  a  cusp  if  the  equation  which 
represents  the  two  tangents  be  a  perfect  square ;  that  is,  if 
'bc=f^^ca=g^^ah=K\  These  three  are  only  equivalent  to 
one  new  condition,  for  if  any  one  of  these  be  satisfied,  and  the 
coordinates  x'yz  of  the  double  point  have  any  finite  magnitude, 
the  others  must  also  be  satisfied.  For,  solving  for  the  ratios 
X  :  z\  y  :  z\  successively  from  each  pair  of  the  equations  at 
the  end  of  the  last  article,  we  have 

X  _  }if—  hg  _  he-  f^  _fg -  ch 
z       ah  —  K^       hf-  hg      gh  —  af^ 

y       gh  —  of     fg  —  ch       ca  —  g^ 
z        ah  —  li^       hf—hg      gh—af 
Hence   if  ah  —  7i',   and   neither   of  the   ratios   is   infinite,   both 
numerator  and  denominator  of  every   one    of  these   fractions 
must  vanish. 

73.  The  origin  will  be  a  triple  point  If  all  the  second  dif- 
ferential coefficients  «,  h^  &c.,  vanish;  for  then  Ci^V  vanishes 
independently  o^  x"y"z\  and  if  the  second  diiFerential  coefficients 
vanish,  the  theorem  of  homogeneous  functions  shews  that  the 
first  difi'erentlal  coefficients  vanish  likewise,  and  therefore  ^U' 
also  vanishes.  Hence  every  line  through  x'yz  meets  the  curve 
in  three  coincident  points;  and  it  is  obvious  that  the  three 
tangents  at  that  point  are  given  by  the  equation  A^£/'  =  0. 

There  is  no  difficulty  in  extending  the  same  considerations 
to  higher  multiple  points.  The  point  x'yz  is  a  multiple  point 
of  the  order  ^,  if  all  the  differential  coefficients  of  the  order 
h  —  l  vanish  for  that  point,  and  the  tangents  at  the  multiple 
point  are  given  by  the  equation  A*  U'  =  0. 

74.  Let  us  now  examine  in  what  case  a  line  can  be  drawn 
through  a  point  x'yz  on  the  curve  (but  which  is  not  a  double 
point)  so  as  to  meet  the  curve  in  three  points  coincident  with 
x'yz  :  to  fix  the  ideas  we  may  in  the  first  instance  assume 
that  the  curve  has  no  multiple  points.  We  have  seen,  Art.  71, 
that  every  point  on  such  a  line  must  fulfil  the  conditions 
AC/'  =  0,  A'^Z7'=3  0. 
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The  first  condition  expresses  that  the  line  must  coincide  with 
the  tangent  at  xyz\  as  is  geometrically  evident ;  the  second 
condition  expresses  that  every  point  on  it  satisfies  the  equation 
of  the  polar  conic.  The  polar  conic  ^U'  must  therefore,  in 
this  case,  contain  the  line  A  Z7'  as  a  factor ;  and  therefore  the 
point  xyz  must  be  one  of  the  points  whose  polar  conies  break 
up  into  factors;  that  is  to  say,  it  must  be  a  point  on  the 
Hessian  (Art.  70).  And,  conversely,  every  point  where  the 
Hessian  meets  f7is  a  point  at  which  a  line  can  be  drawn  to 
meet  the  curve  in  three  coincident  points;  in  other  words,  is 
a  point  of  inflexion.  For  (Art.  64)  the  polar  conic  of  every 
point  on  TJ  touches  JJ  at  that  point ;  and  if  the  point  be  also 
on  the  Hessian  H^  and  the  polar  conic  consequently  break  up 
into  factors,  one  of  these  factors  must  be  the  tangent  at  xyz. 
Any  point  on  that  tangent  will  then  satisfy  both  the  conditions 
A?7'  =  0,  A''^C^'  =  0.  It  follows,  then,  that  every  one  of  the  in- 
tersections of  the  curves  Z7,  JEL  will  be  a  point  of  inflexion  on 
Z7,  and  since  H  is  of  the  degree  3  {n  —  2),  that  a  curve  of  the 
w^^  degree  has  in  general  3w  [n  —  2)  points  of  inflexion, 

lb.  If  the  curve,  however,  have  multiple  points,  the  number 
of  points  of  inflexion  will  be  reduced.  We  have  already  shewn 
(Art.  71)  that  every  double  point  on  the  curve  is  a  point  on 
the  Hessian,  but  we  shall  now  shew  that  it  is  a  double  point 
on  that  curve,  and  more  generally  that  every  multiple  point 
on  the  curve  of  the  order  ^  is  a  multiple  point  of  the  order 
3^  —  4  on  the  Hessian.  The  easiest  way  to  shew  this  is  to 
suppose  that  the  multiple  point  has  been  taken  for  the  origin, 
and  consequently  that  the  equation  contains  no  terms  in  x  and 
y  below  the  degree  k.  Let  us  examine,  then,  the  degree  of  the 
lowest  terms  in  x  and  y  in  the  second  differential  coefficients ; 
then  evidently  where  there  have  been  two  differentiations  with 
respect  to  x  or  y^  the  order  of  the  lowest  terms  will  be  ^  —  2  ; 
where  there  has  been  one  differentiation  with  respect  to  x  or  y 
and  one  with  respect  to  ^,  the  order  will  be  ^"— 1,  and  where 
both  have  been  with  respect  to  2,  the  order  will  be  k ;  that  is 
to  say,  the  order  of  the  lowest  terms  will  be 

k-2,   k-2j   k,   k-ly   k-1,    k-2 
in  ^   J      ^   1    ^1     f   1     9    )     ^  respectively. 
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And  combining  these,  we  see  that  the  order  of  the  lowest 
terms  in  x  and  y,  in  every  term  of 

ahc  +  2fgh  -  af  -  Ig'  -  ch\ 
will  be  Zk  -  4. 

But  further,  we  say  that  every  tangent  at  a  multiple  point 
on  C/'will  be  also  a  tangent  at  the  multiple  point  on  //.  For 
suppose  the  line  a;  to  be  a  tangent  at  the  origin,  and  therefore 
(Art.  40),  that  the  lowest  terms  in  x  and  y  all  contain  a;  as  a 
factor,  then  evidently  x  will  also  be  a  factor  in  the  lowest 
terms  of  each  of  the  second  diiFerential  coefficients  in  which 
there  has  been  no  differentiation  with  respect  to  x ;  that  is  to 
say,  it  will  be  a  factor  in  Z>,  c,  and  /.  But,  on  inspection,  it 
appears  that  every  term  of 

ahc  +  2/yA  -  af  -  Ig^  -  cW 

contains  either  Z>,  c,  or/. 

76.  We  are  now  In  a  position  to  calculate  the  amount  of 
reduction  in  the  number  of  points  of  inflexion  which  occurs 
when  TJ  has  multiple  points.  If  U  has  a  double  point,  this 
will  also  be  a  double  point  on  H^  and  the  two  tangents  will 
be  common  to  both  curves ;  but  (see  note,  p.  29)  when  two 
curves  have  a  common  double  point  and  the  tangents  at  it  also 
common,  this  point  counts  for  six  in  the  number  of  their  inter- 
sections. The  number  of  intersections  therefore  of  TJ  and  H 
distinct  from  the  double  point  will  be  reduced  by  6,  and  we 
infer  that  if  a  curve  have  S  double  points,  the  number  of  its 
points  of  inflexion  will  be  3/i  (w  —  2)  -  6S. 

Similarly,  if  U  have  a  multiple  point  of  order  Z;,  we  have 
seen  that  it  is  a  multiple  of  the  order  3/i;  — 4  on  H^  and  that 
there  are  h  tangents  common  to  the  two  curves.  The  multiple 
point  therefore  counts  among  the  intersections  as 

But  we  have  seen  (Art.  40)  that  the  multiple  point  is  equi- 
valent \o\k  iJi  —  X)  double  points;  hence  our  present  result  may 
be  stated,  tlie  multiple  point  has  exactly  the  same  effect  in  re- 

*  It  is  a  useful  exercise  on  the  method  of  Art.  56  to  show  that  at  a  double  point 
the  Hessian  and  the  curve  touch  the  tangents  on  opposite  sides  (Clebsch,  Vorlesungen, 
p.  325). 
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dacinq  the  number  of  points  of  inflexion  as  the  equivalent  number 
of  double  points. 

77.  The  case  of  a  cusp  on  U  requires  special  consideration. 
Let  it  be  taken  for  origin  and  let  a;  =  0  be  the  tangent  at  it,  so 
that  the  equation  is  of  the  form  x^z"""^  -f  u^z"'^  +  &c.  =  0 ;  then  it 
will  be  seen  that  the  orders  of  the  lowest  terms  in  the  second 
differential  coefficients  are  0,  1,2,2,  I,  1  respectively;  the  terms 
in  fact  being 

a  =  2z''-%  b  =  ^  2"-',  c  =  (n  -  2)  (71  -  3)  ojV"*, 

It  will  be  found  then  that  the  order  of  the  lowest  terms  in 

abc  +  2fgh  -  a/'  -  bf  -  ch' 
is  three,  and  that  only  in  the  terms  abc  and  bg'  is  the  order  so 
low,  but  each  of  these  terras  contains  x^  as  a  factor.  The  point 
on  H  is  thus  a  triple  point  arising  from  a  cuspidal  point  with 
a  simple  branch  passing  through  it ;  and  the  two  coincident 
tangents  (or  cuspidal  tangent)  coincide  with  the  cuspidal 
tangent  of  U,  Now  when  two  curves  have  a  common  point 
which  is  double  on  one  and  triple  on  the  other,  that  point  counts 
for  six  intersections;  and  if,  moreover,  two  tangents  at  the 
double  point  are  also  tangents  at  the  triple  point,  the  curves 
have  two  more  consecutive  points  common,  and  therefore  this 
point  counts  for  eight  intersections.  Hence  if  a  curve  have  8 
double  points  and  k  cusps,  the  number  of  its  inflexions  will 
be  =3  (w-2)-6a-8A:. 

78.  We  shall  hereafter  shew  how  to  use  the  equation  A  =  0 
to  discuss  the  conditions  for  double  tangents;  but  the  investi- 
gation being  a  little  difficult,  we  postpone  it  for  the  present. 
We  shall  shew  presently  that  the  results  already  obtained, 
combined  with  the  theory  of  reciprocal  curves,  are  sufficient 
to  determine  indirectly  the  number  of  double  tangents  of  a 
curve  of  the  n^'^  order. 

The  equation  of  the  system  of  tangents  which  can  be  drawn 
to  the  curve  from  any  point  x'y'z'j  may  be  derived  from  the 
equation  A=0  by  the  method  used  {Conies,  Arts,  92,  294).    Any 
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point  on  one  of  these  tangents  is  obviously  such  that  the  line 
joining  it  to  xyz  meets  the  curve  in  two  consecutive  points, 
and  in  such  a  case  the  equation  A  =  0  will  have  two  equal  roots. 
We  obtain  then  the  equation  of  the  system  of  tangents,  by 
equating  to  zero  the  discriminant  of  A  considered  as  a  binary 
quantic  in  X,  /*. 

Thus,  for  example,  let  TJ  be  of  the  third  order.     Then  A  is 
V  V  +  \V  A'  +  X/^'-^A  +  //,=*  U^  0, 
where,  for  brevity,  we  have  written  A'  and  A  for  A  U  and  A  JJ, 
The  discriminant  of  A  equated  to  zero  is 

(27  TJU''  +  4A'^  -  18  A  A'  V)  U=  ( A"^  -  4  A  U')  A^ 
Now   Z7,  A,  A'  are  respectively  of  the  third,  second,  and  first 
degrees  in  xyz ;  the  preceding  equation  then,  being  of  the  sixth 
degree,  shews  that  six  tangents  can  be  drawn  from  x'y'z  to  f/, 
as  we  know  already. 

The  form  of  the  equation  shews  that  it  represents  a  locus 
touching  Um  the  points  where  £/ meets  A.  The  other  points 
where  U  meets  the  locus  lie  on  the  curve  A'^  —  4A  Z7'  =  0. 
Hence,  if  from  any  point  six  tangents  he  drawn  to  a  curve  of  the 
third  order ^  their  six  points  of  contact  lie  on  a  conic  A  =  0,  and 
the  six  remaining  points^  where  these  tangents  meet  the  curve^  lie 
on  another  conic  A'"**  —  4A£/'  =  0,  which  two  conies  have  evidently 
double  contact  with  each  other  in  the  points  A  «=  0,  A'  =  0. 

If  x'y'z  be  on  the  curve  U'  —  0,  then  A  reduces  itself  to 
X'^A'  +  X/xA +^'''?7:  equating  the  discriminant  to  zero,  we  have 
A'^  =  4A'C7,  an  equation  of  the  fourth  degree  in  xyz.  Hence 
through  a  point  on  a  curve  of  the  third  order  can  be  drawn 
in  general  only  four  tangents.  The  tangent  at  the  point  in 
fact  counts  for  two. 

79.  And  so  in  like  manner  in  general.  The  discriminant  of 
A  or  of  yu,"  £^+  A6"-'XA  +  ijP-''X'^'  -f  &c.  is  of  the  degree  n  [n  -  1) 
in  xyz^  and  [Higher  Algebra^  Art.  Ill)  is  of  the  form  kU-\-  (A)"''^, 
where  (f)  is  the  discriminant  of  A  deprived  of  the  first  term. 
Hence  the  locus  touches  U  at  its  points  of  intersection  with  A, 
as  it  plainly  ought  to  do. 

Each  of  the  n  {n  —  1)  tangents  meets  the  curve  again  in 
71  —  2  points,  and  the  form  of  the  discriminant  shews  that  these 
n[n-\)  (w— 2)  points  lie  on  a  curve  <^  of  the  order  (w  —  1)  [n-  2). 
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Moreover,  cf)  is  itself  of  the  form  k'A  +  {A^fyjr.  Hence  the  two 
curves  (j)  and  yjr  touch  each  other  at  the  points  where  the  first 
and  second  polars  of  x'y'z'  intersect. 

Writing  A,  X"Z7'-f  X""V^' -f"  &c.  we  see  that  the  discrimi- 
nant may  also  be  written  in  the  form  kU'  +  {A')'^  (f)  ]  hence  if 
x'y'z'  is  on  the  curve,  and  therefore  U'  =  0,  the  discriminant 
contains  the  double  factor  A'"*,  or  the  system  of  tangents  con- 
sists of  the  tangent  at  x'l/'z  counted  twice,  and  n^  —  7i  —  2  other 
tangents  represented  by  (^  =  0.  In  the  same  way  (f)  is  itself  of 
the  form  hA'  +  {^''^yfr.  If  then  x'l/'z  be  a  double  point,  and 
therefore  not  only  U'  but  A'  =  0,  <^,  which  was  already  of 
the  degree  w^  — w-2,  contains  the  double  factor  (A'"*)'^ ;  that  is 
to  say,  among  the  ii^  —  n  —  2  tangents  are  included  the  two  tan- 
gents at  the  double  point,  each  counted  twice,  and  therefore  only 
n^  —  71  —  6  other  tangents  represented  by  \|r  =  0.  And  so,  in  like 
manner,  we  can  prove  that  the  number  of  tangents  which  can 
be  drawn  from  a  multiple  point  of  the  order  k  is  ii^  —  n  —  k{k-{-l). 

The  theory  already  given  of  the  effect  of  multiple  points 
upon  the  number  of  tangents  which  can  be  drawn  from  any 
point  to  a  curve  shews  that  the  discriminant  of  A,  which  in 
general  represents  the  n  (?2  -  1)  tangents,  will  include  as  factors 
the  square  of  the  line  joining  x'l/'z  to  every  double  point  of  the 
curve,  the  cube  of  the  line  joining  it  to  every  cusp,  the  sixth 
power  of  the  line  joining  it  to  every  triple  point,  and  so  on. 

SECT.   VI. — RECIPROCAL  CURVES. 

80.  We  have  seen  [Conies^  Art.  303)  that  the  degree  of  the 
reciprocal  curve  is  always  the  same  as  the  class  of  the  given 
curve,  and  vice  versa.  It  is  evident  also,  that  to  a  double  point, 
on  either  curve  will  correspond  a  double  tangent  on  the  other ; 
that  to  a  stationary  point  on  one  curve  corresponds  a  stationary 
tangent  on  the  other;  and,  in  general,  that  to  a  multiple  point 
of  the  ¥^  order  corresponds  a  multiple  tangent  of  the  same 
order;  that  the  k  points  of  contact  of  the  multiple  tangent 
correspond  to  the  k  tangents  at  the  multiple  point ;  and  that  if 
two  or  more  of  these  last  coincide,  so  will  the  corresponding 
points  of  contact, 

81.  We  have  seen  that  the  general  equation  in  Cartesian 
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or  trilinear  coordinates  represents  a  curve  wbich  has  no  double 
or  other  multiple  point,  unless  certain  conditions  be  fulfilled. 
But  the  general  equation  represents  a  curve  which  ordinarily 
must  have  double  and  stationary  tangents.  For  the  abscissae 
of  the  points,  where  the  curve  is  met  by  any  line  y  —  ax  ■\-h^  are 
found  by  substituting  the  value  for  y  in  the  equation  of  the 
curve;  and  since  we  have  two  arbitrary  constants  a  and  h  at 
our  disposal,  we  can  determine  them  so  that  the  resulting  equa- 
tion shall  fulfil  any  two  conditions  we  please.  With  one 
constant  at  our  disposal,  we  could  make  the  equation  fulfil  any 
one  condition ;  for  instance,  have  a  pair  of  equal  roots.  The 
problem  "  given  a  to  determine  J,  so  that  the  resulting  equation 
should  have  a  pair  of  equal  roots,"  is  no  other  than  the  problem 
to  draw  a  tangent  parallel  to  y  =  ax.  With  the  two  constants 
at  our  disposal,  we  can  either  cause  the  resulting  equation  to 
have  two  distinct  pairs  of  equal  roots,  or  three  roots  all  equal  to 
each  other.  The  first  is  the  problem  of  double  tangents,  the 
second  that  of  stationary  tangents  and  points  of  inflexion. 
Thus  the  double  and  stationary  tangents  may  be  counted  as  the 
ordinary  singularities  of  a  curve  whose  equation  is  expressed  in 
point  coordinates ;  all  higher  multiple  tangents  and  all  multiple 
points  being  extraordinary  singularities  which  a  curve  will  not 
possess  except  for  special  values  of  the  coefficients  of  its  equa- 
tion. But  this  is  reversed  if  the  equation  be  expressed  in  tan- 
gential coordinates.  Then  the  curve  represented  by  the  general 
equation  ordinarily  has  double  and  stationary  points  and  cusps, 
but  no  singular  tangents.  Hence  double  and  stationary  points 
on  the  one  hand,  and  double  and  stationary  tangents  on  the 
other  hand,  are  equally  entitled  to  be  ranked  among  the  ordinary 
singularities  of  curves ;  they  are  such,  that  if  any  curve  possess 
the  one  its  reciprocal  will  possess  the  other. 

82.   We  shall  now  denote 

the  degree  of  a  curve 

its  class 

the  number  of  its  double  points 

double  tangents 

stationary  points 

,... stationary  tangents 


by 

m, 

«, 
^ 

» 

•r, 

» 

''i 

» 

h 
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and  the  corresponding  numbers  for  the  reciprocal  curve  are 
found  by  interchanging  m  and  ??,  B  and  t,  l  and  k.  We  have 
ah-eady  obtained  (Arts.  67,  77)  the  values  of  n  and  t  in  terms 
of  7/2,  5,  Kj  hence,  from  the  reciprocal  curve  we  have  the 
values  of  m  and  k  in  terms  of  n,  t,  t ;  and  from  these  four 
equations  (equivalent,  as  v^^iil  presently  be  seen,  to  three  equa- 
tions only)  we  can  obtain  the  value  of  t  in  terms  of  m^  8,  ac, 
and  that  of  S  in  terms  of  w,  t,  t.  We  have  thus  Pliicker's  six 
equations,  viz.  these  are 

(1)  n  =  rri'-m-2B-  3k. 

(2)  i  =  Sm^-ein-QS-8K. 

(3)  2t  =  m  [m - 2)  [ni' - 9)  - 2  (?«'  -m-Q)  (2S  +  3k) 

+  48(8-  l)  +  128/c  +  9/t(A;-l). 

(4)  m  =  w''-7?-2T-3t. 

(5)  /c  =  3n'-6w-6T-8t. 

(6)  2S  =  «(«-2)(7i*'-9)-2(7i'-w-6)(2T  +  3t) 

+  4T(T-l)  +  12Ti  4-9^(6-  1). 

If  from  (1)  and  (2)  we  eliminate  5,  or  from  (3)  and  (4)  we 
eliminate  t,  the  result  is  in  each  case 

(7)  i-  K  =  S  {n-m)j 

shewing  that  the  four  equations  are  equivalent  to  three  only. 
This  may  also  be  written  in  the  forms 

3»i  — ^  =  3n— i,  and  3m -\-  i  =^ 3n  +  k. 

By  taking  the  difference  of  the  equations  (1)  and  (4),  we  obtain 

7w'-23-3/c  =  w'-2T-3t. 

Whence,  replacing  t—  /c  by  its  value  from  (7),  we  obtain 

(8)  2{T-B)  =  {n-m){n-\-7n-d), 

The  last  preceding  equation,  substituting  therein  for  n  and  «, 
or  for  m  and  k  their  values,  gives  the  foregoing  equations  (3) 
and  (6).     From  (7)  and  (8)  we  obtain  also 

(9)    im  {m  -\-3)-S-2K  =  ^ti{n-\-3)-T-  2i, 

(10;    i  [m-  1)  [m  -2)  -  B  -  K  =  i  {n  -  1)  {n  -2)  -  T  -  i. 

(11)    7ri'-2B-3K  =  7i'-2T-3i=^m-\-n. 

The  entire  system  of  equations  is,  of  course,  equivalent  to 

K 
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three  equations  only,  and  by  means  of  it  given  any  three  of 
the  six  quantities  ??i,  n^  S,  /c,  t,  t,  we  can  determine  the  remain- 
ing three;  thus  7/2,  S,  k  being  given,  n  is  given  by  (1),  l  by  (2), 
or  more  easily  by  (7),  and  t  by  (3),  or  more  easily  by  (8). 

Ex,  Suppose  we  were  given  wi=6,  5  =  4,  ic  =  6j  then,  by  (1),  n  =  4 j  therefore 
»i-n  =  2,  n  —  m  =  —  2. 

Hence  (5)  t  -  k  =  6,  or  t  =  0  ; 

n  +  m  —  9  =  1 ;  therefore  t  —  5  =  —  1 ;  therefore  t  =  3. 

83.  Since  when  a  curve  is  given  its  reciprocal  is  determined, 
it  is  evident  that  the  same  number  of  conditions  must  suffice 
to  determine  each.  Now  to  be  given  that  a  curve  has  h  double 
points  is  equivalent  to  8  conditions.  Thus,  for  example,  a  conic 
is  determined  by  five  conditions;  but  if  it  have  a  double  point, 
that  is,  if  it  reduce  to  a  system  of  two  right  lines,  it  is  deter- 
mined by  four  conditions;  by  two  points  for  instance  on  each 
of  the  right  lines.  So,  again,  to  be  given  that  a  curve  has  a 
cusp  is  equivalent  to  two  conditions.  Hence  (and  Art.  27) 
a  curve  of  the  m^^  degree  with  h  double  points  and  k  cusps  is 
determined  by  \m  (rn  +  3)  —  S  —  2«  conditions,  and  its  reciprocal 
by  ^71  (w  -f  3)  —  T  —  2t  conditions.  And  the  foregoing  equation 
(9)  shews  that  these  two  numbers  are  in  fact  equal. 

The  foregoing  equation  (10)  shews  that  the  deficiency  (Art.  44) 
is  the  same  for  a  curve  and  its  reciprocal.  In  a  subsequent 
chapter  it  will  be  proved  that  this  is  true  for  all  curves  derived 
one  from  the  other  in  such  a  way  that  to  any  point  of  one 
answers  a  single  point  or  tangent  of  the  other. 

If  (with  Prof.  Cayley)  we  write  3»2  +  i,  =  3w  +  /c,  =  a,  then 
everything  may  be  expressed  in  terms  of  (m,  ??,  a),  viz.  we  have 

AC  =  a  —  3??, 

L  —  OL  —  37?2, 

28  =  m'  -  m  +  Sn  ~  3a, 

2t  =  7i'  -  ?2  -f  8m  -  3a. 

The  meaning  of  equation  (11)  will  appear  in  the  following 
chapter. 
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ENVELOPES. 


84.  If  a  curve  depend  in  any  manner  upon  a  single  variable 
parameter,  so  that  giving  to  the  parameter  a  series  of  values, 
we  have  a  series  of  curves;  these  all  touch  a  certain  curve, 
which  is  called  the  envelope  of  the  system.  Each  curve  is 
intersected  by  the  consecutive  curve  in  a  set  of  points  depend- 
ing on  the  parameter,  and  the  locus  of  these  points  is  the 
envelope.  See  Conies^  Arts.  283,  &c.,  where  the  problem  of 
envelopes  is  considered  in  the  case  where  the  variable  curve 
is  a  right  line. 

Analytically,  the  equation  of  the  curve  may  contain  a  single 
variable  parameter,  or  it  may  contain  two  or  more  variable 
parameters  connected  by  an  equation  or  equations,  so  as  to 
represent  a  single  variable  parameter.  The  two  cases  are 
essentially  equivalent,  but  it  is  often  convenient  to  treat  the 
second  in  a  different  manner,  by  a  method  of  indeterminate 
multipliers,  which  we  shall  presently  explain.  The  form  of  the 
second  case,  which  is  of  most  frequent  occurrence,  is  when 
the  equation  of  a  curve  contains  the  coordinates  of  a  variable 
point,  limited  however  to  a  fixed  curve ;  or,  as  we  may  say, 
when  the  variable  curve  depends  on  a  parametric  point  moving 
on  a  given  parametric  curve.  For  example,  it  was  shewn 
{Conies^  Art.  321)  that  the  problem  to  find  the  reciprocal,  with 
respect  to  x^  +  y'^  +  z^^  of  a  given  curve,  is  the  same  as  to  find 
the  envelope  of  a^  +  /3y  +  72,  where  a,  /3,  7  satisfy  the  equation 
of  the  given  curve.  Here  the  equation  of  the  variable  line 
contains  the  two  variable  parameters  a  :  7,  /5  :  7,  these  two 
ratios  being  connected  by  the  equation  of  the  given  curve. 

85.  Suppose,  first,  that  the  equation  of  the  curve,  say  T=  0, 
contains  a  single  variable  parameter  U     The  curves  belonging 
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to  the  consecutive  values  t,  t  +  dt^  may  be  represented  by  the 
equations  T=0,  ^^  =  0.  These  equations,  or  the  equivalent 
equations  T=0,  T^-T=0^  determine  therefore  the  coordinates 
of  the  points  of  intersection  of  the  two  consecutive  curves.  We 
have  T^  =  T+  d,  T.  dt  +  &c.,  or  T^  -  T=  d,  T.  dt  +  &c.,  where  dt 
being  infinitesimal,  the  terms  after  the  first  are  to  be  neglected. 
The  equations  become  therefore  T=0,  </,r=0,  which  equations 
determine  a  set  of  points  depending  on  the  parameter  i;  and 
eliminating  t  from  these  equations  we  get  the  equation  of  the 
locus  of  all  points  of  intersection  of  consecutive  curves  of  the 
system ;  that  is  to  say,  the  equation  of  the  envelope. 

An  important  case  is  where  the  equation  contains  t  rationally ; 
we  may  then,  without  loss  of  generality,  take  TXo  be  an  integral 
as  well  as  rational  function  of  ^,  and  the  process  described  for 
finding  the  equation  of  the  envelope  is  equivalent  to  forming 
the  discriminant  of  T  considered  as  a  function  of  t^  and  equating 
it  to  zero.  Thus,  If  a,  J,  c,  &c.  be  any  functions  of  the 
coordinates,  and  if  T  be 

the  equations  of  the  envelope  for  the  cases  of  most  common 
occurrence,  viz.  71  =  2,  3,  and  4,  are  respectively  (see  Bigher 
Algebra^  Arts.  193,  195,  207), 

(2)  ac-Z/'  =  0, 

(3)  a^d'  +  4oc'  +  4Z»V  -  Qabcd  -  3 JV  =  0, 

(4)  {ae  -  4.hd  +  3c'7  -  27  [ace  -f  2bcd  -ad"-  h\  -  cj  =  0, 

and  in  using  the  last  of  these  equations,  when  we  desire  to  infer 
its  order  in  the  coordinates  from  knowing  the  order  in  which 
they  enter  into  a,  J,  &c.,  it  Is  useful  to  remember  that  when 
the  equation  is  developed,  the  terms  containing  c®  and  c*bd 
respectively  cancel  each  other,  so  that  the  order  of  the  envelope 
may  happen  to  be  lower  than  that  of  either  of  the  two  members 
of  which  the  equation,  as  written  above,  consists. 

If  we  substitute  in  T  the  coordinates  of  any  point,  and  solve 
for  t  the  resulting  equation  a'i"  +  nh'f'^  -f  &c.  =  0,  there  will 
evidently  be  n  solutions ;  that  is  to  say,  the  system  of  curves 
represented  by  TIs  such,  that  ?i  of  them  can  be  drawn  to  pass 
through  any  fixed  point;  and,  from  what  has  been  just  .«aid,  it 
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appears  that  If  the  fixed  point  be  on  the  envelope  two  of  these  n 
curves  will  coincide. 

The  case  where  T  depends  on  a  parametric  point  may  be 
reduced  to  that  just  considered  if  the  parametric  curve  be  a  line, 
conic,  or  any  other  unlcursal  curve ;  for  then  (Art.  44)  the 
coordinates  of  the  parametric  point  can  be  expressed  as  rational 
functions  of  a  parameter. 

Ex.  1.  To  find  the  envelope  of  at^  +  btP  +  c  =  0,  where,  as  well  as  in  the  other 
examples  a,  b,  &c.  are  supposed  to  be  any  functions  of  the  coordinates.  Combining 
the  given  equation  with  its  differential  with  respect  to  t,  we  have 

ncW-P  +  pb  =  0,    {n  -  p)  btP  +  nc  =  0, 
whence,  eliminating  t,  we  have 

n^aPc^-P  ±  pP  [n  -  p^'^-P^  i"  =  0, 
where  the  sign  +  is  to  be  used  when  n  is  odd  and  —  when  it  is  even. 

Ex.  2.  To  find  the  envelope  of  a  cos"0  +  b  8in"6  =  c,  where  0  is  the  parameter. 

We  have  -  dgT=-a  cos^-^e  sin  0  +  6  Bin"-i0  cos  0  =  0 : 

n 

fjn-2  l,n-2  ««-« 

whence  tan  0  =  — r-  .  cos  0  = —  ,   sin  0  : 


Substituting  these  values,  and  reducing,  we  find  the  equation  of  the  envelope 

_?  2  2 

In  particular  (as  we  saw,  Conies,  Art.  283),  the  envelope  of  a  cos0  +  5  sin0  =  <?  is 
a^  +  i2  —  ^2^    Conversely,  any  tangent  to  the  curve  x*"  +  y"*  =  C"  may  be  expressed  by 

2(m-i)  iC^-l) 

X  COS  "*   0  +  ysin  "»   0  =  (T, 

2.  2. 

the  coordinates  of  the  point  of  contact  being  x  —  c  cos^O,  y^c  sin*"©. 

This  example  might  have  been  stated  as  an  example  of  an  envelope  depending 
on  a  parametric  point  lying  on  a  unicursal  curve.  For  if  we  write  cos  0  ==  a, 
sin0  =  /3,  then  o,  j8  are  the  coordinates  of  a  point  lying  on  the  circle  a*  4-/82  =  1, 
and  the  circle  being  a  unicursal  curve,  these  coordinates  can  be  expressed  rationally 
in  terms  of  a  parameter.    Thus  if  t  be  cos  0  +  i  sin  0,  we  may  write  for  a  or  cos  0, 

_  /^f  4-  _  J  ^  and  for  /3  or  sin  0,  —.\t  —  j ,  and  the  equation,  for  example,  aa  +  b[3  =  c, 

becomes 

(a  -  bi)  t*  -  2ct  +  (o  +  bi)  =  0, 

whose  envelope,  as  before,  is 

(a  +  bi)  {a  -  bi)  =  c',   or  a"^  +  b^  =  c\ 

If  we  desired  to  avoid  the  introduction  of  imaginaries  we  might  write  tan  J0  =  t, 

and  (as  at  Conies,  Art.  283)  express  cos  0,  sin  0  rationally  in  terms  of  t. 

Ex.  3.  Let  the  curve  be 

a  cos20  +  b  sin20  +  c  cos0  +  c?  sin0  +  e  =  0. 
Putting  t  =  C08d  +  i  sin 0,  this  becomes 

„(,.  +  ^\)_j.-(,,_i^)  +  .(,  +  l)-^;(,-;)  +  2e  =  o, 
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or  (a  -  bi)  t*  +  (c  -  di)  t^  +  2efi  +  {c  +  di)  t  +  (a  +  bi)  =  0. 

And  applying  to  this  the  form  already  given  for  the  discriminant  of  a  quartic  written 

with  binomial  coefficients,  we  have 

{„»  +  62 _ ^  (c2  +  d^)  +  ie'}»  =  27  (A (a2  +  b^)  e  +  ^{c^+ d')e-  |a  {c^ -(P)- ibcd - ^\e^}^ ; 

or,  clearing  of  fractions, 

{12  (a2  +  J2) -3(c2  +  <P)  +  4e«}»  =  {72  (a'+J^)  c  +  9 (c«+  d^)e-27a  (<?»-<?) - 5ibcd-8e^}^ ; 

and,  again,  it  is  useful  to  remark  that  the  expanded  result  will  contain  neither  of 
the  terms  e«,  (c«  +  (P)  e*. 

Ex.  4.  To  find  the  envelope  of  the  chords  of  curvature  of  the  points  of  a  conic. 
The  equation  of  the  chord  is  {Conies,  Art.  244,  Ex.  1) 

-  cos  a  —  r  sin  a  =  cos  2a. 
a  0 

—  + 1^  -  4j  +  27  ( -2  - 1^1  =0. 

Ex.  5.  To  find  the  equation  of  the  curve  parallel  to  a  conic ;  that  is  to  say,  the 
curve  obtained  by  measuring  from  the  conic  on  each  normal  a  distance  equal  to  r. 
This  problem  has  been  already  solved  {Conies,  Art.  872,  Ex.  2)  by  considering  the 
parallel  curve  as  the  locus  of  the  centre  of  a  circle  of  constant  radius  touching  the 
given  conic.  But  it  is  easy  to  see  that  the  parallel  curve  may  also  be  considered  as 
the  envelope  of  a  circle  of  constant  radius  whose  centre  is  on  the  given  conic ;  that  is 
to  say,  we  are  to  seek  the  envelope  of  {x  —  a-Y  +  {y  —  (3)'^  —  r"^,  where  the  parametric 
point  a/3  lies  on  the  conic  j  and  the  conic  being  a  unicursal  curve,  this  may  be  reduced 

to  the  case  already  discussed.    Thus,  let  the  conic  be  -^  +  p  =  Ij  and  write  for  o, 

o  CO80,  for  /3,  b  sin  0,  when 

a}  +  ^-2ax-2fiy  +  x^  +  y^-  r"^ 
becomes    (a'  -  i')  cos20  -  Aax  cos  0  -  Aby  sin 0  +  2  (x^  +  y"^)  +  a- +  b"^  -  2r^, 

a  form  included  under  the  last  example,  by  the  help  of  which  we  should  obtain  a 
result  which,  when  expanded,  is  identical  with  that  given.  Conies,  Art.  372. 

86.  A  little  further  notice  may  fitly  be  given  to  the  case 
where  T  is  algebraic  in  tj  and  of  the  first  degree  in  the 
coordinates,  so  as  to  denote  a  right  line ;  that  is  to  say,  to  the 
envelope  of  aC  -f  nbt'"'^  +  &c.  where  a,  5,  &c.  are  all  linear  in 
the  coordinates.  In  this  case  the  envelope  is  clearly  a  curve 
of  the  n^  class,  being  such  that  n  tangents  can  be  drawn 
through  any  assumed  point  (Art.  85) ;  and  since  the  discriminant 
of  ar  +  &c.  is  of  the  order  2  (w— 1)  in  the  coefficients  «,  5,  &c. 
(Higher  Algebra,  Art.  105),  which  each  contain  the  coordinates 
in  the  first  degree,  the  order  of  the  envelope  is  2  (w  —  1).  Two 
other  characteristics  of  the  envelope  can  easily  be  obtained. 
It  has  ordinarily  no  points  of  inflexion.  At  a  point  of  inflexion 
two  consecutive  tangents  coincide;  and  therefore  T  and  dtT 
represent   the  same  right  line;   but  in  order  that  two  linear 
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equations  should  represent  the  same  right  line,  two  conditions 
must  be  fulfilled,  and  it  will  generally  not  be  possible  to  de- 
termine the  single  parameter  t  at  our  disposal,  so  as  to  satisfy 
both  conditions. 

The  number  of  cusps  on  the  envelope  Is  3(w— 2).  As  the 
tangent  at  a  point  of  inflexion  on  a  curve  contains  three  con- 
secutive points,  so  reciprocally  a  cusp  is  the  point  of  intersection 
of  three  consecutive  tangents.  At  a  cusp,  therefore,  on  the 
envelope  the  three  equations  will  be  satisfied,  T=0,  d^T=0, 
(?/T=0,  which  may  easily  be  reduced  to 

i;,  =  at"-'  4-  (ri  -  2)  hf-'  + 1  (n  -  2)  (n  -  3)  cf-"  +  &c.  =  0, 

T^^  =  hr'  +  {n-2)  cf-'  +  4  (n  -  2)  (n  -  3)  dr"  +  &c.  =  0, 

T^^  =  cr^'  +  (n  -  2)  dr'  +  J  (n  -  2)  (tz  -  3)  6^""*  4  &c.  =  0, 

T^j,,  T,2,  T^^  being  the  three  second  differential  coefficients  if  T, 
considered  as  a  binary  quantic,  had  been  made  homogeneous  by 
the  introduction  of  a  second  variable.  Now,  if  from  these 
equations  we  eliminate  x  and  y,  which  enter  in  the  first  degree 
into  each,  the  resulting  equation  in  t  will  be  of  the  degree 
3  (w-2).  If  in  fact  we  write  T,  xU+7/V-\-zWj  where  U,  F,  W 
contain  only  t  and  constants,  we  have  obviously  the  determinant 


Uu, 

^„, 

w„ 

c^„. 

K, 

w,. 

u^, 

v^, 

K, 

=  0, 

which  gives  the  values  of  t  corresponding  to  the  3  (w  —  2)  cusps. 
The  problem  of  finding  the  number  of  double  points  on  the 
envelope  is  the  same  as  that  of  finding  the  order  of  the  system 
of  conditions  that  T  should  have  two  distinct  pairs  of  equal 
roots  {Higher  Algebra,  Art.  264),  and  the  problem  of  finding  the 
number  of  double  tangents  is  the  same  as  that  of  finding  the 
order  of  the  system  of  conditions  that  T  should  represent  the 
same  line  for  diiferent  values  of  t',  or,  in  other  words,  the 
number  of  ways  in  which  it  is  possible  to  find  a  pair  of  values 
t\  t'\  for  which  we  shall  have  the  equality  of  ratios 

U':  V:  W'^^U":  V"  :  W". 
It  is  not  necessary  for  us,  however,  to  deal  with  these  problems 
directly,  since  we  have  already  more  than  enough  of  conditions 
to  determine  S  and  r,  by  Plucker's  equations,  Art.  82.     Sub- 
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stituting  in  these  equations  2^(72  —  1)  and  n  for  the  order  and 
class  of  the  curve,  and  putting  t  =  0,  we  find 

a:  =  3(w-2),    8  =  2(n-2)(w-3),    T  =  i  (?2  -  1)  (w-2). 

87.  Let  us  now  consider  the  case  where  the  equation  contains 
h  parameters  connected  by  ^  —  1  equations.  To  fix  the  ideas, 
suppose  that  we  have  the  equation  C/=  0  containing  the  three 
parameters  a,  y8,  7  connected  by  the  two  equations  F=0, 
W=  0.  We  may,  if  we  please,  regard  /S,  7,  as  functions  of  a, 
determined  by  the  two  equations  F=0,  TF=0.  The  process, 
in  its  original  form,  would  then  consist  in  the  elimination  of  a 
from  the  given  equation,  and 

dU     dUdS      dUd^_ 
doL       dp  doL       dy  doL 

Here  —r  »  -7    are  functions  of  a  determined  by 
doL^  doL  '' 


dV      dV  dl3      dV  dy 
da        dB    da       dy    da 

=  0, 

dW     dW  dl3      dW  dy 
da    ^    d/3    da^    dy    da~    ' 

and  from  these  three  equations  we  have  V  =  0,  where 

V  = 

dU     dU     dU 
da'    dp'    dy 
dV     dV     dV 
da   '    dp  '    dy 

dW    dW    dW 
da  '    dp'    dy 

=  0, 

and  the  final   result   is  got   by  eliminating  a,  y8,  7   between 

Z7=0,  7=0,  T7=0,  v  =  0. 

But  V  =  0  is  obviously  the  result  of  eliminating  X,  fi  between 

the  equations 

dV     .  dV        dW_ 

—  0, 


da         da         da 
dU     .  dV       dW 


-dp^^Tp-^^ 

dU    ^dV 
dy         dy 


dp 

dW 
dy 


0, 


0; 
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SO  that  the  result  may  be  got  by  eliminating  a,  /?,  7,  X,  yu. 
between  the  last  three  equations  and  those  originally  given. 
This  is  the  method  of  indeterminate  multipliers  referred  to 
(Art.  84). 

88.  An  important  case  is  where  U  is  homogeneous  in  Z:  +  1 
parameters  connected  by  ^'  —  1  other  homogeneous  equations. 
This  is  really  equivalent  to  the  foregoing,  since  the  k+\ 
parameters  may  be  replaced  by  the  ratios  which  any  h  of  them 
bear  to  the  remaining  one.  But  it  is  more  symmetrical  to  retain 
all  the  h-^l  equations  given  by  the  method  of  indeterminate 
multipliers,  which  equations  in  virtue  of  the  theorem  of  homo- 
geneous equations'are  connected  by  a  relation  making  them  really 
equivalent  to  only  k  equations.  Thus,  let  U  contain  homo- 
geneously a,  yS,  7  the  coordinates  of  a  parametric  point  moving  on 
the  parametric  curve  F=  0  ;  the  method  of  indeterminate  multi- 
pliers gives  us,  in  addition  to  the  two  original  equations, 

dU    ^dV    ^    dU    ^dV    ^   dU    ^dV    ^ 
di'-^'d.-'^   d^^^T^-'^   d-y''^Ty='' 

But  these  three  are  really  equivalent  to  two,  since  if  we  multiply 
them  by  a,  yS,  7  respectively,  we  get  7nU+\n  F=0,  which 
is  included  in  the  equations  Z7=  0,  F=  0.  We  have  then  four 
equations  from  which  on  account  of  the  homogeneity  we  can 
eliminate  the  four  quantities  a,  yS,  7,  \,  and  so  obtain  the  equa- 
tion of  the  envelope. 

Ex.  To  find  the  envelope  of  Z7=  (^a)"»  +  {B(3)"*  +  (Cy)™  =  0,  where  a,  /3,  y  are 
connected  by  the  relation  V  =  (aa)'*  +  (6/3)"  +  (cy)"  =  0. 
The  method  of  indeterminate  multipliers  gives  us 

m^^a"*-!  +  X?ia»a"-i  =  0,  mB^^^  +  \ni"^-^  =  0,  TOC'"y»»-i  +  Xnc»y«-^  =  0 ; 

\n 

"whence,  writing  for  shortness  —  =  —  fi'^-",  we  have 
tn 


/ff\vt-n  /fi\'»-»  /cN*""" 

^„  =  Mg)     ,5/3  =  . (I)     ,Cr  =  .Q     ; 

and  substituting  these  values  in  U,  we  have  the  envelope  required,  viz. 

win  win  win 

/a\'»-"      /6\"*-"      /cN"*-"      » 
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89.  Prof.  Cayley  has  considered  the  case  of  a  curve  TJ=  0, 
the  equation  of  which  contains  two  or  more  independent  para- 
meters. If,  for  instance,  there  are  the  two  parameters  a,  /?, 
then  from  the  equations 

^^'da.     ^'  d^      ^' 

eliminating  a,  /9,  we  have  the  equation  of  an  envelope.  But 
observe  that  we  can  from  these  same  equations  eliminate  the 
coordinates  (a;,  y),  and  that  the  equations  thus  imply  a  relation 
tf>  (a,  /3)  =  0  between  the  parameters.  This  gives  in  the  double 
system  of  curves  Z7=0,  a  single  system  wherein  the  parameters 
satisfy  this  relation.  Taking  any  curve  of  the  double  system 
and  the  consecutive  curve  belonging  to  the  values  a  -h  da^ 
ff  +  d^  of  the  parameters,  the  two  curves  intersect  in  a  set  of 
points  depending  in  general  on  the  value  of  the  ratio  d^  :  da  of 
the  increments.  But  if  the  curve  belong  to  the  single  system, 
then  the  set  of  points  will  be  independent  of  the  ratio  in 
question  ;  the  coordinates  of  the  points  of  intersection  satisfy 

the    equations    U=  0,  —  =  0,  -%^  =  0,    and    consequently    the 

equation  U  + -j- da -^  ^  dfi  =  0,  whatever  be  the  value  of  the 

ratio  d^-^da.  And  we  thus  see  that  a  curve  of  the  single 
series  is  intersected  by  every  consecutive  curve  of  the  double 
series  in  one  and  the  same  set  of  points,  and  that  the  locus  of 
these  points  is  the  envelope.  In  the  case  of  a  single  parameter, 
the  envelope  is  the  locus  of  a  set  of  points  on  every  curve  of 
the  system,  and  it  may  be  termed  a  "  general  envelope  ";  in  the 
case  of  the  two  parameters,  the  envelope  is  the  locus  of  a  set  of 
points  not  on  every  curve  of  the  system,  but  only  on  the  curves 
of  the  single  system  wherein  the  parameters  satisfy  the  equation 
(f>  {a,  y8)  =  0,  and  it  may  be  termed  a  "  special  envelope."  And 
the  like  theory  applies  to  the  case  of  any  number  whatever  of 
parameters :  there  is  always  a  resulting  single  system  of  curves. 


89  (a).    A  difficulty  in  the  theory  of  envelopes  as  given  in 
Art.  84  has  been  explained  by  Prof.  Cayley.     In  that  article  we 
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have  considered  an  envelope  as  the  locus  of  the  intersections  of  a 
variable  curve  with  consecutive  curves  of  the  system.     But  each 
curve  has  with  the  consecutive  a  number  of  common  tangents 
depending  on  its  parameter,  and  the  envelope  of  these  lines  is 
also  the  envelope ;  viz.,  each  common  tangent  of  the  curve  and 
its  consecutive  curve  is  at  a  common  point  of  the  same  two 
curves  a  tangent  of  the  envelope.     But  if  the  variable  curve  be  of 
the  order  m  and  the  class  w,  the  number  of  common  points  is  =  m'', 
and  the  number  of  common  tangents  =  i^ ;  and  yet  the  common 
points  and  common  tangents  have  to  correspond  to  each  other 
in  pairs.     The  explanation  depends  on  the   singularities  of  the 
variable  curve.     Suppose  this  has  in  general  8  double  points, 
K  cusps  T  double  tangents  and   i  inflexions;  then,  as  is  easily 
seen,  the  curve  meets  the  consecutive  curve  in  2  points  contiguous 
to  each  double  point  and  in  3  points  contiguous  to  each  cusp 
(viz.   there   are    thus   2S  -f  3/c    intersections),    and    besides    in 
771^  — 2S  — 3/c  points,  and   reciprocally   the   curve  has  with   the 
consecutive  curve  2  common  tangents  contiguous  to  each  double 
tangent  and  3  common  tangents  contiguous  to  each  stationary 
tangent  (viz.,  there  are  thus  2T-f  3t  common  tangents),  and  there 
are  besides  r^  —  ^t  —  3^  common  tangents :  we  have,  see  Art.  82, 
vfi^  -"iZ  —  ^iK  —  n^  —  It  —Zi  =  m-\-n\    each    of    the   wi*^  — 2S  — 3/^ 
points  is  (not  a  point  of  contact  but)  an  ordinary  intersection  of 
the   two    curves,    but    it    has    contiguous    to   it    one   of    the 
w**  — 2t  — 3t   common   tangents   of   the   two   curves;    and    the 
envelope  is  thus  cotemporaneously  the  locus  of  the  m''  —  2S  —  3/c 
(=  m  -f  n)  points,  and  the  envelope  of  the  n''  —  2t  -  3*  (=  w  -f  v) 
tangents. 

It  may  be  added  that  the  complete  envelope  of  the  variable 
curve  consists  of  the  proper  envelope  as  just  explained  together 
with  (1)  the  locus  of  the  double  points  twice,  (2)  the  locus  of 
the  cusps  three  times,  (3)  the  envelope  of  the  double  tangents 
twice,  and  (4)  the  envelope  of  the  stationary  tangents  three 
times. 

In  what  precedes,  the  numbers  m,  r?,  8,  /c,  r,  i  apply  to  the 
curve  corresponding  to  the  general  value  of  the  variable  para- 
meter ;  for  particular  values  of  the  parameter,  the  variable  curve 
may  acquire  or  lose  point-  or  line-  singularities,  and  the  several 
numbers  be  thus  altered. 
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90.  Let  It  be  required  to  find  the  envelope  of  a  line 
cur  +  /5^  +  72;,  being  given  that  a,  /S,  7  are  connected  by  a  re- 
lation 2  =  0.  In  other  words,  let  there  be  given  2  =  0  the 
tangential  equation  of  a  curve,  or  its  equation  in  line  coor- 
dinates, and  let  it  be  required  to  pass  to  the  equation  in  point- 
coordinates.  Here  then  we  have  the  two  equations  2  =  0, 
etc  +  /3y  +  72  =  0,  and  the  method  of  Art.  88  shews  that  the 
result  is  to  be  obtained  by  eliminating  a,  ^,  7,  \  from  the  two 
given  equations  combined  with 

d2     ^        ^    d^     ^        ^     ^2     , 

__  +  X.  =  0,  ^-fX^  =  0,  ^^  +  x^  =  o. 

Th6  solution  of  the  reciprocal  problem,  given  the  point-equation 
/S'=0,  to  pass  to  the  tangential  equation,  depends  on  a  precisely 
similar  elimination ;  namely,  to  eliminate  x,  y,  s,  \  between 
S=Oj  aic  -f  /5z/  +  72!  =  0,  and 

dS     ^        ^     dS     ^  ^     -     dS 

T.+^"=«'  ^+^^=°'  &+^^=<'' 

a  system  of  equations  which  would  also  present  itself  naturally 
from  the  consideration  that  if  ax  -\-  ^i/  +  yz  be  identical  with 
the  tangent  at  the  point  xyz^  then  the  well-known  form  of 
the  equation  of  the  tangent  (Art.  64)  shews  that  a,  /3,  7  must 

be  respectively  proportional  to  -7-  ,  -7- ,  -7- . 

It  has  been  mentioned  (Art.  84,  and  Conies^  Art.  321)  that  the 
problem  of  passing  from  the  point  equation  of  a  curve  to  its 
tangential  equation  is  the  same  as  that  of  finding  its  polar 
reciprocal  with  regard  to  of  +  y^  +  z^  =  0. 

Ex.  To  find  the  tangential  equation  of  (ax)*"  +  {by)"*  +  (cz)"*  =  0,  "We  have  here 
(aa,)m-i  +  A  «  =  0,    (Jy)"*-!  +  -  f  =  0,    (cz)"'-^  +  -  ^  =  0, 
whence  immediately 

91.  The  method  just  indicated,  however,  is  not  always  the 
most  convenient  one  for  finding  the  equation  of  the  reciprocal. 
Let  the  equation  of  the  curve   be  %  +  u^_^z  +  u^_^z^  +  &c.  =  0, 
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then  we  eliminate  z  by  the  equation  ojx-\-  ^y-V^z  =  ^^  and  get 

i'u^  -  7"-^  (ox  +  /33/)?v,  +  7""  (a^  +  ^i/)"'^„_,  -  &c.  =  0, 
which  is  now  homogeneous  in  x  and  y\  and  the  discriminant 
of    this    considered    as   a    binary    quantic,    equated    to    zero 
gives  the  equation  of  the  reciprocal  curve,  multiplied  however 
by  the  irrelevant  factor  ry"^""^^. 

Thus,  for  example,  if  it  were  required  to  find  the  reciprocal  of 
ic'  +  ?/'  4-  2;'  +  ^mxyz  =  0, 
eliminating  2,  it  becomes 

(oca;  +  /3y)'  +  ^mxyf  {ax  +  ^y)  -  7'  {x^  +  /)  =  0, 

or       (a^  -  7',  a'^  +  2may%  ajS'  +  2mfiy%  fi'  -  7^£c,  yY  =  0,* 
the  discriminant  of  which  is  div^isible  by  7®,  the  quotient  being 

a«  +  /3°  +  7«  -  (2  +  32^=*)  (^^7^  +  j'a'  +  a'fi') 

-  2Am'affy  [a'  +  jS' +  7')  -  (24m  +  487n*)  a^/Sy  =  0. 

In  precisely  the  same  way  may  be  found  the  reciprocals  of  the 
cubic  or  quartic  given  by  the  general  equation,  the  results  of 
which  are  given  at  full  length  in  subsequent  chapters. 

92.  One  chief  advantage  of  the  foregoing  method  of 
obtaining  the  equation  of  the  reciprocal  is  that  it  enables  us 
immediately  to  write  down  the  equation  of  the  reciprocal  in 
the  symbolical  form  explained.  Higher  Algebra^  chap.  XIV. 
If  a  ternary  quantic  be  reduced  to  a  binary  by  eliminating 
z  by  the  help  of  the  equation  ax -^  jSy -{  7^,  we  have  imme- 
diately the  following  rules  for  the  differentials  of  the  binary 
quantic  with  respect  to  x  and  y, 

d  _  d       ad       d  _  d       ^  d 
dx      dx      y  dz^  dy      dy       y  dz' 

Applying  these  rules  to  the  symbol  (12)  which  denotes 

d     d         d     d 
dx^  dy^      dx^  dy^ ' 


*  We  use  the  notation  (a,  b,  c,  ...\x,  yY  for  the  binary  quantic  written  with 
binomial  coefficients  ax^  +  nbx''-^y  +  ^«  (n  -  1)  cx"-^/  +  &c. ;  using  the  notation 
(a,  h,  c,  ...\x,  J/)"  when  the  quantic  is  written  without  binomial  coefficients  (see 
Either  Algedra,  Art.  104). 
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it  becomes 

^  I  ( ^  ^  ^  ^  A.\    R  ( ^  Jl-  ^  ^\ 

or,  in  other  words,  tlie  symbol  applied  to  the  binary  quantic 
differs  only  by  the  factor  7  from  the  contravariant  symbol  (al2) 
applie<i  to  the  ternary.  Hence,  if  a  line  clx-^  ^y  +  ^z  cut  a 
curve  so  that  the  points  of  section  satisfy  any  invariant  relation 
whose  symbolical  form  is  known,  we  can  at  once  write  down 
in  the  same  form  the  tangential  equation  of  its  envelope.  For 
instance,  the  symbolical  form  of  the  discriminant  of  a  binary 
cubic  is  known  to  be  (12)'^  (34)'^  (13)  (24)  ;  hence,  if  a  line 
ax-\-  fiy-\-yz  cut  a  cubic  curve  in  three  points  whose  discrimi- 
nant vanishes,  that  is  to  say,  if  it  touch  the  curve,  we  must 
have  (al2)'  (a34)'  (al3)  (a24)  =0.  In  like  manner  the  discrimi- 
nant of  a  binary  quartic  is  known  to  be  of  the  form  S^  =  27T'\ 
where  S  and  T  are  two  invariants,  whose  symbolical  form  is 
(12)*,  and  (12)*  (23)' (31)'  respectively.  It  follows  that  the 
equation  of  the  reciprocal  of  a  quartic  is  of  the  form  S^  =  27T^j 
where  ^S'  is  (al2)*,  and  Tis  (aUy  (a23f  (a31)',  where  >S'=0  de- 
notes the  curve  of  the  fourth  class  which  is  the  envelope  of  lines 
cutting  the  quartic  in  four  points  for  which  the  invariant  S 
vanishes,  and  T=  0  denotes  the  curve  of  the  sixth  class  which  is 
the  envelope  of  lines  cut  harmonically  by  the  curve,  and  for 
which  therefore  the  invariant  T  vanishes. 

93.  We  have  already  (Art.  78)  given  one  method  of  forming 
the  equation  of  tangents  drawn  from  any  point  x'y'z'  to  the 
curve,  but  the  problem  is  in  effect  solved  when  we  are  in 
possession  of  the  equation  of  the  reciprocal,  or,  in  other  words, 
of  the  condition  that  ax-h  ^y-h  72  should  touch  the  curve.  For 
we  have  only  to  substitute  in  that  condition  for  a,  8^  7  respec- 
tively yz'  —  zy\  zx—xz\  xy'—yx\  when  we  shall  have  the 
condition  that  the  line  joining  the  points  xyz^  x'y'z  shall  touch 
the  curve,  a  condition  which  obviously  must  be  satisfied  when 
xyz  is  a  point  on  any  tangent  through  x'y'z'  (see  Conies^ 
Art.  294). 
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Converselyj  tbe  equation  of  the  system  of  tangents  as  found 
by  the  process  explained  (Art.  63),  is  readily  obtained  in  the 
form,  homogeneous  function  of  [yz  —  y'z^  zx  -  z'x,  xy  —  x'y)  =  0  ; 
and  then,  substituting  for  these  quantities  a,  /S,  7,  we  have  the 
equation  of  the  reciprocal  curve. 

94.  We  have  then  immediately  a  theorem  corresponding 
to  that  of  Art.  92,  that  when  we  are  in  possession  of  the  tan- 
gential equation  of  a  curve,  we  can  at  once  write  down 
symbolically  the  equation  of  the  locus  of  a  point,  such  that  the 
system  of  tangents  from  it  to  the  curve  shall  satisfy  any  given 
invariant  relation.  If  we  make  z  —  O'in  the  equation  of  the  system 
of  tangents,  we  have  the  equation  of  a  system  of  lines  parallel 
to  the  tangents  through  the  point  jry,  which  will  satisfy  the 
same  invariant  relation.  But  from  the  method  just  given  for 
forming  the  equation  of  the  system  of  tangents  we  have 

d  _    ,  d        ,  d       d  _       ,  d        ,  d 
d^~y  d^~^  ^'  d^'~~'^dy'^^da.' 
whence,  as  before 

dx^  dy^      dx^  dy^  ~  ^  |^  \dS^  dy^  "  d^^  d^J 

>  (  d_  Ji  _  d  d\  ,  fd_  d^_  d  d\ 
"^  y  U7,  da^  "  57,  da.)  ^  ^  \Ta^  d^^  "  da^  djj  ' 
so  that  we  have  at  once  the  rule,  for  every  factor  (12)  in  the 
invariant  symbol  required  to  be  satisfied  by  the  system  of 
tangents  to  substitute  (a?'12)  and  operate  on  the  equation  of  the 
reciprocal  curve. 

95.  When  the  equation  of  a  curve  is  given  in  polar  co- 
ordinates, that  of  its  reciprocal  with  regard  to  a  circle  whose 
centre  is  the  pole  may  be  found  directly.  If  on  any  radius 
vector  OP  there  be  taken  a  portion  OF'  equal  to  the  con- 
secutive radius  vector  OQ^  then  obviously  PF  =  dp^  FQ  —  pd(o^ 

tan  OFQ  = '—-  ,   and   p  sin  OPQ  is   the  perpendicular   on    the 

tangent.     Thus  let  the  curve  be  p'"'  =  a"'  cosrAiw;  take  the  loga- 
rithmic differential,  and  we  have 

—  =  -  iB-nmrodco  :  '-^ —  =  — cotwo), 
P  dp  ' 
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and  if  6  be  the  acute  angle  made  by  tbe  radius  vector  with  the 
tangent  6  =  90°  —  may^  and  the  perpendicular  on  the  tangent 
=  p  sin^  =  p  cos  TWO).  The  angle  between  the  perpendicular  and 
the  radius  vector  =  ?/!&),  and  between  the  perpendicular  and  the 
line  from  which  &)  is  measured  is  {m  +  1)  (o.  But  the  radius 
vector  of  the  reciprocal  curve  is  the  reciprocal  of  the  perpen- 
dicular on  the  tangent ;  hence  it  is  easy  to  see  that  the  equation 
of  the  reciprocal  curve  is  also  of  the  form  p"'  =  a"  cos^/ico,  the 

new  m  being  equal  to —  .  This  family  of  curves  in- 
cludes several  important  species;  for  instance,  the  circle  (m  =  1), 
tbe  right  line  (r/i  =  — 1),  the  common  leraniscate  (?72  =  2),  the 
equilateral  hyperbola  (??z  =  — 2),  the  cardioide  {jn  =  \)^  the  para- 
bola [m  =  —  ^ )  &c. 
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96.  It  was  remarked  (Art.  90)  that  the  problem  of  finding 
the  equation  of  the  reciprocal  curve  is  the  same  as  that  of  find- 
ing the  condition  that  a  right  line  should  touch  the  given  curve, 
both  being  solved  by  finding  the  envelope  of  ax -h /3i/ +  yzj 
where  a,  yS,  7  are  parameters  satisfj'ing  the  equation  of  the 
curve.  More  generally,  the  problem  of  finding  the  condition 
that  two  curves  U,  V  should- touch  (which  condition  is  called 
their  tact-invariant)  is  the  same  as  that  of  finding  the  envelope 
of  either,  the  coordinates  being  regarded  as  variable  parameters 
satisfying  also  the  equation  of  the  other.  For  if  the  two  curves 
touch,  the  coordinates  of  the  point  of  contact  aySy  satisfy  the 
equation  of  both ;  and  also  since  the  tangents  are  the  same,  we 
must  have  at  that  point  the  differential  coefficients  of  Z7, 
respectively  proportional  to  those  of  F.  The  condition  of 
contact  is  then  found  by  eliminating  a,  /S,  7,  \,  between 
Z7=  0,  F=  0,  and 

dU_     dV    dU        dV    dU^     dV^ 
da  doi'  d^"     dp'  dy~     dy' 

but  these  are  the  equations  given    (Art.   88)   for  solving  the 
problem  of  the  envelope. 
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97.  Let  the  degrees  of  U  and  V  be  7w,  m'  respectively,  and 
let  it  be  required  to  determine  the  order  in  which  the  coeffi- 
cients of  either  curve,  say  F,  enter  into  the  condition  of  contact. 
Let  the  coefficients  in  V  be  a',  h\  c',  &c.,  and  let  us  take  another 
curve  W  of  the  same  order  whose  coefficients  are  a",  h'\  c",  &c. 
Then  if  in  the  condition  of  contact  we  substitute  for  each  coeffi- 
cient a\  a  -\- ka\  &c.,  we  shall  have  the  condition  that  V-\-hW 
should  touch  CT",  which  will  plainly  contain  k  in  the  same  degree 
as  the  order  in  which  the  coefficients  of  V  enter  into  the 
condition  of  contact.  This  latter  order,  therefore,  is  the  same 
as  the  number  of  curves  of  the  form  V+kWj  which  can  be 
drawn  so  as  to  touch  U.  But,  as  before,  the  point  of  contact 
must  satisfy  the  equations 

whence  eliminating  ^,  \, 


=  0, 


u„  r„  w, 
Us,  K,  w, 

and  the  intersections  of  v  with  U  determine  the  points  on  U 
which  can  be  points  of  contact  with  curves  of  the  form  V+kW. 
Since  the  orders  of  C/J,  F^,  IF^,  &c.,  are  respectively  m  —  l,  m  -  1, 
7w'  — 1,  the  order  of  v  is  m  +  2w'  — 3,  and  the  number  of  inter- 
sections is  m  {m  +  2m  —  3).  This  then  is  the  order  in  which  the 
coefficients  of  F  enter  into  the  tact-invariant,  and  in  like 
manner  the  coefficients  of  Z7  enter  in  the  order  m  {2m  ■\-m  —  3).- 
By  making  w'  =  1  we  have  the  result  already  obtained  that  the 
condition  that  ax-k-  ^y  -\-  ^z  should  touch  a  curve  contains  a,  /3,  7, 
in  the  degree  m  (w  — 1),  and  the  coefficients  of  the  curve  in  the 
degree  2  (m-  1).     See  also  Conies^  Art.  372. 

If  JJ  have  a  double  point,  then  since  we  have  already  seen 
that  Z7,,  ZJ^,  ZJg  pass  through  that  point,  and  that  if  that  point  be 
a  cusp  they  have  there  the  same  tangent,  the  same  things  are 
true  for  v  ;  and  we  see  that  the  order  of  the  condition  of  contact 
in  the  coefficients  of  F  must  be  diminished  by  two  for  every 
double  point,  and  by  three  for  every  cusp  on  JJ.  The  order  is 
therefore  m  {m  +  2m'  —  3)  -  23  -  3/c  or  n  +  2m  {m  —  1). 

M 
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98.  These  results  might  have  been  otherwise  obtained  thus : 
Take  any  arbitrary  line  ax-^hi/  +  cz^  and  equate  to  zero  the 
determinant 

V  = 


a,    b, 

c 

u,,  u„ 

u. 

V,,  K, 

V. 

This  equation  represents  the  locus  of  a  point,  such  that  its  polars 
with  respect  to  U  and  V  intersect  on  the  assumed  line.  Now 
at  a  point  common  to  Z7  and  F,  the  polars  are  the  two  tangents 
intersecting  in  the  common  point ;  there  are,  therefore,  plainly 
only  two  cases  in  which  a  point  common  to  U  and  V  can 
lie  also  on  v  ;  viz.  either  the  assumed  line  passes  through  an 
intersection  of  Z7,  F,  or  at  that  point  the  two  curves  have  a 
common  tangent.  If  then  we  eliminate  between  v?  C/",  F,  the 
resultant  will  contain  as  factors  the  condition  that  ax-^hi/  +  cz 
should  pass  through  an  intersection  of  Z7,  F,  and  the  condition 
that  U  and  F  should  touch.  But  since  in  the  resultant  of  three 
equations,  the  order  in  which  the  coefficients  of  each  enter  is 
the  product  of  the  orders  of  the  other  two  equations,  and  since 
the  orders  of  v?  ^j  V  are  respectively  m  +  m  —  2,  w,  w',  the 
order  of  a,  5,  c  in  the  resultant  is  mm\  of  the  coefficients  of  Z7, 
18  mm  +  m  {m  +  m'  —  2)  =  m'  {2m  +  yri'  —  2),  and  of  the  coefficients 
of  F,  m  {2m'  +  wi  —  2).  Similarly  the  orders  of  the  resultant  of 
ax-\-hi/-}-  czj  Z7,  F,  in  the  several  coefficients  are  respectively 
772m',  m\  m.  Subtracting  these  numbers  from  the  preceding, 
we  find,  as  before,  that  the  orders  of  the  condition  of  contact 
are  m  (2m  \-m  —  3),  and  m  (2m'  +  m  —  3)  in  the  coefficients  of 
V  and  F. 

EVOLUTES. 

99.  We  have  hitherto  only  dealt  with  descriptive  theorems, 
and  have  postponed  the  consideration  of  any  questions  belonging 
to  the  class  described  as  metrical  (Art.  1).  The  relation  of 
perpendicularity  belongs  to  the  latter  class,  since,  as  explained 
{ComcSj  Art.  356),  two  perpendicular  lines  may  be  considered 
as  lines  which  cut  harmonically  the  line  joining  the  two  imaginary 
circular  points  at  infinity.  It  is  convenient  not  to  exclude  from 
this  chapter  the  discussion  of  some  important  cases  of  envelopes 
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which  involve  the  relation  of  perpendicularity,  and  the  theorems 
may  be  made  descriptive  if  we  substitute  for  the  two  circular 
points  at  infinity  any  assumed  points  /,  /,  and  wherever,  in  our 
theorems  lines  at  right  angles  occur,  substitute  lines  cutting  /,  J 
harmonically. 

One  of  the  most  important  and  the  earliest  investigated  class 
of  envelopes  is  that  of  the  evolutes  of  curves.  We  have  defined 
the  evolute  of  a  curve  [Conies^  Art.  248)  as  the  locus  of  the 
centres  of  curvature  of  the  curve ;  but  the  evolute  may  also  be 
defined  as  the  envelope  of  all  the  normals  of  the  curve.  For  the 
circle  of  curvature  Is  that  which  passes  through  three  consecutive 
points  of  the  curve,  and  its  centre  is  the  intersection  of  perpen- 
diculars at  the  middle  points  of  the  sides  of  the  triangle  formed 
by  the  points.  But  the  lines  joining  the  first  and  second,  and  the 
second  and  third  points,  are  two  consecutive  tangents  to  the  curve  J 
and  the  perpendiculars  to  them  just  mentioned  are  two  consecutive 
normals;  the  centre  of  curvature  Is  therefore  the  intersection 
of  two  consecutive  normals ;  and  the  locus  of  all  the  centres  of 
curvature  must  be  the  same  as  the  envelope  of  all  the  normals. 

Ex.  1.  To  find  the  evolute  of       -,  +  |r  =  1. 
a*     o* 

The  normal  is  (Conies,  Art.  180)        ^ 7^  =  0', 

or,  writing  a'  =  a  cos^,  y'  =  J  sin  </>, 

cos  (^     Bin(^        ' 
an  equation  of  the  class  considered  Art.  85,  Ex.  2,  whose  envelope  is  therefore 

Ex.  2.  The  normal  to  a  parabola  is  {Conies,  Art.  213). 
p{y-y')  +  'iy'{x-x')=0, 
or  y*  +  (i?^  -  2i>x)  y'  -  p^y  =,0, 

an  equation  of  the  class  considered  Art.  85,  Ex.  1,  whose  envelope,  y'  being  the 
parameter,  is 

2(iJ-2a;)3  +  27;?y»  =  0. 

Ex.  3.  To  find  the  evolute  of  the  semicubical  parabolai?y'  =  x». 

The  equation  of  the  normal  is 

3x'»  {y-y')+  2py'  {x  -  x')  =  0. 
Substitute  for  y'  in  terms  of  x'  from  the  equation  of  the  curve,  divide  by  x''^,  and 
(putting  x'2  =  t),  the  equation  becomes 

Zt*  +  2pfi  -  Zp^yt  -  2px  =  0, 
whose  envelope  is 

p{p^  18x)«  =  {bipx  +  W  y'  +P*?' 
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Ex.  4.  To  find  the  evolute  of  the  cubical  parabola  p^y =2:'. 
The  equation  of  the  normal  is 

or  3x'^  —  3p^yx''  +p*x' —p*x  =  0. 

Now  the  envelope  of 

at^  +  l0dt^  +  5et+f=0 
is  (fl/*  -  12<?e)2  + 128  (2«2  -  3df)  (ae»  -  adef-  dd*)  =  0. 

Therefore  the  envelope  in  the  present  case  is 

Ex.  5.  To  find  the  evolute  of  the  cissoid  (x^  +  y-)  x  =  ay^. 

This  is  a  unicursal  curve,  and  writing  the  equation  in   the  form  (o  — a;)y'  =  x', 

it  is  at  once  seen  that  this  is  satisfied  by  the  values  x=- — --  ,  y=aTi — m\  •    "^^^ 

equation  of  the  tangent  at  the  point  in  question  is  easily  seen  to  be 

2e^y-3d^x  +  a-x  =  0t 

equation  of  the  normal  is  therefore 

26x»+(I  +  30')y  =  -^-^— ^, 

or  2e*x+30*y-2e^a+ey-a  =  O. 

Forming  the  discriminant  of  this  it  will  be  found  to  contain  as  a  factor  (x  + Ja)'+y', 
the  remaining  factor  giving  the  equation  of  the  evolute  proper,  viz. 

y*  +  ^a^y"^  +  '^a^x  =  0. 

Ex.  6.  To  find  the  evolute  of  x^  +yi  =  a^.  For  any  point  of  this  curve  we  may 
write  (see  Art.  85,  Ex.  2)  x'  =  acos'^,  y'^asin'^.  The  tangent  at  that  point 
will  be 

X  y    _ 

C08</>     Bin<^~    ' 

and  the  normal  x  cos  </>  —  y  sin  ^  =  o  cos  2^, 

or         (x  +  y)  (cos  ^  -  sin  </>)  +  (at  —  y)  (cos  (^  +  sin  ^)  =  2a  (cos^  0  -  sin*  ^), 

X  +  y  X  —  y  „4 

or  — .  + =  2  a, 

Bin  {(p  +  ^tt)       cos  {<p  +  i-Tr)  ' 

whose  envelope  is  (Art.  85,  Ex.  2) 

{x  +  y)^  +  {x-  y)i  =  2at. 

100.  The  following  investigation  leads  to  the  expressions  for 
the  coordinates  of  the  centre  of  curvature,  and  for  the  radius 
of  curvature  ordinarily  given  in  books  on  the  Differential 
Calculus.  In  this  and  the  next  article  we  use  Cartesian  rect- 
angular coordinates.  If  a,  /8  be  the  coordinates  of  any  point 
on   the   tangent,   x  and  y  those   of  its   point   of  contact,  the 

dv  dv 

equation  of  the  tangent  is  /3  —  ?/  =  -7^  (a  -  ic) ;  where  -~  ,  which 
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we  shall  call  for  shortness  />,  is  to  be  found  from  the  equation  of 
the  curve.  For  the  tangent  passes  through  the  point  xy^  and 
makes  with  the  axis  of  x  an  angle  whose  tangent  is^  (Art.  38). 
The  normal  then  being  a  perpendicular  to  this  at  the  point  xy^ 
has  for  its  equation 

[a-x)+p{p-y)=^0 (1). 

We  have  now  to  find  the  envelope  of  this  line  which  contains 
the  parameters  x  and  ?/,  which  is  given  in  terms  of  x  by  the 
equation  of  the  curve.     Differentiating  then  with  respect  to  ic, 

and  writing  -j^,^  =  q^  we  see  that  the  point  of  contact  of  the  line 

with  its  envelope  is  found  by  combining  the  equation  with  its 

differential 

-i-f+[fi-y)q  =  0 (2). 

Solving  for  a  —  a:  and  fi  —  y  from  these  equations,  we  have 

„_.==£(i±£!),^_,=i±£:, 

and  the  radius  of  curvature  is  given  by  the  equation 

The  values  which  have  been  obtained  for  the  intersection  of 
two  consecutive  normals  might  have  been  found  for  the  same 
point  considered  as  the  centre  of  curvature. 

Take  the  equation  of  any  circle 

and  differentiate  it  twice,  when  we  have 


1  + 


©■+b-«S=»- 


But  if  the  circle  osculate  a  curve  at  any  point,  then  (Art.  48) 

dv     d  li 
at  that  point  -^ ,  -~^ ,  have  the  same  values  for  both.      We 

may  therefore  in  these  equations  write  for  the  differential  coeffi- 
cients, the  values  p  and  q  obtained  from  the  equation  of  the 
curve,  when  they  become  identical  with  equations  (1)  and  (2) 
already  obtained  from  other  considerations. 
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101.  Since  in  practice  y  is  not  given  explicitly  in  terms  of  a;, 
but  both  are  connected  by  an  equation  £7=0,  it  is  convenient 
to  substitute  for  these  expressions  in  terms  of  p  and  q^  expres- 
sions in  terms  of  the  differential  coefficients  of  U,  Let  us  write 
as  before 

dU_j     dU_         d'U_       d'U _        d'U  _ 
dx~^'    dy~^'    'M-'"'  'df"^'  l^y~^' 

then,  since  the  coefficien  ts  of  x  and  y  in  the  equation  of  the 
tangent  are  L  and  M  respectively,  the  equation  of  the  normal  is 

Jlf(a-aj)-Z(/3-2^)  =  0 (1), 

whence  differentiating 

(A.5j)(a-.)-(..A|)(;3-,)-i,..x|  =  0. 

dy 
But  from  the  equation  of  the  curve,  Z  +  ilf  -^  =  0,  whence  sub- 

stituting  for  -j-  we  have 

[Lh  -  Mh)  (a  -  a;)  -  (LJi  -  Ma)  {i3-y)+  L'  +  M''  =  0...(2). 

Solving,  then,  between  equations  (1)  and  (2),  we  have 

^L{L*-^M')  -M[U  +  W'] 

^     ^^  aM'-2hLM-\-bL''  ^    ^ ~  aM'-2hLM-^hU' 

whence  R  = 


aM'-2hLM+hU 


102.  This  expression  can  be  made  to  assume  a  more  symme- 
trical form  by  introducing  the  linear  unit  z^  so  as  to  give 
the  equation  the  trilinear  form.  For,  by  the  theorem  of  homo- 
geneous functions, 

{n—\)L=^ax-\-Jiy-\-gz^    [n—\)  M=  hx  +  by  +fzj 

(n-l)N=gx-\-fy  +  cz, 

whence      [n  - 1)  {bL  -  hM)  =  {ab  -  W)  x  +  (5^  -fh)  z, 

(n  -  1)  [aM-  hL)  =  {ab  -Ii')y+  [af-gh)  z. 

Multiplying  the  first  equation  by  X,  the  second  by  M^  and  adding 

{«  -  1)  [bU  -  2hLM+  aM')  =  {ab  -  k')  {xL  +  yM ) 

+  z[{bg^fh)L  +  {af-gh)M], 
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or  since,  by  the  equation  of  the  curve  xL-\-yM-\-zN=  0, 

=^-z{[fh-hg)L-\-[qTi-af)M^'(ab-h')N]. 
Substitute  for  Z,  if,  N  their  values  given  above,  and  we  have 
{n-l)\hU-  2hLM+  aM')  =  -  z\ahc  -  af-  hf-ch' + ^fgh)  =  -Hz\ 
and  the  expression  for  the  radius  of  curvature  becomes 

For  any  point  whose  coordinates  satisfy  the  equation  H—0^ 
the  radius  of  curvature  becomes  infinite,  and  the  centre  of 
curvature  at  an  infinite  distance.  This  will  take  place  when 
three  consecutive  points  of  the  curve  are  on  a  right  line,  for 
then  the  circle  through  them  becomes  a  right  line,  and  its 
centre  becomes  at  an  infinite  distance.  We  might  then,  from 
this  value  of  the  radius  of  curvature,  arrive,  independently  of 
Art.  74,  at  the  conclusion  that  the  intersections  of  U  and  H  are 
points  of  inflexion.  The  above  equation  gives  us  as  conditions 
that  two  curves  should  osculate,  that  we  should  have  in  addition 
to  the  condition  for  ordinary  contact  L  =  6L\  M—  6M'j  also 


The  double  sign  in  the  value  of  the  radius  of  curvature  is 
analogous  to  that  in  the  value  of  the  perpendicular  on  a  right 
line  ( ComcSj  Art.  34) ;  and,  of  course,  if  we  agree  to  use  the  sign  + 
when  the  radius  of  curvature,  and  therefore  the  concavity  of  the 
curve,  is  turned  in  one  direction,  we  must  use  the  sign  —  when 
it  is  turned  in  the  opposite  direction.  Since  every  algebraic 
function  changes  sign  in  passing  through  zero,  we  see  that  at  a 
point  of  inflexion  the  radius  of  curvature  changes  sign,  and 
that  as  we  pass  such  a  point  the  concavity  of  the  curve  changes 
to  convexity,  and  vice  versa  (see  fig.  Art.  45).    At  a  double  point 

the  radius  of  curvature  assumes  the  form  -  ,  and  its  value  must 

be  determined  by  the  ordinary  rules  in  such  cases.  In  fact, 
each  branch  of  the  curve  has  its  own  curvature  at  the  point. 
At  a  cusp  it  will  be  found  that  the  radius  of  curvature  vanishes. 
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103.  The  length  of  any  arc  of  the  evolute  is  equal  to  the  difference 
of  the  radii  of  curvature  at  its  extremities^ 

For,  draw  any  three  consecutive  nor- 
mals to  the  original  curve :  let  G  be  the 
point  of  intersection  of  the  first  and 
second,  C  of  the  second  and  third  ;  then 
since,  ultimately,  CE  =  CS,  C'S  =  C'T', 
CC,  which  is  the  increment  of  the  arc 
of  the  evolute,  is  also  the  increment  of 
the  radius  of  curvature. 

Hence,  if  a  flexible  thread  be  supposed  rolled  round  the 
evolute,  and  wound  oiF,  any  point  of  it  will  describe  an  involute 
of  the  curve  CC ;  that  is,  a  curve  of  which  CC  is  the  evolute. 
It  was  from  this  point  of  view  that  Huyghens,  the  inventor  of 
evolutes,  first  considered  them,  and  it  was  hence  that  the  name 
evolute  was  given. 

104.  We  add  here  a  formula  which  is  sometimes  useful 
for  finding  the  radius  of  curvature  of  a  curve  given  by  polar 
coordinates.  The  polar  equation  p  =y(co),  can  be  transformed 
into  one  of  the  form  p=-f(p)j  where  p  is  the  perpendicular 
from  the  pole  on  the  tangent,  and  is  given  by  the  equations 
(Art.  95), 

p  =  p  sin ^,   tan 6  =  p—  , 

Let  the  distance  from  the  pole  to  the  centre  of  curvature  be  p^, 
and  the  radius  of  curvature  it,  then  (Euclid  II.  13) 

p;'  =  p'  +  R'-2Rp, 
If  we  pass  to  the  consecutive  point  of  the  given  curve,  p^  and  B 

remain  constant,  and  diff'erentiating,  we  have  R  —  p-J-^  which 

is  the  required  expression  for  the  radius  of  curvature. 

When  R  has  been  thus  expressed  in  terms  of  p^  p^  if  we 
eliminate  p,  p  between  the  equations 

the  last  of  which  is  obviously  true,  we  shall  have  the  relation 
which  subsists  between  the  p^  and  p^  of  the  evolute ;  but  it  is 
not  always  easy  to  pass  hence  to  the  relation  between  the  p, 
and  the  o).  of  the  evolute. 
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As  an  example  take  the  curve  p"'  =  a"  cos  mw,  we  find  here 
p  =  p  cos ??ia),  and  hence  p'^'^  =  a'p^  for  the  relation  between  p 

2  m 

and  p.     And  we   then   have  R  =  , — ^-—-  ,  = :. — ^^zi   for 

^  (w+l)p'      (w4-l}jO 

the  radius  of  curvature. 

The  equations 

p;  =  p'  +  E'-2Bp,  • 

!i  *2  2 

give  at  once  p^*'',  p^^  each  as  a  function  of  p,  and  thus  virtually 
the  equation  of  the  evolute  In  the  form  p^  =  ^  (pj,  but  the 
elimination  cannot  be  actually  performed. 

It  is  however  easy  to  find  the  equation  of  the  reciprocal  of 
the  evolute  in  regard  to  a  circle  described  about  the  pole  as  its 
centre.  Taking  for  convenience  the  radius  of  the  circle  to  be 
=  a ;  then  if  p^  is  the  radius  vector  for  the  reciprocal  curve,  and 
Wg  the  Inclination  to  a  line  at  right  angles  to  that  from  which 
CO  is  measured,  we  have^^  =  p  slnwiw,  and  then 

d^                    a 
P2  =  - »  =  — I ; 

Moreover  (Art.  95),  (»2  =  (??2+ 1)  o) ;  wherefore  the  relation 
between  p^^  w^,  or  equation  of  the  reciprocal  of  the  evolute  is 

p„   cos \  sm   ^'  =  a  . 

It  will  readily  appear  that  the  locus  of  the  extremity  of  the 
polar  suhtangent  (see  Conies^  Art.  192)  of  any  curve  is  the 
reciprocal  of  the  evolute  of  the  reciprocal  curve.  Thus  this 
locus  is  a  right  line  for  the  focal  conies,  since  the  evolute  of  the 
reciprocal  then  reduces  to  a  point. 

105.  When  we  are  given  the  tangential  equation  of  a  curve 
w  =  0,  we  can  obtain  directly  the  line  coordinates  of  the  normal 
and  the  tangential  equation  of  the  evolute.     For  if  a'/Sy  be  the 

line  coordinates  of  any  tangent,  then  a  -^,  4  ^  -j?.,  +  7  ^-7=  0  is 

the  equation  of  the  point  of  contact ;  and  if  1;  =  0  be  the  tangential 

equation  of  any  pair  of  points  //,  then  a  -7-7  +  /8  u-  -f  ry  "_-,  —  0 

N 
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is  the  equation  of  the  pole  of  the  given  tangent  with  respect  to 
//;  or,  in  other  words,  of  the  harmonic  conjugate  in  respect  to 
these  points  of  the  point  where  //  is  met  by  the  given  tangent. 
When  IJ  are  the  circular  points  at  infinity,  the  second  equation 
represents  the  point  at  infinity  on  the  normal ;  the  two  together 
determine  the  line  coordinates  of  the  normal ;  and  if  between 
then!  and  the  equation  of  the  curve  we  eliminate  a'/^V?  we  shall 
have  the  equation  of  the  evolute.  In  the  system  of  tangential 
coordinates  which  answers  to  ordinary  rectangular  coordinates, 
the  equation  which  represents  the  circular  points  IJ  is  a*  -h  ^^  =  0, 

(see  Conies^  Art.  385),  and  the  second  equation  «  j~'  +^  ;j^/  +7  J~? 

is  the  well-known  condition  of  perpendicularity  act!  +  ySyS'  =  0. 

Ex.  To  find  the  equation  of  the  evolute  of  a  central  conic  given  by  its  tangential 
equation  (see  Conies,  Art.  169,  Ex.  I)  a^a^  +  V^^  =  1.  Here  the  two  equations  which 
determine  the  coordinates  of  the  normal  are  a^aa'  +  6^/3/3'  =  1,  aa'  +  /3/3'  =  0,  whence 

aa'  =  -  /3/3'  =  -  .  Substituting  for  a'  and  /3'  in  a-a'^  +  b^fi'^  =  1,  we  get  the  tangential 
equation  of  the  evolute  — -  +  ^  =  c*. 

106.  We  give  next  some  examples  of  the  more  general 
problem  in  which  that  of  evolutes  is  included,  viz.  (see  Art,  99) 
to  find  the  envelope  of  the  harmonic  conjugate  of  the  tangent  to 
a  curve  with  respect  to  the  lines  joining  its  point  of  contact  to 
two  fixed  points  /,  /.  This  line  may  be  called  the  quasi-normal 
and  its  envelope  the  quasi-evolute. 

Ex.  1.  Let  the  curve  be  a  conic.  Take  the  line  IJ  as  the  base  of  the  triangle  of 
reference,  and  let  its  vertex  be  the  pole  of  this  Hne  with  respect  to  the  conic,  then 
the  equation  of  the  conic  will  be  of  the  form  {ax  +  y)  (x  +  by)  =  z^,  and  that  of  any 
tangent  will  be 

er-  (ax  +  y)-  2dz  +  {x  +  by)  =  0. 

The  equation  then  of  any  line  which  together  with  this  and  the  lines  x,  y,  divides 
z  harmonically  will  be  of  the  form 

02  {ax  -y)  +  (x-  by)  =  Mz. 

We  determine  M  from  the  consideration  that  the  line  is  to  pass  through  the  point 
of  contact,  for  which  we  have  6  {ax  +y)  =  z,Qz  —  x+  by.  whence 

-  liizJl)    -  ^^^^-^) 

"^  ~  d  (a6  -  1)  '  ^  ~  e  (a*  -  1)  ' 
and  we  find  M^  ^ab-\)Q  ' 
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If  we  write  then  ax-y=  Y,  x-  by  =  X,  8z=  {ah  -  1)  Z,  the  equation  of  the  quaai- 
normal  becomes 

aQ*Z  +  463  7  +  40X  -  *Z  =  0, 

and  the  envelope  is  a  curve  of  the  fourth  class  whose  equation  is 

{abZ-^  +  4Zr)»  +  27Z2  (aZ^  -hY^Y  =  0, 

which  represents  a  curve  of  the  sixth  degree  having  the  points  XZ,  YZ  for  cusps,  Z 
being  their  common  tangent,  and  besides  four  other  cusps  at  the  intersections  of 
aiZ2  +  4Xr,  aA'2-6r2. 

Ex.  2.  Let  the  conic  pass  through  one  of  the  points  /,  J ;  or,  as  we  may  say, 
let  it  be  semicircular.  Then  we  have  say  6  =  0,  and  xz  is  on  the  curve,  x  being  the 
tangent.    The  equation  of  the  quasi-normal  then  becomes 

aQ^Z  +  WY+^X=0, 
and  the  envelope  is  only  of  the  third  class,  its  equation  being  641^  +  27 a'XZ^  =  0, 
which  represents  a  cubic  having  YZ  for  a  cusp  and  X  Y  for  a  point  of  inflexion. 

If  the  curve  pass  through  both  /  and  / ;  making  a  and  b  both  =  0,  we  see  that  the 
equation  of  the  quasi-normal  reduces  to  d'^Y+  X,  and  that  the  line  therefore  passes 
through  a  fixed  point ;  namely,  the  intersection  of  X,  Y,  the  tangents  at  /,  /. 

Ex.  3.  Let  the  conic  touch  the  line  //.  The  most  convenient  lines  of  reference 
then  to  choose  are  this  line  together  with  the  two  other  tangents  through  /,  J,  and  the 
equation  of  the  conic  is 

x^  +  y^  +  z^-  2yz  -  2zx  -  2xy  =  0, 
or  2  (2x  +2y-z)  =  {x-  yf. 

The  equation  of  the  tangent  then  ia 

2x  +  2y-z-2Q{x-y)  +  Q-^z  -  0, 
and  we  have  for  the  point  of  contact 

x-y=Qz,2x  +  2y-z=z  QH, 
The  equation  of  the  quasi-normal  then  is 

x-y-Q{x  +  y)  =  z{ld-lH^  +  Q'')\, 
or  0%  -Q{2x  +  2y  +  z)  +  2{x-y)  =  0, 

iuid  the  envelope  is  also  of  the  third  class,  viz.  the  cuspidal  cubic  whose  equation  is 
272  (x  -  yY  =  {2x  +  2y  +  z)*. 

Ex.  4.  The  three  preceding  examples  might  also  have  been  investigated  by 
supposing  the  conic  to  have  been  given  by  its  general  equation.  The  tangent  then 
at  any  point  a8y  being 

{aa  +  hl3  +  gy)x  +  {ha  +  bfB  +fy)  y  +  {ga  -f-//3  +  cy)z  =  0, 
the  quasi-normal  is 

y  {{aa  +  h^  +  gy)  x  -  {ha  +  bfi+fy)  y]  =  {aa^  -h^+  gay  -//3y)  e. 
We  have  then  to  find  the  envelops  of 

aza^  -  bz^  +  {fy  -  gx)  y"^  -f  {by  -fz  -  hx)  (3y  +  {hy  +  gz  -  ax)  ya, 
where  a,  /3,  y,  are  parameters,  also  satisfying  the  condition 

aa^  +  b^  +  cy^  +  2/]3y  +  25rya  +  2Aa/3  =  0. 
And  (Art.  96)  the  envelope  is  formed  by  the  process  given  {Conies,  Art.  372)  for 
finding  tht  condition  of  contact  of  two  conies.    We  must  form  then  the  invariants 
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of  this  system  of  quadratic  functions,  and  the  discriminant  of  the  first  is  izS, 
where  S  is 

{ab  -  7*2)  {ax^  -  bf)  +  {bg^  -  aj^)  z^  +  2b  {ffh  ~  af)  yz  -  2a  {hf-  bg)  xz. 

We  have 

e  =  -{ab-  h^)  {ax"  -  Ihxy  +  by'')  +  (3a/2  +  35^2  _  /^abc  -  2Jgh)  z^ 

+  {\hgh  -  2abf-  2fhP)  yz  +  {Aabf-  lahg  -  2ghP)  xz. 

Q'  vanishes  and  the  envelope  is  therefore  27  Az'S^  —  G^,  which,  as  before,  is  of  the 
sixth  degree  having  six  cusps,  two  of  which  he  on  z.  But  first  let  z  touch  the 
conic,  then  ab  —  K^  =  0,  and  S  and  9  take  the  form  Zz,  Mz  where  L  and  M  are 
linear  and  the  envelope  takes  the  fonn  zL'  =  M^,  and  is  a  cuspidal  cubic  having  z 
as  a  stationary  tangent.  Secondly,  let  the  conic  pass,  say  through  /  or  yz,  then 
a  =  Q,  S  becomes  b  {hy  +  gz)'-,  and  6  takes  the  form  {hy  +  gz)  M.  The  equation 
then  becomes  divisible  by  {hy  +  gz)^,  and  the  envelope  is  of  the  form  z'^  {hy  +  gz)  =  M^. 
It  will  be  observed  that  hy  +  gz  is  the  tangent  to  the  conic  at  the  point  /,  and  that 
it  is  an  inflexional  tangent  of  the  envelope. 

107.  In  general,  as  Professor  Cayley  has  remarked,  if 
Lx  +  My-\-  Nz  be  the  tangent  at  any  point  x'y'z\  and  a/57, 
a'yS'y  the  coordinates  of  /,  «7,  the  equation  of  the  quasi-normal  is 

X,   2/,  X  ^,  y,   2 

(Xa  +  Mfi'  +  N-^')   x\  y\  z     +  (Xa  +  M^  +  Ni)   x^  y\  z 

a,  /5,  7  a',  ^',  7' 

For  the  two  determinants,  which  we  shall  call  for  the  moment 
A,  A',  severally  represent  the  lines  joining  xyz  to  /and  /,  and 
since  the  tangent  passes  through  their  intersection  we  must 
have  an  identity  of  the  form  Lx  ^  My -vNz^  Ab.-BC^, 
Substitute  successively  in  this  identity  a'/^V  and  a/37  for  xyz^ 
and  we  determine  A  and  B  as  proportional  to  Ld  +  M^'  +  B^' 
and  Za  +  J//3  +  iV7,  and  therefore  the  equation  of  the  harmonic 
conjugate  of  the  tangent  with  respect  to  A,  A'  is  of  the  form 
written  above. 

108.  Let  us  examine  more  particularly  the  case  where  one 
of  the  points  a^'^  is  in  the  curve,  and,  for  simplicity,  we  take 
its  coordinates  1,  0,  0;  that  is  to  say,  we  suppose  the  point  to 
be  yz ;  and  we  take  the  line  z  to  be  the  tangent  at  it ;  and  we 
shall  prove  that  the  envelope  contains  0  as  a  factor.  We 
may  also  without  loss  of  generality  take  the  second  point 
as  0,  0,  1  or  xy.  Making  yS  and  7,  a'  and  /3'  =  0  in  the  preceding 
equation,  it  becomes 

N[yz-zy)^L[xy'-yx)=.i), 
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Let  us  suppose  now  that  a;',  y\  z  are  expressed  in  terms  of  a 
parameter  t^  the  point  a,  /S,  7  answering  to  the  value  t  —  0,  and 
we  must  have  ^  as  a  factor  in  the  expression  for  y\  and  i'  in 
that  for  s',  in  order  that  the  equation  of  the  tangent  may- 
reduce  to  s  =  0.  In  general,  since  the  tangent  is  the  line  joining 
the  point  xy'z'  to  the  consecutive  x  \  dx\  y  +  dy\  z  -f  dz  ^  its 
equation  is 

X  [y'dz  —  z'dy)  -f  y  [z'dx  —  xdz)  +  z  {xdy  —  y'dx)  =  0. 

Z,  i¥,  N  are  the  coefficients  of  a:,  y^  z  in  this  equation,  and  t  is 
a  factor  in  M^  and  f  in  X.  If  then  the  equation  of  the  quasi- 
normal  be  arranged  according  to  the  powers  of  t^  it  will  be 
found  that  there  is  no  term  independent  of  ^,  and  that  z  is 
a  factor  in  the  coefficients  both  of  t  and  of  f.  Now  the 
discriminant  of  a  function  A  +  Bt-\-  Cf  +  &c.  is  of  the  form 
A(f> -\- B'^yjr  [Higher  Algebra,  Art.  107),  and  therefore  a  factor 
which  enters  into  both  A  and  B  will  be  a  factor  in  the 
discriminant.  Also  if  in  the  discriminant  we  make  -6=0,  the 
remainder  will  be  of  the  form  A  {A(j)  +  C'^yfr) :  thus  it  appears 
that  the  envelope  will  have  z  for  an  inflexional  tangent  (compare 
Art.  99,  Ex.  4). 

109.  It  has  been  remarked  {Comes,  Art.  385)  that  the 
relation  of  perpendicularity  may  be  further  extended  by 
substituting  for  the  points  /,  J,  a  fixed  conic,  and  by  regarding 
two  lines  as  perpendicular  if  each  pass  through  the  pole  of  the 
other  with  regard  to  that  conic.  In  this  extension  then,  what 
answers  to  the  normal,  is  the  line  joining  any  point  on  a  curve 
to  the  pole  of  its  tangent  with  respect  to  the  fixed  conic;  or,  in 
other  words,  the  line  joining  the  point  to  the  corresponding 
point  on  the  reciprocal  curve  with  regard  to  the  fixed  conic. 
Thus  the  curve  and  its  reciprocal  have  the  same  normals.  For 
example,  taking  the  fixed  conic  as  x:'^  -f-  y''  +  z'^,  the  coordinates  of 
the  pole  of  any  tangent  to  a  curve  are  L,  if,  N,  and  the 
equation  of  the  line  answering  to  the  normal  is 

X  [AIz  -  Ny)  +  y  (AV  -  Lz')  ^z[Ly  -  Mx)  =  0. 

If  the  curve  were  a  conic,  this  equation  would  be  of  the  second 
degree  in  xyz\  and  the  envelope  would  be  found  as  in  Ex.  4, 
Art.  106. 


94  •  EVOLUTES. 


1 


110.  The  following  remarks  are  a  useful  preliminary  to  the 
investigation  of  the  characteristics  of  the  evolute  of  any  curve. 
The  normal  at  any  point  of  a  curve  at  infinity  coincides  with  the 
line  at  infinity  itself.  It  has  been  already  remarked  (Art.  105) 
that  we  may  generalize  the  conception  of  a  normal  by  substi- 
tuting for  the  two  circular  points  at  infinity  two  finite  points 
/,  /,  and  that  then  if  the  tangent  at  any  point  P  meet  IJ  in  M^ 
and  if  M'  be  the  harmonic  conjugate  of  M  with  respect  to  /,  t7, 
the  line  PM'  may  be  regarded  as  the  normal.  From  this 
construction  it  appears  at  once,  that  if  the  point  P  be  on  the  line 
//,  then  PM'  will  coincide  with  that  line.  An  exception  occurs 
where  the  point  P  coincides  with  either  1  or  J]  then  the  points 
M^  M'  coincide,  and  the  normal  coincides  with  the  tangent  (see 
Conies^  Art.  382,  note).  Thus,  then,  if  the  curve  _pass  through 
either  of  the  circular  points  at  infinity^  the  normal  at  that  point 
will  coincide  with  the  tangent, 

111.  We  proceed  now  to  determine  the  class  of  the  evolute 
of  a  given  curve ;  or  in  other  words,  the  number  of  normals  to 
the  curve  (tangents  to  the  evolute)  which  can  be  drawn  through 
any  point.  By  the  law  of  continuity,  the  number  of  normals 
is  the  same,  whatever  be  the  point  through  which  they  pass.  It 
is  enough,  therefore,  to  examine  the  case  when  the  point  is  at 
infinity.  But  the  number  of  normals,  distinct  from  the  line  at 
infinity  itself,  which  can  be  drawn  parallel  to  a  given  line,  is 
equal  to  the  number  of  tangents  which  can  be  drawn  parallel  to 
a  given  line,  that  is,  to  the  class  of  the  curve.  And  we  have 
seen  in  the  last  article  that  the  m  normals,  corresponding  to 
the  m  points  of  the  curve  at  infinity,  coincide  with  the  line 
at  infinity,  and  therefore  also  pass  through  the  assumed  point. 
Thus  then  the  number  of  normals  which  can  be  drawn  to  the  curve 

from  any  pointy  is  equal  to  the  sum  of  the  order  and  class  of 
the  curve — or,  what  Is  the  same  thing,  the  sum  of  the  orders  of  the 
curve  and  its  reciprocal.  If  the  line  at  infinity  be  a  tangent  to 
the  curve,  then  the  number  of  finite  tangents  which  can  be 
drawn  through  a  point  at  infinity,  is  plainly  one  less  than  in  the 
general  case,  and  therefore  the  number  of  normals  is  also  one 
less.  Thus  four  normals  can  be  drawn  from  a  given  point  to  a 
conic  in  general,  but  only  three  to  a  parabola. 


EVOLUTES.  95 

Again,  If  the  curve  pass  through  either  circular  point,  we 
saw  (Art.  110)  that  the  normal  at  that  point  does  not  coincide 
with  the  line  at  infinity,  and  therefore,  that  for  every  passage 
through  a  circular  point,  the  number  of  normals  is  one  less 
than  in  general.  Thus  in  the  case  of  the  circle  which  passes 
through  the  two  points  /,  «/,  the  number  of  normals  through 
a  point  is  reduced  by  two,  and  is  two  instead  of  four.  Thus 
then  if  m  and  n  be  the  degree  and  class  of  a  curve  which  passes 
f  times  through  a  circular  point,  and  touches  the  line  at  infinity 
g  times,  the  class  of  the  evolute  is 

n  =m-\-  n  —  f—g- 

These  results  might  equally  have  been  obtained  from  the  con- 
sideration that  if  in  the  equation  of  the  normal  if  (a-a;)  =  jL(/S— ?^) 
we  suppose  a,  ^  given  and  a;,  y  variable,  we  shall  have  the 
equation  of  a  curve  of  the  w}^  degree,  whose  intersection  with 
the  given  curve  determines  the  points  the  normals  at  which 
pass  through  a,  /3.  If  the  curve  have  no  multiple  points,  the 
number  of  intersections  will  be  evidently  w^  or  ttz  +  n :  and  there 
is  no  difficulty  in  showing,  that  in  the  general  case  of  3  double 
points  and  k  cusps,  the  order  is  m'^  —  2S  —  3/c,  that  is  m  +  «. 

112.  We  next  examine  the  degree  of  the  evolute,  and  again 
it  suffices  to  examine  the  number  of  points  in  which  the  line  at 
infinity  meets  the  evolute.  Now  if  two  consecutive  normals 
to  the  original  curve  be  parallel,  the  corresponding  tangents  will 
coincide;  the  points  at  infinity  therefore  on  the  evolute  arise 
in  general  from  the  points  of  inflexion  on  the  given  curve. 
But  to  these  must  be  added  those  arising  from  points  at  infinity 
on  the  given  curve,  which  points  (Art.  Ill)  also  give  rise  to 
points  at  infinity  on  the  evolute.  But  we  say,  moreover,  that 
these  will  be  cusps  on  the  evolute  having  the  line  at  infinity  for 
their  tangent.  Let  M  be  any  point  on  the  line  /J,  and  M  its 
harmonic  conjugate,  then  we  saw  that  the  line  answering  to  the 
normal  at  M  is  the  line  //:  but  if  the  consecutive  points  of  the 
curve,  antecedent  and  subsequent  to  ilf  be  X  and  N^  their 
normals  are  LM ^  NM',  Hence  Jf'  is  a  point  through  which 
three  consecutive  tangents  to  the  evolute  pass,  and  is  therefore 
a  cusp  having  IJ  for  its  tangent.  Since  then  the  tangent  at  a 
cusp  meets  the  curve  In  three  consecutive  points,  the  m  points 
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at  Infinity  of  the  given  curve,  give  rise  to  the  same  number 
of  cusps  on  the  evolute  which  are  met  by  the  line  at  Infinity  In 
3m  points.  If  we  add  these  to  those  already  obtained,  we  find 
the  degree  of  the  evolute  =  t  +  3wi,  or  the  number  which  we 
have  called  a  (Art.  83). 

If  the  curve  pass  through  either  point  /,  J,  we  have  seen 
that  these  give  rise  to  no  points  at  Infinity  on  the  evolute,  and 
therefore  the  degree  will  be  less  by  three. 

If  the  line  //  touch  the  curve,  the  normals  for  the  two 
consecutive  points  in  which  It  meets  the  curve  coincide  with  //; 
we  have  therefore  two  consecutive  tangents  to  the  evolute 
coincident,  or  a  point  of  Inflexion  on  the  evolute  having  IJ  for 
its  tangent.  As  this  takes  the  place  of  two  cusps  which  we 
have  when  //  meets  the  curve  in  distinct  points,  the  degree  of 
the  evolute  Is  reduced  by  three ;  and  If  we  use  /  and  g  In  the 
same  sense  as  In  the  last  article,  we  have  for  the  degree  of  the 
evolute 

7rz'  =  a-3(/+^).* 
The  values  given  show  that  the  degree   and  class  are  the  same 
of  the  evolute  of  a  curve  and  of  Its  reciprocal  as  Art.  109  might 
lead  us  to  expect. 

1X3.  There  will  In  general  be  no  points  of  Inflexion  on  the 
evolute.  For  If  there  be  such  a  point,  two  consecutive  tangents 
to  the  evolute  (normals  to  the  curve)  coincide ;  but  It  Is  plain, 
on  considering  the  figure,  that  two  consecutive  normals  cannot 
coincide  unless  the  corresponding  tangents  coincide  with  their 
normals  and  with  each  other,  which  could  only  happen  in  the 
exceptional  case  where  the  original  curve  had  an  inflexional 
tangent  passing  through  I  or  J. 

If,  however,  the  curve  touch  7J,  we  have  seen  (Art.  112) 
that  there  is  a  point  of  Inflexion  at  infinity,  and  if  the  curve 
pass  through  I  or  J  (Art.  108),  that  the  evolute  has  an 
inflexional  tangent  passing  through  the  same  point.  We  have 
thus  conditions  enough  to  determine  all  the  characteristics  of 
the  evolute,  viz. 

m=a-3{f+ff),n=m  +  n-{f+g),L'={f+g)', 

*  Some  particular  examples  show  that  these  formulse  must  be  modified  when  /  or 
J  is  a  multiple  point  at  which  two  or  more  tangents  coincide.  Thus  if  either  be  a 
cusp,  the  diminution  of  degree  is  4  not  6. 


EVOLUTES.  97 

whence  by  Pliicker's  formula  k  =Sol  —  3  {m  +  n)—  5  (/+  g)^ 
a'  =  3a  —  8  (/+  g) ;  and  we  can  in  like  manner  write  down  the 
number  of  double  points  of  the  evolute,  and  of  its  double 
tangents ;  these  double  tangents  are,  it  is  clear,  double  normals 
of  the  original  curve. 

The  "  deficiency "  (Art  44)  of  the  evolute  is  the  same  as 
that  of  the  original  curve,  as  may  be  verified  by  using  the 
expression  for  the  deficiency  i{a  —  2{m  +  n)]  +  1.* 

114.  The  number  of  cusps  on  the  evolute  may  also  be 
investigated  directly.  We  shall  have  a  cusp  on  the  evolute, 
when  three  of  its  consecutive  tangents  (normals  to  the  curve) 
meet  in  a  point ;  or,  in  other  words,  when  four  consecutive 
points  of  the  curve  lie  on  a  circle.  If  this  be  the  case  the 
radius  of  curvature  remains  constant  when  we  pass  to  a  con- 
secutive point.  Differentiating  then  the  expression  given 
(Art.  102)  we  have 

{U+2P)  {^^  dx^^?-dy\  =  'dH{{aL+hM)  dx+[hL^-hM)dy], 

and  eliminating  dx  :  dy  by  the  equation  Ldx  +  Mdy  =  0,  we 
have 

(r  +  ^n  (j/^^-  i^)  =  SH{[a  - 1)  LM+  h  [AP  -  L% 

Since  E  is  of  the  order  3  {m—2)^L  and  if  of  the  order  m-  \^ 
and  a,  &,  h  of  order  tw  —  2,  this  equation  represents  a  curve  of 
the  order  6w  — 10,  whose  intersections  with  the  given  curve  are 
the  points  where  the  osculating  circle  has  contact  of  the  third 
order.f  If  the  curve  have  no  multiple  points,  these  m  (6??i  —  10) 
points  together  with  m  points  at  infinity  give  rise  to  m  (Gm  —  9) 
cusps  on  the  evolute,  a  number  in  accordance  with  the 
preceding  formulae. 

We  might,  in  like  manner,  investigate  the  characteristics  of 

*  In  general  the  deficiency  of  two  curves  is  the  same,  if  one  is  derived  from  the 
other  by  such  a  process  that  to  one  point  on  either  curve  answers  one  point  on  the 
other. 

t  In  a  subsequent  part  of  the  work  the  question  of  conies  having  with  the  curve 
contact  of  a  higher  order  than  the  second  is  more  fully  considered,  and  a  formula 
given  for  the  aberrancy  of  curvature  or  deviation  of  the  curve  from  the  circular 
form. 
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the  evolute  in  the  more  general  sense  of  the  word  indicated 
Art.  109,  and  we  should  find  that  the  formulae  we  have  already 
obtained  will  apply,  /  being  now  the  number  of  contacts  of 
the  curve  with  the  fixed  conic,  and  there  being  no  singularity 
answering  to  g, 

CAUSTICS. 

115.  As  a  further  illustration  of  envelopes,  we  add  some 
mention  of  caustics,  the  investigation  of  which,  though  suggested 
to  mathematicians  by  the  science  of  optics,  belongs  purely  to 
the  theory  of  curves.  The  subject  has  some  historical  interest, 
caustics  being  among  the  earliest  questions,  involving  the 
problem  of  envelopes,  actually  discussed.* 

If  light  be  incident  on  a  curve  from  any  point,  the  reflected 
ray  is  found  by  drawing  a  line,  making  with  the  normal  the 
same  angle  which  is  made  with  it  by  the  incident  ray;  the 
envelope  of  all  these  reflected  rays  is  the  caustic  hy  reflection. 

It  is  easy  to  form  the  general  equation  of  the  reflected  ray. 
Let  the  equations  of  the  tangent  and  normal  at  the  point  of 
incidence  be  T=  0,  N=^  0 ;  then  the  equation  of  the  incident 
ray  is  TN—  TN'  =  0,  where  T'N'  are  the  results  of  substituting 
the  coordinates  of  the  radiant  point  in  T  and  JV;  the 
reflected  ray  then,  which  is  the  fourth  harmonic  to  these  three 
lines,  will  have  for  its  equation 

rA^H-rA^'=o, 

and  the  envelope  can  then  be  found  by  the  preceding  rules. 

Ex.    To  find  the  caustic  by  reflexion  of  a  circle. 

The  reflected  ray  is,  by  the  preceding  (a/3  being  the  coordinates  of  the  radiant 
point,  and  the  tangent  and  normal  being  x  cos 6  +  y  sin 0  —  r,  and  x  &mQ  —  y  cos 0), 
(a  cose  +  /3  sin  e  -  r)  [x  smd  —  y  cos 0)  +  (a;  cos 0  +  ^  sm 0  —  r)  (a  sin 0  -  /3  cos 0)  =  0, 
or  {ay  +  /3x)  cos 20  +  {fiy  -  ax)  sin20  +  r  (x  +  a)  sin0  -  r  (y  +  /3)  cos0  =  0, 

whose  envelope  is  (Ex.  3,  Art.  85) 
[4  (a2  +  ^)  (x2  +  y"-)  -  r2  {{x  +  a)'  +  (y  +  /3)2}]3  =  27  (/3a;  -  ayf  (a;2  +  y"^  -a}-  f^y-, 

116.  Instead  of  finding  directly  the  envelope  of  the  reflected 
ray,  M.  Quetelet  has  given  a  method,  which  is  more  convenient 
in  practice,  of  reducing  the  problem  to  that  of  evolutes ;  since 
the  caustic  would  be  suflficiently  determined  if  we  knew  the  curve 
of  which  it  was  the  evolute. 

*  The  subject  of  caustics  was  introduced  by  Tschimhausen,  Acta  Eruditorum 
1682,  referred  to  by  Gregory,  Examples,  p.  224. 
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"If  with  each  point  successively  of  the  reflecting  curve  as 
centre,  and  its  distance  from  the  radiant  point  as  radius,  we 
describe  a  scries  of  circles,  the  envelope  of  all  these  circles  will 
be  a  curve,  the  evolute  of  which  will  be  the  caustic  required." 
The  following  (due  to  M.  Dandelin)  is  a  more  convenient  form 
of  stating  the  same  theorem :  If  we  let  fall  from  the  radiant 
point  0  the  perpendicular  OP  on  the  tangent^  and  produce  it 
so  that  PR  =  OP,  then  the  caustic  is  the  evolute  of  the  locus  of  R. 

For  RT\&  evidently  the  di- 
rection of  the  reflected  ray,  and 
if  we  draw  the  consecutive  ray, 
then,  since  OT,  TF;  0T\  TV, 
make  equal  angles  with  TT\ 
0T+  TV==  or  +  TV  (Conies, 
Art.  392) ;  therefore  VR  =-•  VR',  o 

and  therefore  VR  is  normal  to  the  locus  of  R. 

The  locus  of  /*,  the  foot  of  the  perpendicular  on  the  tangent, 
we  call  the  pedal  of  the  given  curve.  The  locus  of  R  is  plainly 
a  similar  curve,  and  its  equation  can  always  be  written  down 
when  the  equation  of  the  reciprocal  of  the  given  curve  with 

2 

regard  to   0  is  known,   by  substituting  -  for  p  in  the  polar 

equation  of  that  reciprocal.  Thus  the  caustic  by  reflexion,  of  a 
circle,  is  the  evolute  of  the  limagon,  (see  Ex.  5,  Art.  55),  since  its 
equation  (the  radiant  point  being  pole)  as  found  by  the  rule 
just  given  is  of  the  form 

p—p  (1  +  ecosa)), 

117.  If  light  be  incident  from  any  point  on  a  curve,  the 
refracted  ray  is  found  by  drawing  a  line,  making  with  the  normal 
an  angle  whose  sine  is  in  a  constant  ratio  to  that  of  the  angle 
made  with  the  normal  by  the  incident  ray,  and  the  envelope  of 
all  these  rays  is  the  caustic  hy  refraction, 

M.  Quetelet  has  reduced  in  like  manner  these  caustics  to 
evolutes  by  the  following  theorem,  the  truth  of  which  it  is  easy 
to  see.  "  If  with  each  point  successively  of  the  refracting  curve 
as  centre,  and  a  length  in  a  constant  ratio  to  its  distance  from 
the  radiant  point  as  radius,  we  describe  a  series  of  circles,  the 
envelope  of  all  these  circles  will  be  a  curve  whose  evolute  is  the 


100 


CAUSTICS. 


caustic  by  refraction."  In  fact,  the  method  of  infinitesimals 
readily  shows  that,  in  consequence  of  the  law  of  refraction,  the 
increments  of  the  incident  and  refracted  rays  are  connected  by 
the  relation  mdp  +  dp  =  0,  it  follows  then  that  if,  on  the 
refracted  ray  produced,  TR  be  taken  —7aOT^  T'R'  =  mOT\ 
then  VR—  VR\  and  therefore  the  refracted  ray  is  normal  to 
the  locus  of  R. 

We   add    geometrical    investigations    in    relation    to    two 
interesting  cases  of  caustics  by  refraction. 

^1)    To  find  the  caustic  hy  refraction  of  a  right  line. 
Let  fall  a  perpendicular  on  the  line,  and  produce  it  so  that 
AP=PB'j  and  let   a  circle  be   described  L 

through  Aj  Bj  and  the  point  of  incidence        ^     vo^A 
R ;  let  LR  be   the   refracted  ray ;    then 
obviously  the  angle  ALB  is  bisected,  and 

AL  +  LB:AB::AL:AO 

::  sinAOL  :  sin  ALO', 

but  AOL  is  the  angle  which  the  re- 
fracted ray  makes  with  the  perpendicular  to  the  line,  and 
ALO  =  BLO  =  BAR  is  the  angle  which  the  incident  ray  makes 
with  the  perpendicular ;  the  ratio  of  AL  +  LB  to  AB  is  there- 
fore given ;  the  locus  of  L  is  an  ellipse,  of  which  A  and  B  are 
the  foci,  to  which  LR  is  normal,  and  of  which,  therefore,  the 
caustic  is  the  evolute. 

(2)    To  find  the  caustic  hy  refraction  of  a  circle. 

Let  a  circle  be  described  through  A^  the  radiant  point,  and 
i2,  the  point  of  incidence,  to  touch  OR ;  then 
the  point  B  is  given,  since  OA.  0B=  0R\ 
The  ratio  RA  :  RB  is  by  similar  triangles 
equal  to  the  given  ratio  OA  :  OR.  The  ratio 
RA  :  RM  is  equal  to  sin^^^  :  sin  i^^lT; 
but  BBA  —  FRA,  the  angle  which  the  in- 
cident ray  makes  with  the  normal  to  the 
curve,  and  RBM=PRM^  the  angle  which 
the  refracted  ray  makes  with  the  same 
normal ;  hence  the  ratio  EA  :  RM  is  also 
given.     Now  since 

AM,  RB  +  MB.  AR  =  RM,  AB, 
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if  we  denote  the  distances  of  M  from  A  and  B  by,  p,  p\  these 
distances  are  connected  by  the  relation 

RB        RA    ,       .^ 
RMP^RM^^^^' 

Now,  a  Cartesian  is  defined  as  the  locus  of  a  point  whose 
distances  from  two  given  foci  are  connected  by  the  relation 
mp  +  np  —  c ;  and  it  is  proved  precisely  as  at  Conies^  Art.  392,  that 
the  normal  to  such  a  curve  divides  the  angle  between  the  focal 
radii  into  parts  whose  sines  are  in  the  ratio  m  :  n,  Hence  the 
locus  of  M  is  a  Cartesian,  of  which  A  and  B  are  foci,  and 
it  is  obvious  that  MR  is  normal  to  the  locus,  and  therefore  the 
caustic  is  the  evolute  of  this  curve.* 

The  ellipse  in  (1)  and  the  Cartesian  in  (2)  are  curves  cutting 
at  right  angles  the  refracted  rays;  the  curve  cutting  at  right 
angles  the  reflected  or  refracted  rays  is  termed  the  secondary 
caustic. 
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117  (a).  It  remains  briefly  to  notice  one  or  two  other  classes 
of  envelopes.  We  have  already  mentioned  the  problem  of 
finding  the  curve  parallel  to  a  given  one.  This  may  either 
be  treated  as  that  of  finding  the  envelope  of  a  tangent  parallel 
to  each  tangent  of  the  given  curve,  and  at  a  fixed  distance 
from  it,  and  so  of  finding  the  envelope  of 

Lx  +  My  +  Nz  =  hz  './{r  +  ]\P)j 

or  else,  as  we  have  already  seen,  it  may  be  regarded  as 
that  of  finding  the  envelope  of  the  circle  of  given  radius 
[x  —  af  +  [y  -  ^Y=h^^  whose  centre  a/3  satisfies  the  equation  of 
the  curve,  or,  what  is  the  same  thing,  of  finding  the  condition 
that  this  circle  should  touch  the  given  curve.  The  result  will 
evidently  be  a  function  of  k^.  In  some  exceptional  cases  to  be 
mentioned  presently,  the  result  can  be  resolved  into  factors,  as 
for  instance,  the  parallel  at  a  distance  ^  to  a  circle  of  radius  a 
consists  of  a  pair  of  circles  of  radii  a  +  k.  But,  ordinarily,  such  a 
resolution  is  not  possible,  and  the  two  tangents  at  the  distance 

*  This  proof  was  communicated  to  me  by  Dr.  Atkins. 
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±h  from  any  tangent  will  touch  the  same  parallel  curve. 
Hence,  the  number  of  tangents  which  can  be  drawn  parallel 
to  any  given  line  is  double  that  which  can  be  so  drawn  to  the 
original  curve,  or  n  =  2n.  In  like  manner,  to  each  inflexional 
tangent  on  the  original  correspond  two  on  the  parallel  curve, 
or  I  =  2t.  To  find  the  order  of  the  parallel  it  suffices  to  make 
^  =  0  in  its  equation,  which  will  not  affect  the  terms  of  highest 
dimensions  in  the  equation ;  but  what  was  proved  for  the  conic 
(Comes,  Art.  372,  Ex.  2)  is  true  in  general,  that  the  result  of 
writing  k  =  0  in  the  equation  of  the  parallel  is  the  original  curve 
counted  twice,  together  with  the  two  sets  of  n  tangents  drawn 
from  the  points  7,  /  to  the  curve.  The  order  then  is  2  [m  +  n). 
There  is  no  difficulty  in  seeing  how  these  numbers  are  modified 
if  the  original  curve  touch  the  line  at  infinity  or  pass  through 
the  points  /,  /.  We  arrive  in  this  way  at  Professor  Cayley's 
formulae 
7n  =  2  (m  +  w)  -  2  (/+^),  n  =  2?i,  i  =  2{=  -  Qm  +  2a, 

«'  =  2a  -  6  (/-f  g)  :  /  =  2  {n  -g),  g'  =  2g. 
The  parallel  curve  and  the  original  have  the  same  normals  and 
the  same  evolute,  but  every  normal  to  the  parallel  curve  is  so 
generally  in  two  places,  answering  to  the  values  +  h. 

Ex.  1.  To  find  the  parallel  to  the  ellipse  or  parabola.    See  Conies,  Art.  372. 

3  2.  2. 

Ex.  2.  To  find  the  parallel  to  x^  +  y^  =a^.  The  equation  of  any  tangent  is 
(see  Art.  99,  Ex.  6) 

X  cos^  +  y  sin  (^  =  a  sin  0  cos^. 
Hence,  that  of  a  parallel  at  the  distance  h  is 

X  cos</)  +  y  sin^  =  ^  +  a  sin^  cos<^, 
whose  envelope  is  (see  Art.  85,  Ex.  3) 

{3  (a;2  +  y2  _  ^2)  _  4^.2j3  +  i^27axy  -  9^  {x"^  +  y^)  -  ISa^k  +  SJc^  =  0. 
This  is  one  of  the  cases  where  the  parallels  answering  to  the  values  ±  k  are  different 
curves  and  not  different  branches  of  the  same  curve. 

The  curve  whose  equation  has  been  just  obtained  is  the  envelope  of  a  line  on 
which  a  constant  intercept  is  made  by  two  fixed  lines.  If  the  lines  are  at  right 
angles,  taking  them  for  axes  it  is  seen  immediately  that  the  equation  of  a  line  whose 
length  is  a  inclined  at  an  angle  4>  to  the  axis  of  ic  is  a;  sin  ^  +  y  cos  (f)  =  a  cos  <f>  sin|</>, 

a        2        i 
whose  envelope  is  a;    +  y    =a^.    But  consider  for  a  moment  a  diameter  and  a  parallel 

chord  of  a  circle,  and  it  is  evident  that  if  a  hne  whose  length  is  a  subtend  a  right 
angle  at  any  point,  a  parallel  line  at  a  distance  ^a  cos  ^  wUl  make  an  intercept 
a  sin  ^  on  a  pair  of  lines  including  an  angle  cfy,  and  equally  inclined  to  the  rectangular 
lines.  Hence,  obviously  the  envelope  of  a  line  whose  length  is  a  sin  </>  intercepted 
between  the  oblique  lines  is  a  parallel  (answering  to  the  value  k  =  ^a  cos  cp)  to  the 

envelope  for  the  rectangular  lines,  x'"^  +  y^  —  a^ , 
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118.  1£  ax  +  I3i/ +  y  he  a  tangent  to  a  curve  (the  equation 
being  expressed  in  ordinary  rectangular  coordinates),  then 
evidently  ax  ■{- ^y  +  y  ■\- h  \/ {pi^  ■\- ff^)  is  a  tangent  to  the  parallel 
curve;  and  it  follows  at  once,  that  if  we  have  the  tangential 
equation  of  the  given  curve,  we  obtain  that  of  the  parallel  by 
writing  in  it  ior  y^y  ■{■hp  where  p  is  ^J{d^^\^^^).  Hence  the 
tangential  equation  of  the  parallel  to  a  curve  whose  tangential 
equation  is  F=  0  is 

The  equation  is  cleared  of  radicals  by  transposing  to  one  side 
the  terms  containing  the  odd  powers  of  p  and  squaring,  when 
we  obtain  an  equation  the  order  of  which  is  double  that  of  the 
original  tangential  equation,  in  conformity  with  what  was  proved 
in  the  last  article. 

Ex.  1.  To  find  the  tangential  equation    of   the  parallel  to  -^  +  tj  =  !•     The 

tangential  equation  of  the  ellipse  is  (see  Conies,  Art.  169,  Ex.  1)  a?a^  +  li^f^  =  7^,  whence 
that  of  the  parallel  is 

a2a2  +  &2^2  =  (y  +  kpY, 
or  {(a2  -  k^)  a2  +  (62  -  k^)  ^  -  y2}2  =  4X-2  (a2  +  ^)  y2' 

Ex.  2.  To  find  the  tangential  equation  of  the  parallel  to  the  parabola  y^'—px. 
The  corresponding  tangential  equation  is  ;p^-  —  4ay ;  hence  that  of  the  parallel  is 

(/)/32  -  4ay)2  =  16^-2a2  (a^  +  ^). 

Ex.  3.  To  find  the  tangential  equation  of  the  parallel  to  a  circle.  The  tangential 
equation  to  the  circle  whose  centre  is  the  point  a,  h,  and  radius  c,  is  {Conies,  Art.  86) 
(aa  +  bfi  +  y)2  =  c^  [a^  +  ^) ;  therefore  that  of  the  parallel  is 

(aa  +  J/3  +  7  +  kp^  =  c^, 
which  breaks  up  into  factors,  and  gives 

aa  +  bl3  +  y  +  kp  =  ±  cp  ; 

whence,  clearing  of  radicals, 

{aa  +  6/3  +  y)2  =  {c  ±  kf  (a^  +  ^), 

representing  a  pair  of  concentric  circles  whose  radii  are  c  +  ^,  as  is  geometrically 
evident. 

119.  In  precisely  the  same  manner,  as  in  the  last  example, 
it  is  proved  that  if  the  tangential  equation  of  a  curve  be  of  the 
form  u^  [a^  +  /S'^)  =  v^,  the  parallel  will  break  up  into  two  factors 
of  like  form  with  the  original,  the  parallels  answering  to  the 
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values  ±h  being  distinct  curves,  and  not  different  branches  of 
the  same  curve.  For  suppose  that  by  the  substitution  of  7  +  ^/) 
for  7,  u  becomes  u  4  ukp  +  u"¥p^  +  &c.,  and  similarly  for  v  ; 
then  u^p^  —  v^  becomes 

[u  +  ukp  +  uU'p'- 4  &c.)=^ p'  =  (u  4  vhp  +  v'T^p^ 4-  &c.)», 

which  is  at  once  resolvable  into  factors  which  can  be  rationalized 
separately,  giving  the  result 

{u  4  uWp''  4  &c.  ±  [v'U  + 1;'"^>''  4  &c.)) V'' 

=  {v  +  v"A;V'  +  &c.  ±  (w V  H-  «^'">^V  +  &c.)}^ 

Thus  the  equation  given  for  the  parallel  of  a  conic  is  of  the 
form  considered  in  this  article,  and  it  can  be  now  easily  verified 
that  the  parallel  to  that  parallel  at  the  distance  Iz  consists  of 
the  two  parallels  to  the  conic  at  the  distances  k  ±  k\  as  manifestly 
ought  to  be  the  case.  Take  again  the  curve  already  mentioned, 
a^  -\.  y^  =  a^,  whose  tangential  equation  is  (a''  4  P^)  v^  —  aVyS*"*, 
which  being  of  the  form  here  considered,  shows  that  the  parallel 
breaks  up  into  factors.  The  tangential  equation  of  the  parallel 
is  in  fact  [d'  4  ^')  7'  =  {«ay^  +  ^  («'  +  ^')\ 

If  we  take  for  u  and  v  respectively  the  most  general  functions 
of  the  first  and  second  degrees  in  a,  y8,  7,  u^p'^  =  v^  denotes  a 
curve  of  the  fourth  class  having  two  double  tangents,  and 
which  is  therefore  of  the  eighth  order.  But  these  functions  may 
be  so  taken  that  the  double  tangents  shall  become  stationary 
tangents,  and  that  the  curve  may  have  another  double  or 
stationary  tangent,  and  in  this  way  we  can  form  the  equation 
of  a  curve  of  the  third  or  fourth  order  whose  parallels  break 
up  into  factors.  Of  this  kind  is  the  reciprocal  of  a  Cartesian,  as 
will  afterwards  be  shown. 

120.  If  we  had  been  using  trilinear  instead  of  rectangular 
equations,  it  follows,  from  Conies^  Art.  61,  that  the  equation  of  a 
parallel  to  ax-\-  Py-\-  72;,  at  a  constant  distance  from  it,  is  of 
the  form 

a:r  4  /S^  4  72  4  m  [x  sin ^  4  y  sin 5 4  2;  sin  C)  \/[S)  =  0, 

where  S  is 

a'  4  /3'  4  7'  -  2y37  cos^  -  27a  cosj&-  2a/3  cos  (7, 
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and  we  see  that  if  in  the  tangential  equation  of  a  curve  we 
write  for  a,  y8,  7, 

a  +  msinA  \/(/S'),  fi  +  msmB \/{S)j  7  +  msin  OV(^), 

we  shall  have  the  tangential  equation  of  a  parallel  curve.  We 
saw,  ConicSj  Art.  382,  that  S=  0  is  the  tangential  equation  of  the 
points  //;  and  it  is  at  once  suggested,  that  if  >S'=  0  be  the 
tangential  equation  of  any  two  points,  and  ax -{■  hi/  +  cz  =  0 
the  line  joining  them,  then  considering  the  circular  points  at 
infinity  as  replaced  by  the  two  points  in  question,  the  envelope 
of  ax  +  fy  +  ryz,  and  of  ax -{■  fy  +  yz  +  [ax  +  hy  i- cz)  ^^ {S)  are 
quasi-parallel  curves. 

121.  We  called  (Art.  116)  the  locus  of  the  foot  of  the 
perpendicular  on  the  tangent  from  a  given  pole  or  centre,  the 
jpedal  of  the  given  curve.  Having  found  the  pedal  we  may 
find  its  pedal  again,  &c.,  and  so  have  a  series  of  second,  third,  &c., 
pedals  of  the  given  curve.  Or  we  may  continue  the  series 
the  other  way,  the  curve  of  which  the  given  curve  is  the  pedal 
being  the  first  negative  pedal,  and  so  on.  The  problem  of 
finding  the  negative  pedal  is  that  of  finding  the  envelope  of  a 
line  drawn  perpendicular  to  the  radius  vector  through  its 
extremity  ;  or,  in  other  words,  it  is  that  of  finding  the  envelope  of 

ajx-\-Pij  =  d'  +  ^\ 

where  a,  y8  satisfy  the  equation  of  the  curve.  We  have  just 
seen  that  the  problem  of  finding  the  parallel  curve  is  that  of 
finding  the  envelope  of 

2aa;+  2/5?/  -f  1^' -  x' -  y' =  oi' -\- ^% 

subject  to  the  same  conditions;  and  accordingly  Mr.  Roberts 
has  remarked  that  the  two  geometrical  problems  are  both 
reducible  to  the  same  analytical  problem,  viz.  that  of  finding 
an  envelope  of  the  form 

and  that  if  we  had  the  equation  of  the  parallel  curve  we  could 
deduce  that  of  the  negative  pedal,  by  writing  in  it  U^  =  a;^  +  ?/, 
and  then  writing  ^a?,  \ij  for  x  and  y.  Ordinarily,  indeed,  the 
problem  of  finding  the  parallel  curve  is  the  more  difficult  of  the 
two  5  but  this  method  gives  immediately  the  negative  pedal  of 

p 
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the  right  line  or  circle.  For  the  parallel  to  a  right  line  is  a 
pair  of  equidistant  parallel  lines,  and  the  parallel  to  a  circle 
of  ladius  a  is  two  concentric  circles  of  radii  a±'k.  In  either  of 
these  cases,  then,  the  equation  of  the  parallel  curve  can  be 
written  down  without  calculation,  and  the  negative  pedal  thence 
derived  by  the  process  just  indicated. 

122.  If  for  any  curve  there  is  taken  on  each  radius  vector 
OP  from  an  arbitrary  origin  or  centre  of  inversion  a  portion 
OF  equal  to  the  reciprocal  of  (9P,  the  locus  of  P'  is  said 
to  be  the  inverse  of  the  given  curve.  From  this  definition  it 
is  easily  infen'ed  that  the  pedal  of  a  curve  is  the  inverse  of 
its  polar  reciprocal,  and  that  the  first  negative  pedal  is  the 
polar  reciprocal  of  its  inverse;  the  reciprocation  being  per- 
formed in  regard  to  a  circle  described  about  the  origin  or  centre 
of  inversion  as  its  centre. 

There  is  no  diflSculty  in  deducing,  by  reasoning  similar  to 
that  used  in  other  similar  cases,  the  characteristics  of  the  curve 
inverse  to  a  given  one,  and  hence  those  of  the  pedal  and  of  the 
negative  pedal  respectively,  and  it  is  sufficient  to  give  the 
results.  We  use  /  and  g  in  the  same  sense  as  before  to  denote 
the  number  of  times  that  the  curve  passes  through  a  point  /  or 
J^  or  that  it  touches  the  line  //;  /'  and  g  denote  the  reciprocal 
singularities,  viz.  the  number  of  times  the  curve  touches  a  line 
01  or  OJ,  or  that  it  passes  through  the  origin ;  p  and  q  denote 
the  number  of  coincidences  of  tangents  when  the  origin  or  when 
a  point  /  or  «7  is  a  multiple  point  [for  example,  we  should  have 
p  =  1,  if  the  origin  were  a  cusp],  and  p\  q  denote  the  reciprocal 
singularities ;  then  for  the  inverse  curve  we  have 

M=^2m-f-g\N=^n  +  2m-2[f+g')-[f  +  g)  +  {p-\-q), 

F=2m-f-2g\  G==p,F'  =  q,  G'  =  m-f,P=^g,  Q=f, 

Hence  we  must  have  for  the  pedal 

M^2n-f-g,N=m  +  2n-2[g+f)-{g'-\-f)+p'-\-q;, 

F=2n-2g-f\  G=p,F'  =  4,  G'  =  n-f\P=g\  Q=f, 

and  for  the  negative  pedal 

M=  n  +  2m  -  2  (/+  g)  -{f  +  g)+p  +  q^  N=  2m  -f-g\ 

F=q,  G=^m-f,F^2m-f-2g\  G'^p.F^g,  $'  =  /'. 


PARALLEL  CURVES  AND  NEGATIVE  PEDALS.      107 

Ex.  1.  To  find  the  negative  pedal  of  the  parabola,  the  pole  being  at  the  focus.* 
Let  the  equation  be  ^-  =  4  {mx  +  mP).    We  may  then  express  any  point  on  the 
curve  by  a;  +  m  =  \hn,  y  =  2Xm,  and  the  equation  ax  +  ^y  —  a.^  +  ^-  becomes 

(\2_l)a;  +  2\y  =  (X2  +  l)2m. 

The  invariants  of  this  quartic  in  \  are 

S  =  Z{x  +  ^mf,  T={x  +  4my  -  5im  (««  +  y^). 

The  discriminant  therefore  iS'  —  27  7^  becomes  divisible  by  a:^  +  yt  aj^j  gives  the 
equation 

{z  +  imy  =  27  m  (x*  +  y^). 

This  is  equivalent  to  the  polar  equation  yo  cos  loo  =  m  ,  which  might  have  been  other- 
wise obtained,  since  it  immediately  follows,  from  Art.  95,  that  if  the  equation  of  any 
curve  can  be  expressed  in  the  form  p^  =  a"»  cosww,  the  equations  of  its  pedal  and 

negative  pedal  are  of  the  same  form,  the  new  m  being  r— - —  and  ^^ —  respectively. 
It  may  be  remarked  that  the  equation  of  the  tangent  to  a  parallel  to  this  curve  is 
(\2  -l)x  +  2Xy  =  (X2  +iym  +  (X^  +  1)  k, 
the  envelope  of  which  is  of  the  fifth  order,  the  curves  answering  to  the  values  +  k 
being  distinct.  And  so  in  general  the  parallels  will  be  imicursal  of  curves,  the 
equation  of  whose  tangent  is 

(X2_l)a;  +  2\t/=<^  (\). 

K  we  take  <f)  (X)  =  m^'  we  get  a  curve  of  the  third  class  and  fourth  order  touched 
by  the  line  at  infinity  and  passing  through  the  points  /,  /. 

a;2      y2 
Ex.  2.  To  find  the  negative  pedal  of —3  + t^  =  1,  the  pole  being  at  the  centre. 

Writing  as  usual  for  the  coordinates  of  any  point  a  cos  ^  and  b  sin  (/>,  we  have  to 
fiind  the  envelope  of 

ao;  cos  ^  +  J^'  sin  ^  =  a^  co8-ct>  +  b"^  sin^cf)  =  J  (a'  +  b^)  +  5  (a^  -  b^)  C082<^. 
Hence,  writing  for  the  moment  ^  (a^  +  ^2^  =  m,  ^  {a'  —  b"^)  =  n,  the  envelope  is  (see 
Art.  85,  Ex.  3). 
{3  (a2a;2 + %2)  _  4  (^2  4.  s^jZ)  jj  +  {9  (^^^  _  3^^)  a2a;2  +  9  (wi  +  3n)  &2^2  _  s^  {in,i  _  9n2)  }2  =  Q. 

For  Professor  Cayley's  solution  of  the  same  problem,  see  Geometry  of  Three  Dimeti' 
sions,  (Art.  481). 

Ex.  3.  To  find  the  negative  pedal  of  the  ellipse,  the  pole  being  at  the  focua. 
The  X  measured  from  the  focus  is  c  +  a  cos  <^  and  the  focal  radius  vector  a  +  c  cos  <p. 
We  have  therefore  to  find  the  envelope  of 

X  {c  +  a  cos <^)  +  yb  sin<f>  =  {a  +  e  cos (p)-, 

or  of  e^  cos 2^  +  a  (4c  -  2x)  cos^  -  2by  sin 4>  +  {2a*  +  c»  -  ^cx)  =  0 

and  the  envelope  is 

{362  (3.2  +  y2)  _  (262  +  cxY^s  +  952  (a2  -cx  +  2c^)  {x^  +  y^)  -  (252  +  cz)'}*  =  0, 

which,  when  expanded,  will  plainly  be  divisible  by  x^  +  y-  and  will  represent  a  curve 
of  the  fourth  degree,  having  the  lines  a;2  +  ^2  ^s  stationary  tangents. 

*  It  may  easily  be  seen  that  this  is  the  same  problem  as  to  find  the  caustic  by 
reflexion,  the  rays  being  perpendicular  to  the  axis. 


(  108  ) 


CHAPTER  IV. 


METRICAL  PROPERTIES  OF  CURVES. 

123.  In  this  chapter  we  shall  give  some  of  the  more 
important  of  the  metrical  properties  of  curves.  In  the  investi- 
gation of  such  properties  Cartesian  rectangular  coordinates  are 
most  advantageously  employed;  then,  as  we  saw  in  Art.  35,  by 
substituting  p  cos  6  and  p  sin  6  for  x  and  y,  we  obtain  the  lengths 
of  the  segments  made  by  the  curve  on  any  line  through  the 
origin ;  and  so  on  any  line  whatever,  since  by  transformation 
of  coordinates  any  point  may  be  taken  for  origin. 

The  theorem  given  ( Conies,  Art.  148)  may  be  generalized  as 
follows:  If  through  any  point  0  two  chords  he  drawn,  meeting 
a  curve  of  the  w*^  degree  in  the  points  B^B^...B^,  S^S^..,S^^,  then 

f)T>     DJ?       CiT} 
the  ratio  of  the  products  ■  ^^'  ^ry^''^n,'*  ^^'^^  ^^  constant,  what- 
•^         ^  OS^.OS^...OS„  ' 

ever  he  the  position  of  the  point  0,  provided  that  the  directions  of 
the  lines  OB,  OS  he  constant,'^ 

And  the  proof  is  the  same  as  that  already  given  in  the  case 
of  conic  sections.  From  the  polar  equation  of  the  curve,  Art.  26, 
we  see  that  the  product  of  all  the  values  of  the  radius  vector  on  a 
line  through  the  origin  making  an  angle  6  with  the  axis  of  x  is 

^ A 

F  cos"^  +  Q  cos*^'^  sin^  ■\-  &c. ' 

and  the  same  product  for  any  other  line  is 

^ A 

~  Pcos"^,  +  Q  coa"-'6,  sin6',  +  &c. ' 

The  ratio  is  therefore 

P  cos"^  +  Q  cos"-^^  sin  d  +  &c. 
Pcos"<9^  +  Q  cos'-'O^  sin 6^  +  &c.  * 


*  This  tlieorem,  was  first  given  by  Newton,  in  his  Enumeratio  Lmearum  Tertia 
Ordinis. 
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But  we  have  seen  {Conies^  Art.  134)  that,  by  a  transformation  to 

any  parallel  axes,  the  coefficients  of  the  highest  powers  of  the 

variables,  and  therefore  this  ratio,  will  be  unaltered. 

We  may  (as  at  Conies^  Art.  148)  express  the  same  theorem 

thus:  If  through  two  fixed  points^  0  and  o,  any  two  parallel  lines 

he  drawn^    then    the   ratio  of  the  products    OB^.OB^.OB^...dbc. 

:  or^.or^.or^^  (&c.  will  be  constant,  whatever  he  the  common  direction 

of  these  lines, 

A' 

For  the  value  of  the  second  product  is  -^^ ^, — tt—  .  where 

^  P  cos  ^  -f  &c.  ^ 

A'  is  the  absolute  term  when  o  is  made  the  origin ;  and  the  ratio 
of  the  products  is  A  :  A\  and  independent  of  6.  We  have  seen 
(Conies J  Art.  134)  that  the  new  absolute  term  will  be  the  result  of 
substituting  the  coordinates  of  o  in  the  given  equation.  We  see, 
therefore,  that  the  result  of  such  a  substitution  is  always  propor- 
tional to  the  product  of  the  segments  intercepted  between  o  and 
the  curve  on  a  line  whose  direction  is  given  {Conies,  Art.  262). 


124.  From  the  preceding  theorem  is  deduced  at  once 
Carnot's  theorem,  of  which  we  have  given  a  particular  case 
( Conies,  Art.  313).  Let  each  of  the  sides  of  a  polygon  ABC,  &c., 
meet  a  curve  of  the  n^^  degree  in  n  real  points.  We  shall 
denote  by  [B)'  the  continued  product  of  the  n  segments  made  on 
the  side  BC  between  B  and  the  curve ;  by  '(B)  the  product  of 
the  segments  made  on  the  side  BA.     Then 

[Ay  [By  {cy  [Dy  &c.='(^)  •{B)  \C)  \d)  &c. 

For  through  any  point  draw  radii  vectores  parallel  to  the  sides 
of  the  polygon,  and  denote  the  continued  product  of  the  seg- 
ments on  each  of  these  lines  by  (a),  (&),  (c),  &c.,  then,  disregarding 
signs, 

'(B):(B)'::(a):(h), 

\C)',(C)'v,(h):(c), 

\D)  :  (D)' ::(c)  :  (d), 

&c., 

and,  compounding  all  these  ratios,  the  truth  of  the  theorem  is 
evident. 
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125.  Some  ambiguity  will  be  avoided  by  attention  to  the 
sign  ±.  Considering  the  segments  on  the  line  AB,  we  hav^ 
(A)'  the  product  of  n  segments  measured  from  A  to  B]  and 
'(B)  the  product  of  n  segments  measured  from  B  to  A^  and 
therefore  according  to  the  rule  of  signs  [Gonics^  Art.  7),  each  term 
in  the  latter  product  is  to  be  regarded  as  of  an  opposite'  sign 
from  each  term  in  the  former,  so  that  if  we  give  to  [A)' 
the  sign  +,  we  must  give  to  '(B)  the  sign  (— )" ;  that  is  to 
say,  +  when  n  is  even  and  —  when  it  is  odd.  And  if  h  be  the 
number  of  sides  of  the  polygon,  then  since  each  side  of  the 
equation  of  the  last  article  consists  of  k  factors  such  as  [A)\  that 
equation  must  be  written 

(Ay  {By  (cy  &c.={-r  \a)  -(S)  '(O)  &c.; 

that  is  to  say,  the  right-hand  side  will  have  the  sign  +  when 
either  the  degree  of  the  curve  or  the  number  of  sides  of  the 
polygon  is  even ;  but  when  both  are  odd,  the  sign  —  is  to  be 
used.* 

Ex.  1.  Let  a  right  line  meet  the  sides  of  a  triangle  AB,  BC,  CA,  in  the  points 
c,  a,  b.    Then 

Ac.Ba.Cb  =  -Ab.Bc.Ca  {Conies,  Art.  42), 

and  the  sign  shows  that,  if  it  cut  two  sides  internally,  it  must  cut  the  third  externally. 
The  equation 

Ac, .Ba.Cb  =  +  Ab.Bc,.  Ca  {Conies,  Art.  43) 

wiU  be  fulfilled  if  the  three  hnes  Aa,  Bb,  Cc,,  meet  in  a  point ;  and  the  line  AB  is 
cut  harmonically  in  the  points  c  and  c,. 

Ex.  2.  Let  each  side  of  the  triangle  touch  a  conic  in  the  points  a,  b,  c.    Camot's 
theorem  gives  us 

Ac'.  Ba\  Cb-'  =  +  Ab^.  Be\  Co' ; 

and,  therefore,  Ac .  Ba .  Cb  =  ±  Ab  .Be .  Ca. 

The  lower  sign  cannot  be  used,  since  no  line  can  meet  a  conic  in  three  points :  we 
learn  then  that  if  a  conic  be  inscribed  in  a  triangle,  the  lines  joining  each  vertex  to 
the  opposite  point  of  contact  meet  in  a  point. 

Ex.  3.  Let  a,  b,  c  be  points  of  inflexion  on  a  curve  of  the  third  degree,  at  which 
BC,  CA,  AB,  are  tangents ;  then  by  Camot's  theorem, 

Ae\  Ba\  Cb^  =  -  AbK  Be'.  Ca\ 

the  only  real  root  of  which  is 

Ae.Ba.  Cb  =  -  Ab  .Bc.Ca. 

Hence,  if  a  curve  of  the  third  degree  have  three  real  points  of  inflexion,  they  must  lie 
on   one  right  line.    Hence,  too,  a  curve  of  the  third  degree  can  have  only  three 

*  See  Pliicker'fl  System  der  Analytischen  Geometrie,  p.  44. 
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real  points  of  inflexion ;  for  this  argument  would  show  that  all  the  real  points  of 
inflexion  must  lie  on  a  right  line  j  and  a  right  line  can  only  meet  the  cvirve  in  three 
points. 

The  same  reasoning  proves  that  if  any  curve  of  an  odd  degree  n  have  three  real 
points,  at  each  of  which  the  tangent  meets  the  curve  in  n  points,  these  three  points 
must  lie  on  one  right  line. 

Ex.  4.  Let  a  curve  of  the  fourth  degree  have  three  double  tangents ;  we  have 

Ac^ .Ac,''.  Ba^ . Ba,^ .  CV"- .  Cb,''  =  Ab^ . Ab,'' . Be'' .  Be,'' .  Ca^ .  CaJ', 

whence  Ae .  Ac, . Ba . Ba, .Cb.Cb,  =  ±Ab.  Ab, . Be . Be, .  Ca .  Ca, ; 

but  on  account  of  the  double  sign  we  can  only  infer  that  "  if  a  curve  of  the  fourth 
degree  have  three  double  tangents,  the  conic  through  five  of  the  points  of  contact 
wQl  either  pass  through  the  sixth,  or  through  the  point  which,  with  the  sixth,  divides 
harmonically  the  side  of  the  triangle  on  which  the  sixth  lies."  There  are  thus  two 
distinct  kinds  of  triads  of  double  tangents,  according  as  one  or  the  other  of  these 
geometrical  relations  holds  good. 

126.  There  are  some  particular  cases  for  which  Carnot's 
theorem  requires  to  be  modified.  First,  if  one  of  the  angles 
(A)  of  the  polygon  were  at  infinity,  that  is  to  say,  if  two 
adjacent  sides  be  parallel,  then  {J)'  ultimately  =  '{A),  and  we 
still  have  the  equation 

[B]'  {Cy&c,  =  '{B)'{C)&c, 

Secondly,  if  one  of  the  angles  {A)  were  on  the  curve ;  then 

one  of  the  n  terms  vanishes  in  each  of  the  products  (A)'  and  '(A) ; 

.  AR       sm  BR' A 

but  now,  smce  the  ratio  oi  any  two  Imes  -r^^  =  - — t^tttt  i  we 
'  -^  AB       sin  R  RA ' 

may  substitute  for  the  ratio  of  these  two  vanishing  sides  the 

ratio  of  the  sines  of  the  angles  which  the  sides  of  the  polygon  at 

A'  make  with  the  tangent  at  Ay  and  the  theorem  becomes 

{Ay  (B)'  jCy  &c.  _  '{A)  '{B)  '{C)  &c. 
sin  a  sin  a'  ' 

where  (^)',  '{A)  have  each  but  n-  1  factors,  and  where  a,  a'  are 
the  angles  which  the  sides  on  which  (^)',  '[A]  are  measured 
make  with  the  tangent  at  A.  In  this  manner  we  can  deduce 
that,  "  if  anj  polygon  be  inscribed  in  a  conic  the  continued 
product  of  the  sines  of  the  angles,  which  each  side  makes  with 
the  tangent  at  its  right-hand  extremity,  is  equal  to  the  similar 
product  of  the  sines  of  the  angles  made  with  the  tangent  at  the 
other  extremity." 
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127.  If  there  be  n  points  in  a  right  line,  a  point  on  the  line, 
such  that  the  algebraic  sum  of  its  distances  from  these  points 
shall  vanish,  is  called  the  centre  of  mean  distances  of  the  given 
points.  Let  the  distance  of  the  centre  from  any  assumed  point 
on  the  line  be  y,  let  that  of  the  other  points  be  ?/,,  y^,  3/3,  &c., 
then  the  distances  of  the  centre  from  the  given  points  are  y  —  y^, 
y—y^i  &c.,  and  the  condition  given  by  the  definition  is 

S(3/-yJ  =  0,or7i2/-S(2/J  =  0; 

whence  we  learn  that  the  distance  of  any  assumed  point  from  the 
centre  is  equal  to  the  sum  of  the  distances  of  the  assumed  point 
from  the  given  points,  divided  by  the  number  of  these  points ; 
or  is  equal  to  the  mean  distance  of  the  assumed  point  from  the 
given  points.  Thus,  if  there  be  only  two  given  points,  the 
centre  of  mean  distances  is  the  middle  point  of  the  line  joining 
them,  and  the  distance  of  any  point  on  the  line  from  the 
middle  point  is  half  the  sum  of  its  distances  from  the  two 
given  points. 

The  well-known  properties  of  the  diameters  of  conies  have 
been  generalized  by  Newton  into  the  following  theorem,  true  for 
all  algebraic  curves  :  If  on  each  of  a  system  of  parallel  chords 
of  a  curve  of  the  n^^  degree  there  he  taken  the  centre  of  mean 
distances  of  the  n  points  where  the  chord  meets  the  curve^  the  locus 
of  this  centre  is  a  right  line,  which  may  be  called  the  diameter 
corresponding  to  the  given  system  of  parallel  chords. 

To  prove  this  theorem,  we  adopt  the  same  method  of  inves- 
tigation as  in  the  case  of  conic  sections  (Conies,  Art.  141).  The 
origin  would  be  the  centre  of  mean  distances  for  a  chord  making 
an  angle  6  with  the  axis  of  x,  if,  when  we  transform  to  polar 
coordinates  by  substituting  p  cos  6,  p  sin  6  (or  in  case  of  oblique 
axes,  mp,  np),  for  x  and  y,  6  be  such  as  to  cause  the  coefficient 
of  p""^  to  vanish.  If  we  seek  then  the  condition  that  any  other 
point  x'y  should  be  the  centre  of  mean  distances  for  a  parallel 
chord,  we  must  examine  what  relation  should  exist  between 
X,  y,  in  order  that  when  we  transform  the  axes  to  this  point 
the  new  coefficient  of  p""^  should  vanish  for  the  same  value 
of  6.     But  when  the  given  equation   £/=  0  is  transformed  to 
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parallel  axes  by  substituting  x  -\-  Xj  y -]■  y,  for  x  and  ?/,  it 
becomes 

^^      ,dU      ,dU     ,  (  „d'U    ^.,d'U       „d'U\      . 

only  the  three  first  terms  can  contain  powers  of  the  variables  as 
high  as  the  (?i  —  1)^'',  and  since  these  involve  x'y'  only  in  the  first 
degree,  the  required  locus  must  be  a  right  line.  Its  equation  is, 
in  fact, 

du  du 

dx      ^  dy        "-'       ' 

where,  in  w^,  u^_^^  cos  Q  and  sin  Q  (or,  if  the  axes  be  oblique,  m 
and  n)  have  been  substituted  for  x  and  y. 

128.  Newton  has  also  remarked,  that  if  any  chord  cut  the 
curve  and  its  asymptotes,  the  same  point  will  be  the  centre  of 
mean  distances  for  both,  and  that  therefore  the  algebraic  sum  of 
the  intercepts  between  the  curve  and  its  asymptotes  =  0.  This 
is  the  extension  of  the  well-known  theorem  [Comcs^  Art.  197). 
The  truth  of  it  follows  at  once  from  the  equation  of  a  diameter 
given  in  the  last  Article,  and  from  what  was  proved  (Art.  52) 
that  the  terras  m^,  w^_j,  are  the  same  in  the  equation  of  the  curve 
and  in  that  of  its  n  asymptotes. 

129.  We  may  in  like  manner  seek  the  locus  of  a  point  such 
that  the  sum  of  the  products  in  pairs  of  the  intercepts,  measured 
in  a  given  direction  between  it  and  the  curve,  shall  vanish. 
The  origin  would  be  such  a  point  if  the  coefficient  of  p""* 
vanished  for  the  given  value  of  ^,  and  the  locus  is  found,  as  in 
Art.  127,  by  examining  what  relation  must  exist  between  x  and 
y  in  order  that  the  coefficient  of  p"''^  in  the  transformed  equa- 
tion should  vanish.  But  since  the  terms  of  the  {n  —  2)'^  degree 
in  X  and  y  involve  no  powers  higher  than  the  second  of  x  and  y\ 
the  locus  will  be  a  conic  section,  which  we  shall  call  the 
diametral  conic. 

Its  equation  is  readily  seen  to  be 

du    ,  du    ,       ^  f  t  d'^u        ^        d^u  „  d'\i\ 

"'2  ^       dx       "^    dy        ^\      dx'  ^  dxdy      '^    dy  J        ' 

where,  in  u^_^^  &c.,  cos^  and  sin^   have  been  substituted  for 
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X  and  y.  The  distance  of  any  point  from  either  point  on  the 
diametral  conic  being  y,  and  from  the  curve  ?/j,  y^^  &c.,  we  have, 
by  the  definition, 

S(y-y,)(2^-2/,)=0. 

The  number  of  terms  in  this  sum  is  the  same  as  the  number 
of  combinations  in  pairs  of  7i  things,  and  is  therefore  =^n{n  —  l). 
This,  therefore,  will  be  the  coefficient  of  y^  when  we  multiply  out 
each  of  these  products  and  add  them  together.  In  the  same 
case  the  coefficient  of  y  will  consist  of  -J/i  (w  —  1)  terms,  each  of 
the  form  —iyi+y.^),  and  since  it  must  involve  the  n  quantities 
y„  ^jj,  &c.,  symmetrically,  it  must  be  -  (w  —  1)  2  (y).     Hence 

2  iy-y,)  {y-y,)  =  \n  {n-l)f-{n-\)y^  (y,)  +  2  (y,2/,)  =  0. 
This  quadratic  gives  the  distances  of  any  point  from  the  diame- 
tral conic  when  we  know  its  distances  from  the  curve.  \n  {n  —  1) 
times  the  product  of  these  two  distances  =  2  {y^y^)j  or  the  product 
of  the  distances  from  the  diametral  conic  is  equal  to  the  mean 
product  in  pairs  of  the  distances  from  the  curve,  since  there 
are  ^n  (n  -  1)  such  products.     The  sum  of  the  distances  from 

2 
the  diametral  conic  =  -  2  (y).     The  mean  distance  is  then  the 

same  for  both  curves,  since  there  are  two  such  distances  in 
the  one  case,  and  n  in  the  other;  and  the  two  curves  have 
the  same  diameter. 

130.  There  is  no  difficulty  in  seeing  that  a  curve  of  the  n^ 
degree  may  have  other  curvilinear  diameters  of  any  degree  up 
to  the  [n—iy^.  Thus  the  locus  of  a  point  such  that  the  sum 
of  the  products  in  threes  of  its  distances  from  the  curve  should 
vanish,  is  found  by  putting  the  coefficient  of  p"'*  in  the  trans- 
formed equation  =  0;  and  since  this  coefficient  involves  no 
higher  than  the  third  powers  of  the  variables,  the  locus  will 
be  of  the  third  degree.     We  may  see  too,  in  like  manner,  that 

2  iy-y^)  (y-y,)  [y  -  y,)  =  in{n-\)[n-  2)  / 

-i[n-i){n-2)  /2  (yj  +  (n  -  2)  2/2  [y,y,)  -  2  {ij^y,j^^\ 
and  we  can  readily  infer  hence  that  the  curve  and  its  cubical 
diameter  will  have  the  same  mean  distance,  mean  product  in 
pairs,  and  mean  product  in  threes  of  the  distances ;  so  in  like 
manner  for  diameters  of  higher  dimensions.      More  light  will 
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be  thrown  on  the  subject  of  these  curvilinear  diameters  by  con- 
siderations which  we  shall  explain  presently. 

131.  To  the  mention  we  have  made  of  diameters  we  may 
add  some  notice  of  centres.  If  all  the  terms  of  the  degree  n  —  1 
were  wanting  in  the  equation,  then  the  algebraic  sum  of  all  the 
radii  vectores  through  the  origin  would  vanish,  and  the  origin 
might  in  one  sense  be  called  a  centre. 

The  name  centre^  however,  is  ordinarily  only  applied  to  the 
case  where  every  value  of  the  radius  vector  is  accompanied  by 
an  equal  and  opposite  one.  In  this  case,  if  the  equation  be 
transformed  to  polar  coordinates,  it  must  be  a  function  of  p* 
only.  If  the  curve  then  be  of  an  even  degree,  its  equation  in 
X  and  y,  referred  to  the  centre,  can  contain  none  of  the  odd 
powers  of  the  variables,  and  must  be  of  the  form 

Mq  +  Mj  +  w^  -h  &c.  =  0. 
If  the  curve  be  of  an  odd  degree,  its  polar  equation  must  be 
reducible  to  a  function  of  p^  by  dividing  by  p  ;  and  the  x  and  y 
equation  can  contain  none  of  the  even  powers  of  the  variables, 
but  must  be  of  the  form 

w,  +  W3  +  \  +  &c.  =  0. 

This  form  shows  that  if  a  curve  of  an  odd  degree  have  a 
centre,  that  centre  must  be  a  point  of  inflexion.  It  is  also 
evident  that  it  Is  only  in  exceptional  cases  that  a  curve  of  any 
degree  above  the  second  will  have  a  centre ;  since  it  is  not 
generally  possible,  by  transformation  of  coordinates,  to  remove 
so  many  terms  from  the  equation  as  to  bring  it  to  either  of 
the  forms  given  above. 
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132.  We  pass  now  to  an  important  theorem,  first  given  by 
Cotes  in  his  Harmoma  Mensurarum :  If  on  each  radius  vector^ 
through  a  fixed  point  0,  there  he  taken  a  point  i?,  such  that 

OR  "  OR^  "^  OR,  "^  OR,  ^  ^""'^ 


then  the  locus  of  R  will  be  a  right  line. 
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For,  making  0  the  origin,  the  equation  which  determines 
Oi?j,  &c.,  is  of  the  fonn 

A  4  -t-  (^  cos  6^  +  (7  sin  6)  -Ir, 
P  P 

-f  (Z>  cos"^^  +  Ecosd  sin  e  +  F  sm'S)  4-,  +  &c.  =  0. 

P 

Hence  "^    -      (-^  cos  ^  +  C  sin  ^) 

or,  returning  to  x  and  7/  coordinates, 

Bx  +  Ci/ -\- nA  =^  0. 
This  is  the  equation  found  (Art.  60)  for  the  polar  line  of  the 
origin,  and  the  property  just  proved  is   the   extension   of  the 
well-known   harmonic  property   of   poles   and  polars  of  conic 
sections  (see  Conies^  Art.  146). 

138.  The  preceding  property  may  also  be  established  with- 
out taking  the  point  0  as  the  origin,  by  a  method  corresponding 
to  that  used.  Conies^  Art.  92.  We  have  seen  (Art.  63)  that 
given  two  points  0,  xy'z\  and  R^  xyz^  then  the  equation 
A  =  0,  or 

r  u' + r-v  A  U'  +  i\"-VA'  U' + &c.  =  0, 
determines  the  ratios  BR^  :  OR^^  &c.,  in  which  the  line  joining 
these  two  points  is  cut  by  the  curve.  It  follows  then  from 
the  theory  of  equations,  that  AU'=0  expresses  the  condition 
that  the  sum  of  the  roots  of  the  equation  A  =  0  should  vanish  : 
that  is  to  say,  ^U'  =  0  is  the  locus  of  a  point  i?,  such  that 

OR^  ^  OR^  ^  ^^'     ^' 

But  writing  for  RR^^  OR^  —  OR,  &c.,  this  equation  is  at  once 
seen  to  be 

_M_  _  _1  J_      ^ 

OR~~dR]'^  OR,'^ 

134.   It  can  be    seen  in    like  manner  that  the  polar  conic 
A'"'  U'  =  0  is  the  locus  of  a  point,  such  that 
^  /RR^     RR\      ^        ^  /  1  MM  M      ^ 

^  fe;  •  774)  ='^''-[oR-  or)  [or - ^rJ  =  ^' 

and  similarly  for  polar  curves  of  higher  order.     The  polar  curve 
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of  the  U^  order  possesses  the  properties  (if  OR  denote  a  radius 
vector  to  the  curve,  and  Or  to  the  polar  curve) 

1^11^1 

n       0R~  k^  Or' 

1.2      „  1  1.2       „         1 


n[n-l)      OR^.OR^      k[k-l)       Or^.Or^ ' 
1.2.3        _  1  1.2.3        „  1 


n[n-  l)[n-2)       OR^.  OR^.  OR,     ksh-l)[k-2)      Or^ .  Or^ .  Or,^ 


,  &c. 


135.  If  the  point  0  be  at  infinltyj  then  the  distances  Oi?,, 
OR^^  &c.,  may  be  regarded  as  having  to  each  other  the  ratio  of 

equality,  and  the  denominators  in  all  the  fractions  y^jJ^  ,   ^  p' , 

&c.,  may  be  considered  as  equal.     The  property   then  of  the 

7?  7? 
polar  line  2  j^  =  0,  reduces,  when  0  is  at  infinity,  to  2  (RR^)  =  0 ; 

or  the  sum  vanishes  of  the  intercepts  between  the  polar  and  the 
curve  on  the  parallel  chords  which  meet  at  0.  Thus  then  the 
polar  line  of  a  point  at  an  infinite  distance  is  the  diameter  of  the 
system  of  parallel  chords  which  are  directed  to  that  infinitely 
distant  point. 

So  again  for  the  polar  conic.   The  equation  2  [yy^  •  'Tyn  )  =  ^ 

reduces  when  0  is  infinitely  distant  to  S  (RR^.RR^^)  =  0,  or 
I,  [OR -OR  J  {OR-OR^)  =  0,  the  equation  (Art.  129)  which 
determines  the  diametral  conic.  And  so  in  general,  the  curvilinear 
diameter  of  any  order  is  identical  with  the  polar  curve  of  the 
same  order  of  the  infinitely  distant  point  on  the  system  of  parallel 
chords  to  which  the  given  diametral  curve  corresponds, 

136.  Mac  Laurin  has  given  a  theorem,  which  is  the  extension 
of  Newton's  theorem  (Art.  128):  ''''If  through  any  point  0  a 
line  he  draion  meeting  the  curve  in  n  points^  and  at  these  points 
tangents  he  drawn^  and  if  any  other  line  through  0  cut  the  curve 
in  R^^  i2._j,  d&c,  and  the  system  of  n  tangents  in  r^,  r^,  <&c.,  then 

^  OR-^   Or- 

It  is  evident  that  two  points  determine  the  polar  line;  that, 
therefore,  if  two  lines  through  0  meet  two  curves  in  the  same 
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points,  i?j,  i?2,  &c.,  S^  S^y  &c.,  the  polar  of  0,  with  regard 
to  both  curves,  must  be  the  same,  since  two  points  of  it, 
B  and  S,  are  the  same  for  both.  This  will  be  equally  true 
if  the  two  lines  OE,  OS  coincide,  that  is  to  say:  "If  two 
curves  of  the  7i^^  degree  touch  each  other  at  n  points  in  a  right 
line,  then  the  polar  of  any  point  on  that  right  line  will  be  the 
same  for  both  curves ;  and  therefore  if  any  radius  vector  through 

such  a  point  meet  both  curves,  we  must  have  S  -prn  =  2  ^^  ." 
^  Oil  Or 

137.  We  know  that  the  centre  of  a  conic  may  be  regarded 
as  the  pole  of  the  line  at  infinity  with  respect  to  the  curve. 
With  respect  to  curves  of  higher  order,  however,  every  right 
Ime  has  {n—lf  poles  (Art.  61),  and  there  is  therefore  no 
unique  point  for  a  curve  of  higher  order  answering  to  the  centre 
of  a  conic  section.  But  it  is  different  if  we  consider  curves  of 
higher  class.  The  preceding  investigations  are  evidently  appli- 
cable also  to  tangential  coordinates ;  and  thus  every  right  line 
has  a  pole,  a  polar  curve  of  the  second,  third,  &c.  class,  and, 
finally,  a  polar  curve  of  the  {n  —  iy^  class,  touched  by  the  n 
tangents  at  the  points  where  the  right  line  meets  the  curve. 
And  if  we  thus  by  tangential  coordinates  seek  the  pole  of  the 
line  at  infinity  we  find  a  unique  point. 

Let  us  examine  what  metrical  property  is  possessed  by  the 
pole  of  a  line  expressed  in  tangential  coordinates,  and,  in  par- 
ticular, by  the  pole  of  the  line  at  infinity.  We  take  the  system 
of  Art.  19,  in  which  the  coordinates  of  a  line  are  proportional 
to  the  perpendiculars  let  fall  on  it  from  three  fixed  points ;  and 
then  it  may  be  seen,  without  difficulty,  that  I :  on  denotes  the 
ratio  of  the  sines  of  the  angles,  into  which  the  angle  between 
two  lines  a^^Y,  a'^V  is  divided  by  the  line  la  +  77za',  1/3  -f  m/S', 
ly  +  my.  The  equation  then  which  answers  to  A  =  0  determines 
the  ratio  of  the  sines  of  the  parts  into  which  the  angle 
between  any  two  lines  is  divided  by  each  of  the  tangents  which 
can  be  drawn  through  their  intersection  to  a  curve  of  the  n}^ 
class.     And,  as  in  Art.  133,  the  pole  E  of  any  line  possesses  the 

property  S  f-^ — Wpn)  ^  ^>  where  Pis  a  variable  point  on  the 

given  line;  -R,,  i?,,  &c.,  the  points  of  contact  of  tangents  from 
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the  point  P,  0  any  fixed  point  on  the  given  line.  Thus  for  a 
curve  of  the  second  class  the  relation  is 

sin  RFE^      sin  EPB^  _ 

sin  R^PO  "^  sin  R^JPO  "    ' 

that  is  to  say,  "  if  from  any  point  P,  on  a  fixed  line  OP,  we 
draw  tangents  PPj,  PP^,  to  a  conic,  and  draw  PR  so  that 
{P.  OR^RR^  shall  be  a  harmonic  pencil,  then  OR  passes  through 
a  fixed  point."  This  is  the  fundamental  definition  of  pole  and 
polar  with  regard  to  a  conic  considered  as  a  curve  of  the  second 
class. 

We  may  write  the  relation 

^  f  sin  RPR  A      ^  .     ,     p        ^  f^A\      ^ 

where  M^  is  the  foot  of  the  perpendicular  from  P,  on  the  line 
PP,  and  0,  the  foot  of  the  perpendicular  from  the  same  point 
on  the  line  OP.  Now  let  the  line  OP  go  off  to  infinity,  then 
all  the  denominators  in  this  latter  sum  tend  to  equality,  and  we 
have  simply  2  {M^R^)  =  0 ;  or  the  sum  vanishes  of  the  perpen- 
diculars let  fall  from  the  points  of  contact  of  any  system  of 
parallel  tangents  on  a  parallel  line  through  P.  In  other  words 
then,  the  centre  of  mean  distances  of  the  points  of  contact  of  any 
system  of  parallel  tangents  to  a  given  curve  is  a  fixed  pointy  which 
may  he  regarded  as  a  centre  of  the  curve.  Thus  in  a  conic  the 
middle  point  of  the  line  joining  the  points  of  contact  of  parallel 
tangents  is  a  fixed  point;  in  a  curve  of  the  third  class,  the 
centre  of  gravity  of  the  triangle  formed  by  them,  &c.  This, 
theorem  is  due  to  M.  Chasles  ( Quetelet^  VI.  8). 

FOCI. 

138.  It  was  shown  (Conies^  p.  228)  that  the  foci  of  conies 
possess  the  property  that  the  lines  joining  them  to  the  circular 
points  at  infinity  touch  the  curve.  Hence  we  are  led  to  the 
following  definition  of  foci  in  general :  A  point  F  is  said  to 
be  a  focus  of  a  curve,  if  the  lines  F/,  FJ  both  touch  the  curve, 
or,  as  we  may  say,  when  it  is  the  intersection  of  an  7-tangent 
with  a  /-tangent.*     A  curve  of  the  w*^  class  has  in  general  n^ 

*  This  conception  is  Plucker's,  (7re?fo,  toI.  x.  p.  84. 
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foci,  namely  the  points  of  Intersection  of  the  n  /-tangents  with 
the  n  /-tangents.  But  the  curve  being  real,  n  and  only  n  of 
these  foci  are  real ;  in  fact  the  equation  of  one  of  the  /-tangents 
being  ^  +  /^=0  (where  A  and  5  are  linear  functions  of  the 
coordinates),  that  of  one  of  the  /-tangents  will  be  yl  -  2*5=  0,  and 
these  intersect  in  the  real  point  ^  =  0,  ^=0,  and  there  is  not  on 
either  of  these  tangents  any  other  real  point.  Thus  a  conic 
[n  —  2)  has  4  foci,  two  of  them  real. 

In  what  precedes  it  is  assumed  that  the  points  /,  J  have  no 
special  position  with  respect  to  the  curve.  Let  us  now  suppose 
that  the  line  //  is  an  ordinary,  or  singular,  tangent  at  one  or 
more  points  A^  ^,  &c.,  which  for  the  present  we  suppose  to  be 
distinct  from  the  points  /,  /;  say  that  IJ  reckons  g  times 
among  the  tangents  from  /  or  tT"  to  the  curve ;  then  the 
/-tangents  are  made  up  of  the  line  //  counting  g  times,  and 
of  n—g  other  tangents;  and  similarly  for  the  J-tangents. 
Then  the  only  foci  which  do  not  lie  at  infinity  evidently  consist 
of  the  intersections  of  the  n  —  g  /-tangents  with  the  n—g 
e7-tangents,  and  there  are  [n  —gY  finite  foci,  of  which,  as  before, 
only  n  —  g  are  real.  The  total  number  of  n^  foci  is  made  up  of 
these  [n-gY  foci,  together  with  the  point  / counting  g[n—g) 
times  (namely,  as  the  intersection  of  each  of  the  n—g  /-tangents 
with  each  of  the  g  J-tangents  which  coincide  with  //) ;  similarly, 
of  the  point  J  counting  g  {n—g)  times,  and  lastly  of  the  g^ 
intersections  of  the  g  /-tangents  coincident  with  //  with  the 
g  /-tangents  coincident  with  //.  In  this  last  case  any  /-tangent 
lA  must  be  regarded  as  intersecting  the  corresponding  /-tangent 
J  A  at  the  point  of  contact  A^  but  its  intersection  with  any 
other  /  tangent  JB  will  be  indeterminate.  Thus,  if  the  line  at 
infinity  touch  the  curve  in  g  real  points,  there  will  still  be  n 
real  foci,  viz.  n—g  finite  foci,  and  the  g  points  of  contact  of  // 
with  the  curve.*  For  instance,  the  parabola  [n  =  2^  g  =  1)  has 
one  finite  focus,  the  other  real  focus  being  infinitely  distant  in 
the  direction  of  the  axis. 

Again,  let  the  point  /  be  on  the  curve ;  then  assuming  the 
curve  to  be  real,  the  point  /  is  also  on  the  curve,  and  if  / 


*  Prof.  Cayley  thinks  that  the  preferable  view  is  that  the  onlj''  foci  are  the  {n  —  g)i 
foci,  and  consequently  that  the  only  real  foci  are  the  ( w  -  g)  foci. 
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be  a  singular  point,  J  will  have  the  same  kind  of  singularity. 
Confining  our  attention  for  the  moment  to  the  case  .where  both 
are  ordinary  points,  the  n—g  /-tangents  consist  of  the  tangent 
at /counted  twice,  together  with  ?2 —9'  — 2  other  tangents ;  and 
similarly  for  the  /-tangents.  Then  the  {n—gf  foci  are  made 
up  as  follows :  the  real  intersection  of  the  tangents  at  /  and  / 
counting  as  four;  the  n  —  g—^  imaginary  intersections  of  the 
tangent  at  /  with  the  n—g  — '2  /-tangents,  each  counting  for 
two;  the  n—g— 2  imaginary  intersections  of  the  tangent  at  / 
with  the  n—g— 2  /-tangents,  each  counting  for  two ;  and  lastly, 
the  [n—g-  2Y  intersections  of  the  two  sets  o£n—g  —  2  tangents. 
Of  these  last,  as  before,  n—g  — 2  and  only  n-g  —  2  are  real, 
and  the  intersection  of  the  tangents  at  /  and  /  takes  the  place  of 
two  of  the  n  —  g  real  foci.  Paying  attention  then  only  to  real 
foci,  this  point  is  commonly  called  a  double  focus ;  and  we  find 
it  convenient  to  use  this  language,  though,  as  we  have  just  seen, 
if  we  considered  imaginary  as  well  as  real  foci,  it  ought  to 
be  called  a  quadruple  focus.  Thus,  in  the  case  of  the  circle, 
the  only  focus  is  the  centre,  which  must  be  regarded  as  a 
quadruple  focus,  if  we  consider  that  it  takes  the  place  of  the  four 
foci  which  conies  in  general  possess,  but  which  may  be  spoken 
of  as  a  double  focus  if  we  only  pay  attention  to  the  two  real  foci. 

Similarly,  if  each  of  the  points  /,  /is  an^-tuple  pomt  on  the 
curve,  it  is  seen  in  the  same  way  that  there  are/''^  foci,  which 
each  count  for  four  and  of  which/  are  real;  2/{n—g  —  2f) 
imaginary  foci  which  each  count  as  two,  and  {n  —  g-  2fy  single 
foci  of  which  n-g-  2/  are  real.  Considering  then  both  real 
and  imaginary  foci,  we  should  say  that  there  are/'^  quadruple, 
2f{n-g-2f)  double,  and  {ri-g-2fY  single  foci;  but  con- 
sidering real  foci  only,  we  may  say  that  there  are  /  double, 
n- g-  2f  single  foci,  and  g  foci  at  infinity. 

If  /  and  /  be  each  of  them  an  inflexion,  or  each  a  cusp,  then 
the  tangent  at  /  or  /  counts  three  times  among  the  /  or  /-tan- 
gents ;  ard  there  are  from  each  point  n  —  g  — 3  other  tangents. 
The  [n—gY  foci  are  then  as  before  seen  to  be  made  up  of  one 
which  counts  as  nine,  of  {n  — g -2t)-\-[n—g -Z)  which  each 
count  as  three,  and  {n—g  —  ^Y  single  foci.  Of  these  last 
n—g  — 3  are  real,  and  the  only  other  real  focus  is  the  intersec- 
tion of  the  tangents  at  /  and  /,  which  is  commonly  called  a 
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triple  focus  as  counting  for  three  among  the  real  foci,  though 
if  we  took  into  account  imaginary  as  well  as  real  foci,  it  ought 
to  be  regarded  as  a  9-tuple  focus.  There  is  no  difficulty  in 
extending  the  theory  to  the  cases  where  /  and  /  are  multiple 
points  of  higher  order  at  which  several  tangents  coincide,  or 
where  they  are  points  at  which  the  tangent  has  contact  with  the 
curve  of  a  higher  order  than  the  second,  or  where  they  are 
ordinary  or  singular  points  having  IJ  for  their  common  tangent. 

139.  Given  any  two  real  foci  A^  A!  of  a  curve,  the  lines 
-47,  AJ\  A' I,  A'Jj  meet  in  two  imaginary  points  B,  B'  which 
are  also  foci  of  the  curve;  and  the  relation  between  the  two 
pairs  of  points  is,  that  the  lines  AA^  BE  bisect  each  other  at 
right  angles  in  a  point  0,  such  that  OA  (=  OA)  is  equal  to 
iOB{=iOB).  The  points  A^  A  and  B^  B'  have  been  termed 
"  anti-points."  The  relation  is  one  of  frequent  occurrence  in 
plane  geometry;  thus  a  conic  has  two  pairs  of  foci,  which 
are  anti-points  of  each  other;  any  circle  through  A^  A  cuts 
at  right  angles  any  circle  through  B^  B'^  &c.  It  is  to  be  added, 
that  being  given  the  n  real  foci,  we  form  with  these  ^n  [n  —  1) 
pairs,  each  giving  rise  to  a  pair  of  anti-points,  and  thus  obtain 
the  remaining  rt'  -  n  foci. 

140.  The  coordinates  of  the  foci  of  a  curve  are  obtained  by 
forming  the  equation  of  the  tangents  which  can  be  drawn  from 
the  point  /  to  the  curve.  This  will  be  of  the  form  P+i(J  =  0, 
the  corresponding  equation  for  the  point  J  will  be  P— t(2  =  0, 
and  the  intersection  of  the  two  systems  of  tangents  are  given  by 
the  equations  P=  0,  0  =  0.  Thus  denoting  the  first  differential 
coefficients  with  respect  to  x  and  ?/  by  Z7j,  V^ ;  the  second  by 
^uj  ^2?  ^22?  ^^-  7  then,  by  Art.  78,  the  equation  of  the  system 
of  tangents  from  1,  ^,  0  is  got  by  forming  the  discriminant  of 
X"f^+  V'-^  ( V, 4  ^ 27J  -f  iX""^ ( U^,  +  2iU^,-  UJ  +  &c.  =  0.  Thus, 
if  the  curve  be  a  conic,  the  discriminant  is 

{ U^  -  TJ:  -2U{  tr„  -UJ]  +  2t  [U^U^-  2  UU,,), 
and  the  foci  are  got  by  equating  the  real  and  imaginary  parts 
separately  to  zero.     By  combining  these  equations,  we  get  the 
equation  of  the  two  right  lines,  the  axes,  on  which  the  foci 
lie,  viz. 
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The  very  same  equations  determine  the  foci  of  a  cubic  passing 
through  the  points  /,  /;  of  a  quartic  having  these  points  for 
double  points,  &c. ;  for  in  any  of  these  cases  it  is  easy  to  see  that 
all  the  terms  but  those  written  above  vanish  of  the  equation 
whose  discriminant  is  to  be  found. 

141.  We  can  also  determine  the  foci,  as  at  Conies^  Art.  258, 
Ex.,  by  expressing  the  condition  that  x—x'-{-i{y-y)  should  touch 
the  curve ;  or,  in  other  words,  by  substituting  in  the  tangential 
equation,  1,  ^,  -  [x'  -{-{y)  for  a,  y3,  7.  The  real  and  imaginary 
parts  of  the  equation  then  separately  equated  to  zero  determine 
the  coordinates  of  the  foci.  It  is  not  difficult  to  find  a  real 
geometric  interpretation  of  each  of  these  equations.  Let  the 
condition  that  x  —  x-^  j^  iy—y')  should  touch  the  curve  be  written 

ap" H-  hp^"^  +  cp"-''  +  &c.  =  0, 

where  a,  5,  &c.  are  functions  of  x\  y' ;  then  by  the  theory  of 

h    G 
equations  —  ,  - ,  &c.  are  the  sum,  sum  of  products  in  pairs, 

&c.  of  the  tangents  of  the  angles,  which  the  tangents  to  the 
curve  through  x'y  make  with  the  axis  of  x.  If  now  we  write 
p  —  /,  and  equate  to  zero  the  real  and  imaginary  parts  of  the 
equation,  we  get  the  two  equations 

a  —  c-\-e  —  &c.  =  0,   h  —  d  +f—  &c.  =  0 ; 

the  second  of  which,  by  the  well-known  formula  for  the  tangent 
of  the  sum  of  several  angles,  expresses  that  the  sum  of  the 
angles  made  with  the  axis  of  x  by  the  tangents  through  x'y 
is  either  zero  or  is  some  multiple  of  tt;  and  the  first  of 
the  equations  expresses  that  the  sum  of  the  angles  is  some  odd 
multiple  of  ^tt.  Hence  the  locus  of  a  point  such  that  the  sum 
of  the  angles  made  with  a  fixed  line  by  the  tangents  through  it 
to  a  curve  of  the  n^  class  shall  be  given  is  a  curve  of  the 
n^^  degree,  whose  equation,  the  fixed  line  being  taken  for  axis 
of  ic,  is  easily  seen  to  be 

{a-  c  +  e-  &c.)  isiu6=^h-  d  +/-  &c. 

Whatever  be  the  fixed  line  or  the  angle,  the  locus  will  pass 
through  the  foci  of  the  curve.  This  may  appear  paradoxical, 
since  it  follows  hence,  that  the  sum  of  the  angles  made  with 
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anj  line  by  the  tangents  from  a  focus  may  be  equal  to  any 
given  quantity.  The  reason  of  this  is  that  the  tangents  of  two 
of  these  angles  are  ±  ?*,  and  the  tangent  of  their  difference  assumes 

the  form  -  ,  and  may  be  any  assignable  quantity.     In  fact,  if 

tan  (/)  =  /,  <^  may  be  regarded  as  an  infinite  angle,  since  it  pos- 
sesses the  properties  sin(/)  =  cos<;^  =  co  and  tan  (<^  +  a)  =  tan  ^, 
and  the  difference  of  two  infinites  is  indeterminate. 

We  have  seen  (Art.  110)  that  a  tangent  through  one  of  the 
points  7,  /  coincides  with  the  normal ;  and  hence  every  focus  of 
a  curve  is  also  a  focus  of  its  involutes  and  evolute. 

142.  An  Important  property  of  the  perpendiculars  let  fall 
from  the  foci  on  any  tangent  is  at  once  derived  from  the 
equation  expressed  in  that  system  of  line-coordinates  (Art.  19 
and  Conies^  p.  364)  in  which  the  variables  are  the  perpendi- 
culars let  fall  from  three  fixed  points  on  any  line.  Let  a,  /3,  7,  S, 
&c.  be  the  n  foci :  let  ccko  denote  the  points  /,  J\  then,  since 
the  lines  ao),  ao)',  &c.  are  to  be  tangents  to  the  curve,  the 
tangential  equation  must  be  of  the  form  tx^^h  &c.  =  woa'cf)^ 
where  0  is  a  function  of  the  order  w  —  2  in  the  line-coordinates. 
For  curves  of  the  second  class,  this  at  once  gives  the  property 
that  the  product  of  the  perpendiculars  from  the  two  foci  on  any 
tangent  is  constant,  since  it  was  proved  [Conies^  p.  363)  that 
for  0)6)'  we  may  substitute  a  constant. 

Similarly,  replacing  ww'  by  a  constant,  the  general  equation 
of  curves  of  the  third  class  is  cL^y  —  kS^  where  a,  y8,  7  denote  the 
three  foci,  and  S  a  certain  fourth  point:  viz.,  we  may  from 
each  focus  draw  to  the  curve  (besides  the  two  tangents  through 
/,  /  respectively)  a  single  tangent;  and  the  form  of  the 
equation  shows  that  the  three  tangents  from  the  points  a,  jS^  7 
respectively  meet  in  a  point  S.*  We  learn,  then,  that  the 
product  of  the  three  focal  perpendiculars  on  any  tangent  to 
a  curve  of  the  third  class  is  in  a  constant  ratio  to  the  per- 
pendicular on  the  same  tangent  from  the  point  8.  If  the 
curve  pass  through  the  points  /,  /,   there  is   a  double  focus, 


*  The  reciprocal  theorem  for  curves  of  the  third  ordw:  cut  by  any  two  lines 
is  girea  post,  Art.  148. 
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and  the  equation  takes  the  form  oi^^  =  ^S,  the  interpretation  of 
which  is  obvious.  If  a  focus  A  is  at  infinity,  we  can  see  how 
the  formula  is  to  be  modified,  by  first  using  for  the  coordinate  a 
the  perpendicular  distance  of  A  from  any  tangent  divided  by 
AB]  and  then,  when  A  goes  to  infinity  in  the  direction  AB^ 
it  is  easy  to  see  that  a  will  be  cos^  where  6  is  the  angle  made 
by  AB  with  the  direction  of  the  perpendiculars  on  the  tangent. 
Thus  the  formula  for  a  conic,  a/3  =  k\  becomes  in  the  case  of 
the  parabola  where  A  passes  to  infinity,  /3cos^  =  ^,  showing 
that  the  locus  of  the  foot  of  the  perpendicular  from  the  focus  yS 
in  a  tangent  is  a  right  line.  In  like  manner  for  a  curve  of  the 
third  class  the  formula  a/37  =  kh  becomes  /37  cos  6  =  A;S,  which 
may  be  written  ^y  =  k8'^  if  we  understand  by  S'  the  intercept 
made  by  the  variable  tangent  on  a  line  drawn  through  I) 
parallel  to  AB. 

For  curves  of  the  fourth  class  the  equation  is  OLPy^  =  h^(f> 
where  <^  is  the  conic  section  which,  as  the  equation  shows,  is 
touched  by  the  eight  focal  tangents  which  do  not  pass  through 
i,  /.  But  if  the  foci  of  this  conic  be  s,  f,  the  equation  may  be 
put  into  the  form  a^yS  —  /ch^-\-l^j  the  geometrical  interpreta- 
tion of  which  is  obvious.  This  equation  includes  the  form 
affyB  =  ^  or  =  eo'^'o)'^,  which  represents  a  curve  on  which  the 
foci  a,  /3,  7,  8  are  double  foci ;  the  form  a^jS  =  oo^co'^  in  which 
/,  J  are  points  of  inflexion,  &c. 

And  so  in  general  the  tangential  equation  of  a  curve  of  the 
n*^^  class  gives  a  relation  of  the  first  degree  connecting  the 
product  of  the  n  focal  perpendiculars,  of  w  — 2  other  perpen- 
diculars, of  ?i  —  4  other  perpendiculars,  &c.,  and  so  on  until  we 
come  either  to  a  single  perpendicular  or  a  constant  term. 

143.  From  relations  connecting  the  focal  pei-pendiculars  on 
the  tangent  can  be  deduced  relations  connecting  the  angles 
between  the  focal  radii  and  the  tangent.  For  if  AP  be  the 
perpendicular  a  on  the  tangent  at  any  point  B  of  the  curve, 
and  if  d(j>  be  the  angle  between  two  consecutive  tangents, 
we  have  da  =  RPd(f>.  Similarly  dff  =  BF'd(f>,  &c.  So  that 
if  we  differentiate  the  relation  connecting  the  perpendi- 
culars, we  may  substitute  for  each  da,  RP  the  corresponding 
intercept  on  the  tangent  between  the  foot  of  the  focal  per- 
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pendicular   and   the   point   of  contact.     Thus   from   a^y  =  k'*8 
we  deduce 

da      d0      dy      ^^  _  /^ 

,  BP     RP'      RP"      RF"      ^ 

whence  _^+ _  4  ^  _  ^^^  =0, 

or  cot  ^  +  cot  &  +  cot  &'  -  cot  &"  =  0, 

where  0  is  ARP^  the  angle  of  inclination  of  the  tangent  to  the 

focal  radius  vector  AR^  &c. 

144.  The  example  of  conies  would  lead  us  to  expect  to  find 
simple  relations  connecting  the  distances  of  any  point  on  the 
curve  from  the  foci.  There  does  not  appear  to  be  any  general 
theory  of  such  relations,  but  we  can  without  difficulty  find 
particular  curves  for  which  they  exist,  for  we  have  only  to 
write  down  any  relation  connecting  the  distances  of  a  variable 
point  from  fixed  points,  and  find  the  locus  for  which  it  is 
satisfied.  Each  distance,  if  expressed  in  terms  of  the  coor- 
dinates, involves  a  square  root;  and  if,  as  will  commonly 
happen,  the  equation  when  cleared  of  radicals  is  of  the  fi)rm 
up^  =  wv^^  the  two  imaginary  lines  denoted  by  p^  =  0  are  tan- 
gents to  the  curve,  and  the  fixed  point  i^  is  a  focus.  In 
this  way  we  might  study  the  relations  p  -\-  mp  =  c?,  for  which 
the  locus  is  an  ellipse  or  hyperbola  when  ??i  =  +l,  a  circle 
when  c?=0,  and  in  other  cases  a  Cartesian:  Ip  +  mp'-i  np"  =  0 
for  which  the  locus  is  in  general  a  quartic  having  the  points  // 
for  double  points,  or,  as  we  may  say,  a  bicircular  quartic ;  but 
when  l±m±n  =  Oj  the  curve  is  a  cubic  passing  through  the 
points  //,  or,  as  we  may  say,  a  circular  cubic:  pp'=d'\  for  which 
the  locus  is  a  Cassinian  (see  Art.  55,  Ex.  3) ;  or,  more  generally, 
ap^-\- hpp' +  cp'^  =  d'\  which  is  in  general  a  quartic,  but  is  a 
cubic  if  a  ±  5  4-  c  =  0,  that  is  to  say,  if  the  left-hand  side  of  the 
equation  is  divisible  by  p  +  p',  &c.  We  postpone  the  further 
discussion  of  this  subject  until  we  come  to  treat  of  the  curves 
referred  to. 

From  a  relation  connecting  the  focal  distances  we  can  infer 
a  relation  connecting  the  angles  which  the  focal  radii  make 
with  the  tangent;  for  it  is  proved,  as  in  Art.  95,  that  each 
dp  =  coBddsj  where  ^  is  the  angle  between  the  focal  radius  and 
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the  tangent.  Thus  from  p  +  vap  =  e?  we  infer  cos O^m  cos &—  0, 
&c.  From  the  value  given  in  the  last  article  for  da^  &c.  we 
may  infer  i?c?a  =  pdp^  &c.,  where  R  is  the  radius  of  curvature. 
Thus,  for  example,  if  we  are  given  that  let.  -f  m^  +  &c,  is  con- 
stant, we  can  infer  that  Ip^  +  mp"^  +  &c.  is  constant. 

145.  Denoting  by  N  the  number  of  conditions  (Art.  27) 
necessary  to  determine  a  curve  of  the  w*^  order,  then  if  we 
are  given  that  such  a  curve  is  circular,  that  is  to  say,  that  it 
passes  through  the  points  7,  J\  and  if  we  are  given  N—  3  other 
points  on  the  curve,  the  locus  of  the  double  focus  (or  inter- 
section of  the  tangents  at  7,  J)  is  a  circle.  For  since  but  one 
curve  of  the  n*^  order  can  be  described  to  pass  though  N 
points,  if  in  addition  to  the  above  conditions  we  are  given 
a  consecutive  point  at  /,  that  is  to  say,  if  we  are  given  FI 
the  tangent  at  7,  the  curve  will  be  completely  determined, 
and  therefore  FJ  the  tangent  at  J  is  determined.  The  point 
F  is  then  the  intersection  of  corresponding  lines  of  two  homo- 
graphic  pencils  [Conies^  Art.  331),  that  is  to  say,  two  pencils 
such  that  to  any  line  of  one  answers  one  and  only  one  line  of 
the  other.  The  locus  of  F  is  therefore  a  conic  passing  through 
the  vertices  of  the  pencils  7,  /,  that  is  to  say,  it  is  a  circle. 
This  conic  breaks  up  into  the  line  IJ  and  another  line,  when  to 
the  line  IJ  of  one  pencil  answers  the  line  J  I  of  the  other.  This 
will  be  the  case  in  the  present  example  when  ti  =  2,  since  IJ 
cannot  be  a  tangent  to  a  conic  passing  through  the  points  7,  e7, 
unless  the  conic  break  up  into  two  right  lines,  and  the  theorem 
then  is  that  for  the  circles  which  pass  through  two  fixed  points, 
the  locus  of  the  centres  is  a  line ;  but  when  n  is  greater  than  2, 
the  locus  will  in  general  be  a  circle. 

146.  In  like  manner  if  we  are  given  N-  1  tangents  to  a 
curve  of  the  w*^  class,  the  curve  is  completely  determined  if  one 
more  tangent  Fl  be  given.  The  reasoning  of  the  last  article 
will  apply,  and  the  locus  of  the  focus  will  be  a  circle,  if  the  con- 
ditions are  such  that  when  the  curve  is  determined,  only  one 
tangent  can  be  drawn  to  it  from  the  point  J.  This  will  be  the 
case,  if  among  the  given  conditions  is,  that  the  line  IJ  is  a 
tangent  of  the  multiplicity  n  -  1,  since  then  but  one  more  tangent 
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can  be  drawn  to  the  curve  from  any  point  on  that  line.  We 
have  seen,  Art.  41,  that  to  be  given  that  a  point  is  a  multiple  point 
of  the  order  k^  is  the  same  as  if  \h  [k  + 1)  points  were  given 
Similarly  to  be  given  that  //  is  an  [n  —  l)-tuple  tangent,  is 
equivalent  to  being  given  \n[n-~l)  tangents.  Observing  then 
that  N—  Jn  (w  —  1)  =  2?2,  we  infer  that  if  we  are  given  2n  —  1 
tangents  of  a  curve  of  the  n^  class,  and  also  that  the  line  at 
infinity  is  an  (w— l)-tuple  tangent,  the  locus  of  the  focus  (in 
this  case  there  being  but  one  focus)  is  a  circle.  Thus  being 
given  three  tangents  to  a  parabola,  the  locus  of  the  focus 
is  a  circle.  Again,  the  locus  of  the  focus  is  a  circle  if  we 
are  given  five  tangents  to  a  curve  of  the  third  class,  among 
whose  tangents  the  line  at  infinity  counts  for  two.  A  particular 
curve  of  this  system  is  the  complex  made  up  of  the  point  at 
infinity  on  any  of  the  five  tangents,  and  the  parabola  touching 
the  other  four ;  the  focus  of  the  parabola  being  the  focus  of  the 
complex.  Hence  we  have  Miquel's  theorem  {Conies^  Art.  268, 
Note)  that  the  foei  of  the  five  parabolas  which  touch  any  four 
of  five  given  lines  lie  on  a  circle.* 


*  This  proof  of  Miquel's  theorem  is  Mr.  Clifford's,  for  whose  other  inferences  from 
the  same  principle,  see  Messenger  of  Mathematics,  Yol,  v.,  p.  137. 
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CHAPTER  V. 


CURVES  OF  THE  THIRD  ORDER. 


147.  It  has  been  proved  (Art.  42)  that  a  curve  of  the  third 
order,  or,  as  we  shall  for  shortness  call  it,  a  cuhic^  may  have  one 
double  point,  but  cannot  have  any  other  multiple  point.  Hence 
is  suggested  the  fundamental  division  of  cubics  into  non-singular^ 
having  no  double  point ;  nodal,  having  a  double  point  at  which 
the  tangents  are  distinct,  and  cuspidal,  having  a  double  point 
at  which  the  tangents  coincide.  Pliicker's  numbers  (Art.  82) 
for  the  three  cases  respectively  are : 

m    h     K     n     r     I, 

3     0     0     6     0     9 

3     10     4     0     3 

3     0     13     0     1. 

It  thus  appears  that  the  curves  are  of  the  sixth,  fourth,  and 
third  class  respectively,  or  are  such  that  six,  four,  or  three 
tangents  respectively  can  be  drawn  to  the  curve  from  an 
arbitrary  point.  If  the  point  be  on  the  curve,  the  tangent  at 
the  point  counts  for  two  among  these  tangents  (Art.  79),  and 
the  number  of  tangents  distinct  from  the  tangent  at  the  point 
is  four,  two,  or  one.  If  the  point  be  a  point  of  inflexion,  the 
stationary  tangent  counts  for  three,  and  the  number  of  other 
tangents  which  can  be  drawn  through  the  point  of  inflexion 
is  further  reduced  by  one. 

Nodal  cubics  may  obviously  be  subdivided  (Art.  38)  into 
crunodal  and  acnodal,  according  as  the  tangents  at  the  double 
point  are  real  or  imaginary.  We  shall  hereafter  see  that  there 
is  a  parallel  subdivision  of  non-singular  cubics.  But  for  the 
present  we  postpone  the  further  discussion  of  the  classification 
of  cubics,  as  the  reader  will  be  able  to  follow  it  with  more 
intelligence  when  he  has  first  been  put  in  possession  of  some  of 
the  general  properties  of  these  curves.     We  likewise  postpone 
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the  discussion  of  the  general  equation  and  the  examination 
of  its  invariants,  and  we  coramence  by  applying  to  the  case 
of  cubics  theorems  we  have  already  obtained  for  curves  of  any 
degree,  beginning  with  the  theorems  on  the  intersection  of 
curves  established  In  the  first  Section  of  Chapter  II. 

SECT.  I.— INTERSECTION  OF  A  GIVEN  CUBIC  WITH  OTHER  CURVES. 

148.  It  has  been  proved  (Art.  29)  that  all  cubics  which  pass 
through  eight  fixed  points  on  a  given  cubic  also  pass  through 
a  ninth  fixed  point  on  the  curve.  This  is  a  fundamental 
theorem  leading  to  the  greater  part  of  the  properties  of  cubic 
curves.  In  particular  we  infer  that  if  two  right  lines  whose 
equations  are  ^  =  0,  J5  =  0,  meet  a  cubic  in  points  a,  a',  a", 
5,  5',  y  respectively,  and  if  the  lines  aJ,  ah\  ah"  (whose 
equations  we  write  i>  =  0,  JE=Oj  i^=0),  meet  the  cubic  In 
points  c,  c',  c",  then  the  line  cc{G=0)  joining  two  of  those 
points  will  pass  through  the  third.  For  the  lines  2),  jE',  F 
make  up  a  cubic  passing  through  the  nine  points;  the  lines 
A^  B,  (7  make  up  a  cubic  passing  through  eight  of  these  points, 
therefore  it  will  pass  through  the  ninth  c",  and  since  this  point 
cannot  lie  on  either  of  the  lines  A^  B  which  already  meet  the 
curve  each  in  three  points,  it  must  lie  on  G.  Since  the  given  cubic 
passes  through  the  intersection  of  the  cubics  ^j5 (7=0,  DEF=0, 
its  equation  must  be  capable  of  being  written  in  the  form 
DEF^kABC=^0, 

149.  Let  us  suppose  that  the  lines  A^  B  coincide,  then  we 
deduce  as  a  particular  case  of  the  preceding  theorem,  that  if  a 
right  line,  ^  =  0,  meet  the  curve  In  three  points  «,  a',  a",  the 
tangents  at  these  points,  Z)  =  0,  ^=0,  i^=0,  meet  the  curve  in 
points  c,  c',  c"  respectively,  which  He  on  a  right  line  (7=0, 
and  the  equation  of  the  curve  may  in  that  case  be  written 
DFF—hA^C=0.  The  point  c,  in  which  the  tangent  at  any 
point  a  meets  the  curve  again  is  called  the  tangential  of  the  point 
a;  and  the  line  C  on  which  lie  the  tangentlals  of  the  three 
points  a  Is  called  the  satellite  of  the  line  A.  We  shall  hereafter 
show  how  when  the  equation  of  A  is  given,  ax  -y  py  +  yz  —  0, 
the  equation  of  G  can  be  formed.  The  line  A  will  have  a  real 
satellite,  even  though  instead  of  meeting  the  curve  in  three  real 
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points  it  meets  it  in  one  real  and  two  imaginary  points.  The 
equations  of  the  tangents  at  the  imaginary  points  will  be  of  the 
form  P± tQ  =  0'j  their  product  will  be  real ;  and  the  equation  of 
the  curve  can  be  written  in  the  form  D  {F^  -\-  Q^)  =  kA^  (7. 

Two  cases  of  the  theorem  of  this  article  deserve  to  be 
noticed.  First,  let  the  line  A  be  at  infinity,  then  the  tangents 
D,  JEj  F  at  the  points  where  it  meets  the  curve  are  the  three 
asymptotes;  each  asymptote  meets  the  curve  in  one  finite  point, 
and  we  learn  that  these  three  points  lie  on  a  right  line  (7, 
the  satellite  of  the  line  at  infinity.  In  this  case  the  equation  of 
the  curve  is  reducible  to  the  form  DEF=  k  (7,  and  we  have  the 
theorem  that  the  product  of  the  perpendiculars  from  any  point 
of  the  curve  on  the  three  asymptotes  is  in  a  constant  ratio 
to  the  perpendicular  from  the  same  point  on  the  line  (7. 

Secondly,  let  the  points  a,  a  be  points  of  inflexion;  then 
evidently  the  tangentials  of  these  points  coincide  with  the 
points  themselves ;  the  satellite  line  G  therefore  coincides  with 
-4,  and  consequently  the  third  point  a  in  which  it  meets  the 
curve  is  also  a  point  of  inflexion  (see  Art.  125,  Ex.  3).  The  equa- 
tion of  the  curve  is  thus  reducible  to  the  form  DEF—  kA^  where 
-4  =  0  is  the  equation  of  the  line  through  the  three  inflexions, 
and  i>  =  0,^=0,  i^=0  are  the  equations  of  the  tangents  at 
these  three  points  respectively. 

150.  The  theorem  of  Art.  149  may  be  otherwise  stated, 
starting  with  the  line  G  instead  of  with  A ;  viz.  given  three 
collinear  points  c,  c',  c"  of  a  cubic,  the  line  joining  a  the  point 
of  contact  of  any  of  the  tangents  from  c,  to  a  the  point  of 
contact  of  any  of  the  tangents  from  c  will  pass  through  the 
point  of  contact  of  one  of  the  tangents  from  c".  Only  one 
tangent  can  be  drawn  at  a  point  of  a  curve,  and  therefore  to 
any  position  of  A  corresponds  but  one  position  of  (7;  but  in 
the  case  of  a  non-singular  cubic  four  tangents  can  be  drawn 
from  any  point  on  the  curve,  and  therefore  to  any  position  of 
G  correspond  sixteen  positions  of  A,  The  twelve  points  of* 
contact  lie  on  the  sixteen  lines  A^  viz.  each  line  A  contains 
three  points  of  contact,  and  through  each  point  of  contact  there 
pass  four  lines  A, 

Let  us  consider  more  particularly  the  case  where  G  touches 
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the  curve,  and  let  us  suppose  the  points  c,  c  to  coincide. 
Then  we  see  that  the  line  joining  a/',  one  of  the  points  of 
contact  of  tangents  drawn  from  c",  to  a^  one  of  the  points 
of  contact  of  tangents  from  c,  must  pass  through  one  of  the 
other  points  of  contact  from  c,  say  a^.  In  like  manner,  the  line 
joining  a^'a^  passes  through  a^.  "VVe  have  then  the  following 
theorem :  The  four  points  a^a^a^a^  which  are  the  points  of 
contact  of  tangents  from  any  point  c  of  the  curve  are  the  vertices 
of  a  quadrangle^  the  three  centres  of  which  are  also  points  on 
the  curve^  and  are  such  that  the  tangents  at  these  points  and 
the  tangent  at  c  all  meet  the  curve  in  the  same  point, 

151.  Keturning  to  the  case  where  C  does  not  touch  the 
curve,  we  have  the  tangents  from  c  touching  at  the  points 
«,,  «2)  ^8)  ^4)  ^^^  ^^  tangents  from  c'  touching  at  the  points 
a/,  a^',  aj,  a/.  Attending  only  to  two  points,  say  «,,  a^  of  the 
first  tetrad,  it  appears  that  separating  the  points  of  the  second 
tetrad  into  pairs  in  a  definite  manner^  say  these  are  «/,  a^  and 
flfg',  a^',  then  combining  the  pair  a,,  a^  first  with  the  pair  a/,  a^', 
the  lines  «!«/,  a^a^  meet  in  a  point  on  the  curve,  and  also  the 
lines  a^a^^^  a,p^  meet  in  a  point  on  the  curve ;  and  secondly  with 
the  pair  a^a^^  the  lines  a^a^^  a^l  meet  in  a  point  on  the  curve, 
and  also  the  lines  a^a^^  a^a^  meet  in  a  point  on  the  curve :  viz. 
the  four  new  points  are  the  points  of  contact  of  the  tangents 
from  c"  to  the  curve.  Any  two  points  such  that  the  tangents 
at  these  points  respectively  meet  on  the  curve  may  be  said  to  be 
"  corresponding  points ;"  thus  any  two  of  the  points  r/^,  a^,  a^^  a^ 
are  corresponding  points ;  and  so  any  two  of  the  points  a/,  a^ ; 
ffg',  a^  are  corresponding  points.  But  starting  with  the  two 
points  ttj,  flfg,  the  points  a/,  a^  (as  also  the  points  a^\  aj  may  be 
said  to  be  corresponding  points  of  the  same  kind  with  a„  a^ :  viz. 
the  property  is  that,  given  two  pairs  of  the  same  kind,  if  w 
form  a  quadrilateral  by  joining  each  point  of  the  one  pair  with 
each  point  of  the  other  pair,  the  two  new  vertices  of  the  quadri- 
lateral are  points  on  the  curv^e  (they  are  in  fact  corresponding 
points  of  the  same  kind  with  the  original  two  pairs).  It  is 
obvious  that  there  are  three  kinds  of  corresponding  points, 
viz.  those  of  the  kind  a^a,^  or  a^a^^  the  kind  a^a^  or  a^a^^ 
and  the  kind  a^a^  or  a^a^.     And,  moreover,  starting   with  the 
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pair  aj«2?  *^  obtain  the  whole  system  of  corresponding  points  of 
the  same  kind,  we  have  only  to  take  on  the  curve  a  variable 
point  JTj  and  joining  it  with  the  two  points  ttj,  a^  respectively, 
these  lines  again  meet  the  curve  in  a  pair  of  corresponding 
points  of  the  kind  a^a^.  It  may  be  mentioned  that  the  envelope 
of  the  line  joining  two  corresponding  points  of  a  given  kind  is 
a  curve  of  the  third  class.  The  theory  is,  for  the  most  part, 
due  to  Maclaurin  (see  the  "  De  Linearum  Geometricarum  Pro- 
prietatibus  Generalibus  Tractatus,"  published  with  the  5th  edition 
of  his  Algebra)^  and  it  may  appropriately  be  called  Maclaurin's 
Theory  of  corresponding  points  on  a  cubic  curve. 

152.  In  further  consideration  of  the  case  where  G  does  not 
touch  the  curve,  let  D^^  E^^  F^  be  tangents  through  the  points 
c,  c ,  c"  respectively,  and  we  have  seen  that  the  equation  of  the 
curve  may  be  written  in  the  form  D^E^F^—A^^G—  0.  Let  D^^  E^^ 
be  another  pair  of  tangents  through  c,  c',  such  that  their 
chord  of  contact  passes  through  the  point  of  contact  of  -Fj, 
and  the  equation  of  the  curve  may  also  be  written  in  the 
form  DJE,JF^  —  A^G=0.  Hence  we  can  deduce  an  identity 
{D^E^-D^^E^^F^=.[A^^-A^')G.  The  right-hand  side  of  the 
equation  denotes  three  right  lines,  therefore  the  left-hand  side 
must  denote  the  same  three  lines.  One  of  the  factors  therefore 
of  D^E^  —  D^^E^^  must  be  (7,  which  passes  through  the  points 
i>ji>2,  E^E^.  The  other  factor  which  joins  the  points  D^E^^ 
D^E^  must  be  A^±A^^  F^  being  A^+A^.  We  see,  then,  that 
the  latter  two  lines  and  the  two  chords  A^^  A^  form  a  harmonic 
pencil,  whose  vertex  is  the  point  of  contact  of  F^,  We  shall 
afterwards  apply  this  theorem  to  the  case  where  the  points  c,  c 
are  the  imaginary  points  at  infinity  7,  /;  the  points  D^E^^  A^i 
are  then  foci,  and  F^  is  a  tangent  parallel  to  the  single  real 
asymptote  of  the  curve. 

If  the  points  c,  c  coincide,  the  line  joining  c  to  the  point 
of  contact  of  F^^  F^  itself,  and  the  two  chords  A^^  A^  form  a 
harmonic  pencil. 

153.  Hence  can  be  deduced  another  theorem  of  Maclaurin's. 
Any  line  drawn  through  a  point  ^  on  a  cubic  is  cut  harmonically 
in  the  two  points  /S,  7,  where  it  meets  the  cubic  again,  and  the 
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two  points  8y  8',  where  it  meets  a  pair  of  chords  joining  the 
points  of  contact  of  tangents  from  A.  Let  the  line  meet  the 
tangent  G  in  tlie  point  e,  then,  since  it  meets  A^  and  B^  at  A^ 
by  Art.  136, 

8A'^  6/3'^  By~  8A'^  ^e' 

^^  Sff'^  8y~  SA'^  8e' 

But,  by  the  last  Article,  88'  is  a  harmonic  mean  between  5^ 

and  8e,  therefoi'e  also  between  8^  and  8y,     Q.  E.  D. 

When  the  curve  has  a  double  point,  only  two  tangents  can 
be  drawn  to  the  curve ;  but  the  theorem  of  this  Article  will  be 
still  true,  if  for  the  chord  D'  we  substitute  the  line  joining  the 
double  point  to  the  point  where  the  chord  D  meets  the  curve 
again. 

154.  We  add  one  more  application  of  the  theorem,  that 
all  cubics  which  pass  through  eight  fixed  points  on  a  cubic 
pass  also  through  a  ninth  fixed  point.  If  any  conic  be  described 
through  four  fixed  points  on  a  cubic^  the  chord  joining  the  two 
remaining  intersections  of  the  conic  with  the  cubic  will  pass 
through  a  fixed  point  on  the  cubic.  Consider  any  conic  through 
the  four  points  (a)  and  meeting  the  curve  in  two  other  points 
(/8),  and  a  second  conic  through  the  points  (a)  and  two  other 
points  (/3'),  then  the  conic  through  a,  /3  and  the  right  line 
joining  the  two  points  /3'  make  up  a  cubic  system  through  the 
eight  points  a,  /3,  y8' ;  the  conic  through  a,  /3'  and  the  right 
line  joining  /3  make  up  a  second  system  through  the  same 
eight  points;  hence  the  ninth  point  of  intersection  with  the 
curve  must  be  common  to  both  systems ;  that  is  to  say,  the 
lines  joining  the  points  /3,  /3'  meet  the  curve  in  the  same  point, 
Q.E.D.  This  point  was  in  the  first  edition  called  the  opposite 
of  the  system  of  four  given  points;  but  now,  in  conformity 
with  the  nomenclature  of  Prof.  Sylvester's  remarkable  theory 
of  residuation,  which  will  be  presently  explained,  is  called  the 
coresidual  of  the  system  of  four  points.  This  point  is  easily 
constructed  by  taking  for  the  conic  through  the  four  points 
a  pair  of  lines.  Let  the  line  joining  the  points  1,  2  and 
the  line  joining  the  points  3,  4  meet  the  cubic  in  points  5  and  6 
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respectively,  then  the  line  joining  5,  6  meets  the  curve  in  the 
coresidual  required.  And  since  the  grouping  of  the  four  points 
is  arbitrary,  the  construction  can,  it  is  clear,  be  performed  in 
three  different  ways. 

Hence,  for  example,  we  infer  that  through  four  points  on 
a  cubic  four  conies  can  be  drawn  to  touch  the  curve  elsewhere, 
viz.  the  conies  passing  through  the  points  of  contact  of  the  four 
tangents  which  can  be  drawn  from  the  coresidual. 

155.  Let  us  apply  the  rule  just  given  to  construct  the  point 
coresidual  to  four  consecutive  points  on  the  curve.  The  line 
joining  the  points  1,  2  is  then  a  tangent,  and  the  point  5  in 
which  it  meets  the  curve  is  the  tangential  of  the  point  1 ; 
similarly,  the  line  34  meets  the  curve  in  a  point  6,  which  is 
consecutive  to  the  point  5 ;  it  follows  that  the  coresidual  re- 
quired is  the  point  where  the  tangent  at  the  tangential  point  5 
meets  the  curve  again ;  that  is  to  say,  it  is  the  tangential  of 
the  tangential,  or,  as  we  shall  say,  the  second  tangential. 

If  then,  for  example,  it  be  required  to  draw  a  conic  passing 
through  the  four  consecutive  points,  or,  as  we  may  say,  having 
a  four-point  contact  with  the  curve,  and  elsewhere  touching 
the  curve,  the  point  of  contact  is,  as  we  have  seen,  a  point 
of  contact  of  tangents  from  the  second  tangential  to  the  curve. 
One  of  these  is  the  tangential  of  the  point  (1),  and  the  corre- 
sponding conic  degenerates  into  two  right  lines ;  the  remaining 
three  give  solutions  of  the  problem. 

Again,  if  it  be  required  to  describe  a  conic  passing  through 
five  consecutive  points  of  the  curve  (or  having  a  five-point 
contact  with  the  curve),  this  is  done  by  constructing  the  sixth 
point  in  which  the  conic  meets  the  cubic,  viz.  this  is  the  point 
where  the  line  joining  the  point  (1)  to  its  second  tangential 
meets  the  curve  again.  In  order  that  this  point  should  coincide 
with  the  point  (1)  it  is  necessary  that  the  line  last  named  should 
touch  the  curve  at  (1) ;  or,  what  is  the  same  thing,  it  is 
necessary  that  the  first  and  second  tangential  should  coincide. 
Now  a  point  which  coincides  with  its  tangential  is  a  point  of 
inflexion ;  hence,  on  a  non-singular  cubic  there  are  twenty-seven 
points  at  each  of  which  a  conic  can  he  drawn^  having  a  six- 
point  contact  with  the  curve  ;  viz.  these  are  the  points  of  contact 
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of  the  three  tangents  which  can  he  drawn  from  the  nine  j)Oints  of 
inflexion. 

156.  The  theorem  (Art.  29)  as  to  the  Intersection  of  two 
cubics  was  generalized  in  Art.  33.  The  theorem  there  given 
is  applied  to  the  case  of  the  cubic  by  writing  ^  =  3,  and  it  then 
becomes  ever?/  curve  of  the  n^^  degree  which  passes  through  3?i  —  1 
fixed  points  on  a  cubic  passes  through  one  other  fixed  point  on 

the  cubic.  It  is  to  be  observed,  that  for  w  =  1,  or  n  =  2,  one  and 
only  one  curve  of  the  n^  degree  can  be  described  passing 
through  3w  —  1  points  on  a  cubic,  and  the  theorem  asserts 
nothing;  when  n  is  greater  than  2,  more  than  one  such 
curve  can  be  described,  and  the  curves  all  pass  through  one 
other  fixed  point  on  the  curve,  as  has  been  just  stated.  And, 
as  was  explained  in  Art.  33,  if  it  were  attempted  to  describe  a 
curve  of  the  n*^  order  through  ^n  points  taken  arbitrarily  on 
a  cubic,  n  being  greater  than  2,  the  curve  so  described  would 
in  general  not  be  a  proper  curve,  but  would  be  a  complex 
consisting  of  the  cubic  itself,  and  a  curve  of  the  order  w  -  3. 

157.  If  of  the  3  {m  +  n)  intersections  of  a  curve  of  the  [m  -}-  w)*^ 
order  with  a  cubic.  3m  lie  on  a  curve  of  the  m^"^  order  U  ,  the 

I  •/  mi 

remaining  ^n  lie  on  a  curve  of  the  n^^  order.  For,  as  has  been 
just  remarked,  through  ^n  - 1  of  these  3w  points,  a  curve  of 
the  n^^  order  Z7^  can  always  be  described;  and  this,  together 
with  U^  makes  up  a  system  of  the  order  m  +  n  which  (Art.  156) 
passes  through  the  remaining  point,  and  since  this  point  cannot 
lie  on  ZT,^,  which  already  meets  the  cubic  in  Zm  points,  it  must 
lie  on  U^. 

158.  We  shall  now  explain  the  nomenclature  introduced  by 
Prof.  Sylvester,  and  in  conformity  with  it  re-state  and  extend 
some  of  the  preceding  propositions.  If  two  systems  of  points 
a,  /S,  together  make  up  the  complete  intersection  with  the  cubic 
of  a  curve  of  any  order,  one  of  these  systems  is  said  to  be 
the  residual  of  the  other.  Since  the  total  number  of  intersec- 
tions of  a  cubic  with  any  curve  must  be  a  multiple  of  three, 
it  is  evident  that  if  the  number  of  points  in  the  system  a  be 
of  the  form  3^+1,  that  in  the  system  /3  must  be  of  the  form 
3^—1,  and  vice  versa.    We  may  call  these  positive  and  negative 
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systems  respectively,  and  say  that  the  residual  of  a  positive 
system  Is  a  negative  system,  and  vice  versa.  The  simplest 
positive  system  consists  of  a  single  point,  answering  to  ^  =  0 ; 
the  simplest  negative  system  of  a  pair  of  points,  answering  to 
q  =  l.  In  this  case,  evidently  the  one  Is  the  residual  of  the 
other  when  the  three  points  are  on  a  right  line.  Since  through 
a  given  system  of  points  a,  an  infinity  of  curves  of  different 
orders  may  be  described,  It  Is  evident  that  a  given  system  of 
points  a  has  an  infinity  of  residuals  y3,  y8',  /3",  &c.  Two 
systems  of  points  ^,  ^'  are  said  to  be  coresidual  if  both  are 
residuals  of  the  same  system  a.  For  example,  In  Art.  154 
through  four  points  a  on  a  cubic  we  supposed  conies  to  be 
described  meeting  the  curve  again  In  pairs  of  points  ^,  /3',  &c. ; 
then  any  one  of  these  pairs  is  a  residual  of  a,  and  any  two  of 
them  are  coresidual.  Again,  if  the  line  joining  the  pair  0 
meet  the  curve  again  in  a  point  a,  this  point,  as  well  as  the 
four  original  points,  is  a  residual  of  the  group  /3,  and  this  point 
a  Is  therefore,  as  we  already  called  It,  coresidual  with  the  four 
points  a.  It  is  obvious  that  two  coresidual  systems  of  points 
must  either  be  both  positive  or  both  negative. 

The  theorem  of  Art.  156  may  be  stated  thus:  two  points 
which  are  coresidual  must  coincide.  In  fact,  we  there  saw  that 
if  through  3/?  -  1  points  a  we  describe  a  curve  Up  meeting  the 
cubic  in  the  residual  point  /3,  and  if  through  the  same  points 
a  we  describe  a  second  curve  of  the  y  order  meeting  the 
cubic  again  in  a  point  y8',  the  coresidual  points  )8,  /8'  arrived 
at  by  the  two  processes,  are  one  and  the  same  point. 

159.  If  two  systems  y9,  y8'  he  coresidual^  any  system  ol  which 
is  a  residual  of  one  loill  he  a  residual  of  the  other.  Say  that 
through  any  system  a  two  curves  C^,  Ug  are  described  meeting 
the  cubic  again  in  systems  ^,  /S',  then  these  two  systems  are 
by  definition  coresidual;  and  what  is  now  asserted  is  that  if 
through  ^'  be  drawn  any  curve  £/  meeting  the  cubic  again  in 
a  system  of  points  a',  then  the  points  yS  and  a  also  make  up 
the  complete  intersection  of  a  curve  with  the  cubic.  For  since 
the  systems  a  and  /3  together  make  up  the  intersection  of  a 
curve  TJj,^  with  the  cubic,  and  a'  and  fi'  make  up  its  intersection 
with  a  curve   Z7,,  the  four  together  make  up  the  intersection 
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with  the  cubic  of  a  curve  whose  order  lap  +  r:  but  the  systems 
a  and  /3'  together  make  up  the  intersection  with  the  curve  U^ 
of  the  order  q^  therefore  (Art.  157)  the  systems  a!  and  ^  together 
make  up  the  complete  intersection  of  the  cubic  with  a  curve 
whose  order  is^f  +  r—  q. 

Hence  also  two  systems  which  are  coresidual  to  the  same  are 
coresidual  to  each  other.  If  /3  and  /8'  are  coresidual  as  having 
a  common  residual  a,  and  if  yS'  and  /3"  have  a  common  residual 
a',  then  by  what  has  been  just  proved  a  is  a  residual  also  of 
/S",  and  a'  of  y8 :  that  is,  if  /9,  ^"  are  each  of  them  coresidual 
with  /8',  then  /5,  /8"  are  coresidual  with  each  other,  for  a,  a'  are 
each  of  them  a  common  residual  of  /3,  /S". 

160.  We  can  now  give  for  the  theorem  of  Art.  154  a  proof 
which  will  at  once  suggest  Prof.  Sylvester's  generalization  of 
that  theorem.  The  conic  through  four  points  a  on  a  cubic 
meets  the  curve  in  two  points  y8,  which  are  a  residual  of  the 
system  a.  The  line  through  the  two  points  ^  meets  the  curve 
in  a  point  a!  which  is  residual  to  y8,  and  therefore  coresidual 
to  a.  If  the  same  process  were  repeated  with  a  diiFerent  conic 
we  should  arrive  at  a  point  a",  also  coresidual  to  the  system 
a,  and  therefore  to  the  point  a' ;  and  the  two  points  a',  a"  being 
coresidual  must  coincide  (Art.  158). 

Now,  in  the  first  place,  it  is  evident  that  the  same  proof 
would  hold  good,  if  instead  of  four  points  we  started  with  any 
positive  system  of  ^p  + 1  points  P.  A  curve  through  them  of 
order  p  +  1  meets  the  cubic  again  in  two  other  points,  and  the 
line  joining  these  meets  the  curve  in  a  point  coresidual  to  P, 
and  which  is  the  same  point  whatever  be  the  curve  of  order  j9+l. 
But,  in  the  second  place,  instead  of  proceeding  from  the  group 
P  to  the  coresidual  point  by  two  stages,  we  might  employ  any 
even  number  of  stages.  Thus  through  the  3^+1  points  P  de- 
scribe a  curve  Z7^^^,  and  the  residual  is  the  negative  system  N 
of  3r  -  1  points.  Through  N  describe  a  curve  C^^^,,  and  we  get 
a  residual  P'  of  35+1  points.  In  like  manner,  from  P'  we 
can  derive  a  residual  of  3<  —  1  points,  and  so  on.  And  at 
this  or  any  subsequent  stage  where  we  have  a  negative 
system  of  3^  —  1  points,  by  describing  through  them  a  curve 
U^  we  can  obtain  a  residual  of  a  single  point.     Prof.  Sylvester's 
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theorem  is,  that  this  point  is  in  all  cases  the  same,  no  matter 
what  the  process  of  residuation  by  which  it  is  arrived  at. 
In  fact,  the  system  ^  is  a  residual  of  P;  P'  is  a  residual 
of  ^,  and  is  coresidual  of  P;  N'  is  a  residual  of  P',  coresidual 
therefore  with  iV,  and  therefore  residual  also  to  P,  and  so  on. 
Any  positive  system  in  the  series  is  residual  to  every  negative 
system,  and  coresidual  to  every  positive  system.  The  point 
therefore  at  which  we  ultimately  arrive,  is  coresidual  to  the 
original  positive  system,  and  must  be  identical  with  the  point 
coresidual  of  the  same  system  obtained  by  any  other  process. 
For  example,  if  through  four  points  we  describe  a  cubic  meeting 
the  curve  in  five  other  points ;  through  these  five  another  cubic 
giving  a  residual  of  four  other  points,  through  these  four  a 
quartic  giving  a  residual  of  eight  points ;  finally,  through  these 
eight  a  cubic  meeting  the  curve  in  one  other  point,  this  point  Is 
the  same  as  that  obtained  from  the  original  four  by  the  process 
of  Art.  154.  And  similarly,  starting  with  any  negative  system 
of  3q-  I  points  iV,  we  may  after  any  odd  number  of  stages 
arrive  at  a  single  point,  which  will  be  the  residual  of  the  original 
system,  and  as  such,  independent  of  the  particular  process  of 
residuation. 

161.  The  principles  just  established,  enable  us  to  find  by 
linear  constructions,  the  point  residual  or  coresidual  to  a  given 
negative  or  positive  system.  For  example,  if  it  were  required 
to  find  the  point  residual  to  eight  given  points,  join  them  any 
way  in  pairs,  and  tlie  joining  lines  form  a  quartic  system  meet- 
ing the  curve  in  four  new  points  residual  to  the  given  eight : 
join  these  again  in  pairs,  and  we  obtain  a  system  of  two  points 
coresidual  to  the  given  eight ;  the  point  where  the  line  joining 
these  meets  the  curve  is  the  residual  point  required.  Or, 
again,  we  may  replace  any  four  of  the  given  points  by  their 
coresidual  point,  constructed  as  in  Art.  154,  and  the  problem 
is  reduced  to  finding  the  residual  of  a  system  of  five  points; 
and  similarly,  replacing  any  four  of  these  by  their  coresidual, 
reduce  the  problem  to  finding  the  residual  of  a  system  of  two. 
It  is  in  any  of  these  ways  easily  seen,  that  the  residual  of  a 
system  of  eight  consecutive  points  at  a  given  point  of  the  cubic 
is  the  third  tangential  of  the  given  point. 
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In  this  method  of  finding  by  linear  construction  the  ninth 
point  common  to  all  cubics  which  pass  through  eight  given 
points,  it  is  assumed  that  one  cubic  through  the  eight  points 
is  given;  and  thus  the  question  is  not  the  same  as  that  of 
finding  the  ninth  point  when  only  the  eight  points  are  given. 
Dr.  Hart  has  shown,  that  in  the  latter  question  the  ninth  point 
can  also  be  found  by  linear  construction,  though  by  a  more 
difficult  process.* 

162.  We  conclude  this  section  with  a  few  remarks  as  to 
systems  of  cubics  having  several  points  common.  If  we  are  given 
eight  points  on  a  cubic,  or  eight  linear  relations  between  the 
coefficients  in  the  general  equation,  we  can  eliminate  all  the 
coefficients  but  one,  so  as  to  bring  the  equation  to  the  form 
U-\-kV=^0,  Similarly,  if  we  are  given  seven  points,  or  seven 
linear  relations,  the  general  form  of  the  equation  can  be  reduced 
to  Z7+^F+ZIF=0,  U^  F,  IF  being  three  cubics  fulfilling  the 
seven  given  conditions,  and  the  two  constants  k^  I  still  at  our 
disposal,  enabling  us  to  fulfil  any  two  other  conditions.  And  so 
again  if  we  are  given  six  points,  the  general  form  of  the  equa- 
tion is  U+hV+lW-\-mS=0.  We  may  take  for  C/,  F,  &c. 
systems  of  three  lines  passing  each  through  two  of  the  given 
points.  Thus,  the  six  points  being  a,  5,  o,  c?,  e,/,  and  «J  =  0 
denoting  the  equation  of  the  line  joining  a,  5,  one  form  of  the 
equation  of  the  required  cubic  is 

ah,cd.ef-\-  h.ac.he,df-\-  l,ad.hf.ce-\-  in,aeM,cf—0, 

Since  this  equation  contains  three  indeterminates,  every  other 
cubic  through  the  six  points  (for  example,  af.hc.de)  must  be 
capable  of  being  expressed  in  the  above  form,  and  the  pre- 
ceding equation  would  gain  no  generality  if  we  were  to  add  to 
it  a  term  n.af.hc.de^  since  this  itself  must  be  the  sum  of  the 
preceding  four  terms  multiplied  each  by  some  factor. 

In  precisely  the  same  manner  as  ( Conies^  Art.  259)  we  derived 
the  anharmonic  property  of  the  points  of  a  conic  from  the  equa- 
tion ab.cd  =  k.ac.bd,  we  can  derive  from  the  equation  just 
written  the  following,  which  is  the  extension  of  the  anharmonic 
theorem  to  curves  of  the  third  degree :  "  If  six  given  points  on 

♦  Cambridge  and  Dublin  Mathematical  Journal  vol.  VI.  p.  181. 


WITH   OTHER  CURVES.  141 

such  a  curve  be  joined  to  any  seventh,  and  If  any  transversal 
meet  this  pencil  in  points  a,  Z>,  c,  cZ,  e^  }\  then  the  relation  holds 

db.cd.ef -vie, ache, df-\-  l.ad.bf.ce-\-  m.ae.bd.cf=0, 

where  ^,  ?,  m  are  constants,  whose  value  is  the  same  for  each 
particular  curve  through  the  six  points."  The  reader  can  easily 
conceive  the  number  of  particular  theorems  which  may  be 
derived  from  this  (as  in  Conies^  Art.  326),  by  examining  the 
cases  where  some  of  the  points  are  at  an  infinite  distance. 

163.  We  saw  (Art.  41)  that  to  be  given  a  double  point  was 
equivalent  to  three  conditions.  If  then  we  have  a  double  point 
and  five  other  points,  one  more  condition  will  determine  the 
curve,  which  may,  therefore,  be  expressed  by  an  equation  of 
the  form  8—kS'=^0j  where  ;S',  8'  are  two  particular  curves  of 
the  system.     We  may  write  it  in  the  form 

(oabcd)  oe—Jc  [oabce)  od  =  0, 

where  [oahcd)  denotes  the  conic  through  the  double  point  o  and 
the  four  points  abed. 

In  like  manner  we  may  write  the  equation  of  the  cubic 
through  the  double  point  and  four  other  points 

oa.ob,cd-^  k.ob.oc.ad-\-  l.oc.oa.bd=Oy 

and,  as  in  the  last  Article,  the  same  relation  holds  between  the 
intercepts  on  any  transversal  by  the  line  joining  these  points  to 
any  point  of  the  curve. 

164.  By  the  help  of  the  same  method  ( Conies^  Art.  259)  of 
expressing  the  anharmonic  ratio  of  a  pencil  in  terms  of  the  perpen- 
diculars let  fall  from  its  vertex  on  the  sides  of  any  quadrilateral 
whose  vertices  lie  each  on  a  leg  of  the  pencil,  we  can  find  the 
locus  of  the  common  vertex  of  two  pencils,  whose  anharmonic 
ratio  is  the  same,  and  whose  legs  pass  through  fixed  points, 
two  of  the  fixed  points  being  common  to  both  pencils.  For  if 
a5  =  0  denote  the  equation  of  the  line  joining  the  points  aZ>,  we 
get  an  equation  of  the  form 

ao.bp  _  c^.dp 
ah.po      cd.op'* 
or  ao»bp»cd=^ab,co,dp. 
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When  Oj  J)  are  the  two  ch'cular  points  at  infinity,  this  gives  us 
[Conies^  Art.  358)  the  locus  of  the  common  vertex  of  two  triangles 
whose  bases  are  given  and  vertical  angles  are  equal,  and  we 
see  that  it  is  a  curve  of  the  third  degree  passing  through  those 
circular  points. 

If  the  difference  of  the  vertical  angles  were  given,  this  would 
be  equivalent  [Conies^  Art.  358)  to  the  ratio  of  two  anharraonic 
functions,  and  we  should  be  led  to  an  equation  of  the  form 

ao.hj) _j  CO. dp 
ap.bo        cp.do'' 

which  represents  a  curve  of  the  fourth  degree,  having  the  two 
circular  points  for  double  points. 

SECT.  II.— POLES  AND  POLARS. 

165.  We  next  recapitulate  and  apply  to  the  cubic  the 
theorems  about  poles  and  polars  which  we  have  already 
obtained.  Every  point  0  {x\  y\  z)  has,  with  respect  to  a  cubicy 
a  polar  line  and  a  polar  conic,  whose  equations  respectively  are 

dU        dU'       dU'     ^      ,dU      ,dU      ,dU    ^ 
^cZZ+^^y+'^'=^'  '"dx^y-dy^'-dz^''' 

The  equation  of  the  polar  conic  may  also  be  arranged  according 
to  the  powers  of  a;,  y,  2,  and  will  then  be 

ax'  +  h'y'  +  c'z'  +  2fyz  -f  2gzx  +  2}ixy  =  0, 

wliere  a',  h\  &c.  represent  the  second  differential  coefficients 
written  with  the  accented  letters. 

The  polar  conic  is  the  locus  of  the  poles  of  all  right  lines 
which  can  be  drawn  through  (9,  and  thus  every  right  line  has, 
with  respect  to  a  non-singular  cubic,  four  poles,  namely  the 
intersections  of  the  polar  conies  of  any  two  points  on  the  line. 
The  polar  conic  passes  through  the  points  of  contact  of  the  six 
tangents  which  can  in  general  be  drawn  from  0.  In  the  case 
of  a  nodal  cubic,  the  polar  conic  passes  through  the  double 
point  and  meets  the  curve  elsewhere  only  in  four  points ;  and 
every  line  has  but  three  poles ;  since  the  two  polar  conies  (each 
passing  through  the  double  point)  intersect  in  only  three  other 
points.  In  the  case  of  a  cuspidal  cubic,  the  polar  conic  passes 
through  the  cusp,  touches  the  cuspidal  tangent  and  meets  the 
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curve  elsewhere  only  in  three  points;  and  every  line  has  but 
two  poles.  If  the  cubic  break  up  into  a  conic  and  a  right  line, 
the  polar  conic  of  a  point  0  passes  through  their  intersections, 
and  every  line  has  but  two  poles.  The  polar  conic  also  passes 
through  the  intersection  of  the  conic  with  the  polar  of  0  with 
respect  to  it ;  for  it  is  easily  seen  that  if  we  perform  on  L8^ 

the  operation  A  or  a;'  ^  -f  y  ^  +  s'-r-  ,  the  result  is  L'S-\-  LaS, 

If  the  cubic  reduce  to  three  right  lines,  xj/z  =  0,  every  polar 
conic  passes  through  the  vertices  of  the  triangle  formed   by 
them,  and  every  right  line  has  but  one  pole.     In  this  case  the 
equations  of  the  polar  line  and  polar  conic  are  respectively 
X7/'z'  +  yz'x  +  ZX2/'  —  0,   x'yz  +  y'zx  +  z'xi/  =  0, 

X       y       z      ^    X       y       z      ^ 

X       y       z        '   X       y       z 
The   equation  just  given  affords  at  once  a   geometrical   con- 
struction for  the  polar  line,  M 
since  it  appears  from  Comes, 

Art.  60,  that  if  the  point  0  in  L^ 

the  figure  be  a'y'z\  the  line 
LMN  will  be  that  whose 
equation  has  been  just 
written.  The  tangent  to 
the  polar  conic  at  any  vertex   N 

X         IJ  » 

xy  is  {Comcs^  Art.  127)  —  +  ^,  =  0,  and  Is  therefore  constructed 
X       y 

by  joining  the  vertex  xy  to  the  point  where  the  polar  line  meets 

the  opposite  side  z, 

166.   If  any  line  through  0  meet  the  cubic  in  points  A^B,  (7, 

the  point  P  in  which  it  meets  the  polar  line  is  determined,  since 

3  111 

(Art.  132)  we  have  —  =_  +  _  +  _.     If  a  second  line 

through  0  meet  the  cubic  in  points  A\  B\  C",  the  point  F  in 
which  the  polar  meets  this  line  is  also  determined,  and  therefore 
the  polar  line  itself,  which  must  be  the  same  for  all  cubics  pass- 
ing through  the  six  points  ^4,  B^  (7,  A\  B\  C.  Thus  then  we 
can  by  the  ruler  alone  construct  the  polar  line  of  0  with  respect 
to  the  cubic ;  for  we  have  only  to  draw  two  radii  through  0, 
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and  construct,  by  Art.  165,  the  polar  of  0  with  respect  to  the 
triangle  formed  by  AA\  BB\  CO', 

The  metrical  relations,  given  Art.  134,  shew  also  that  when 
the  points  A^  Bj  G  are  given  the  two  points  in  which  the  line 
OA  meets  the  polar  conic  are  likewise  given.  We  see  then, 
as  before,  that  if  we  draw  three  radii  through  the  origin  meet- 
ing the  curve  in  A,  B,  G,  A\  B\  G\  A",  B'\  G'\  the  polar 
conic  of  0  is  the  same  with  regard  to  all  cubics  passing  through 
these  nine  points.  The  points  A^  A\  A"  may  be  taken  as 
the  points  in  which  any  transversal  meets  the  curve,  and  the 
problem  of  constructing  the  polar  conic  of  0  with  respect  to 
a  cubic  may  be  reduced  to  constructing  it  with  regard  to  the 
system  made  up  of  the  line  AA'A",  and  the  conic  through  the 
six  remaining  points. 

We  consider  now  in  more  detail  the  cases  (1)  where  0  is  a 
point  on  the  curve,  (2)  where  it  is  a  point  on  the  Hessian. 

167.  If  from  two  consecutive  points  0,  0'  of  the  curve  we 
draw  the  two  sets  ot  tangents  OA,  OB,  OG,  CD',  O'A,  O'B, 
O'Gj  0'I)y  any  tangent  OA  intersects  the  consecutive  tangent 
O'A  in  its  point  of  contact.  Now  the  four  points  of  contact 
Aj  B^  (7,  D  lie  on  the  polar  conic  of  0,  which  also  touches  the 
cubic  at  the  point  0  (Art.  64) ;  hence  the  six  points  OO'ABGD 
lie  on  the  same  conic,  and  therefore  the  anharmonic  ratio  of 
the  pencil  {O.ABGD]  is  the  same  as  that  of  the  pencil 
{O'.ABGD],  Since  then  this  ratio  remains  the  same  when  we 
pass  from  one  point  of  the  curve  to  the  consecutive  one,  we  learn 
that  the  anharmonic  ratio  is  constant  of  the  pencil  formed  hy  the 
four  tangents  which  can  he  drawn  from  any  point  of  the  curve. 

We  shall  afterwards  give  an  algebraical  proof  of  this 
theorem,  by  shewing  that  the  anharmonic  ratio  of  four  lines 
given  by  a  homogeneous  biquadratic  in  x  and  y,  can  be  ex- 
pressed m  terms  of  the  ratio  of  the  invariants  S^  and  T^  of  the 
biquadratic,  and  that  when  the  four  lines  are  tangents  drawn 
from  a  point  on  a  cubic,  this  absolute  invariant  of  the  pencil  can 
be  expressed  in  terms  of  an  absolute  invariant  of  the  cubic,  so 
as  to  be  the  same,  no  matter  where  the  point  be  taken.  This 
invariant  is  a  numerical  characteristic  of  the  cubic  unaltered  by 
projection  or  any  other  linear  transformation.     It  was  shown 
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[Higher  Ahjehra^  Art.  213)  that  by  the  value  of  this  Invariant  of 
a  biquadratic,  we  can  discriminate  those  whose  roots  are  two 
real  and  two  Imaginary,  from  those  whose  roots  are  either 
all  real  or  all  Imaginary.  Consequently,  If  from  any  point  of  a 
cubic  the  four  tangents  which  can  be  drawn  to  the  curve  are 
two  real  and  two  Imaginary,  the  same  will  be  the  case  from 
every  point  of  the  curve ;  and.  In  like  manner,  if  the  tangents 
from  any  point  are  either  all  real  or  all  Imaginary,  the  tangents 
from  every  point  are  either  all  real  or  all  imaginary.  On  this 
is  founded  a  fundamental  division  of  non-singular  cublcs  into 
two  classes,  those  to  which  from  each  of  their  points  can  be  drawn 
two  and  only  two  real  tangents,  and  those  to  which  the  tangents 
may  be  either  all  real  or  all  imaginary.  This  remark  will 
be  further  developed  In  the  section  on  the  classification  of  cublcs, 
and  It  will  there  be  shewn  that,  in  the  second  case  the  cubic 
consists  of  two  distinct  portions,  from  every  point  on  one  of 
which  portions  the  tangents  are  all  real,  and  on  the  other 
portion  are  all  Imaginary. 

168.  It  follows,  from  Art.  167,  that,  If  0^  Pbe  any  two  poin's 
of  the  curve,  through  these  points  can  be  drawn  a  conic  passing 
through  the  four  points  where  each  of  the  tangents  from  the 
first  point  meets  the  corresponding  tangent  from  the  second. 
The  anharmonic  ratio  of  four  points  abed  is  unaltered  by  writing 
them  In  the  order  hade  or  cdah  or  dcba ;  hence,  by  taking  the 
legs  of  the  second  pencil  successively  In  each  of  these  four 
orders,  we  see  that  the  sixteen  points  of  Intersection  of  the 
first  set  of  tangents  with  the  second,  lie  on  four  conies,  each 
passing  through  the  points  OP, 

Let  the  cubic  be  circular,  that  Is  to  say,  let  it  pass  through 
the  imaginary  points  /,  J  at  Infinity ;  then  by  taking  these 
for  the  points  (9,  P  we  see  that  the  sixteen  foci  of  a  circular 
cubic  lie  on  four  circles,  four  on  each  circle.* 

169.  When  0  is  a  point  on  the  curve,  every  chord  through  it 
is  cut  harmonically  by  the  curve  and  by  the  polar  conic  of  0. 


*  This   theorem  was  first  otherwise  obtained   by  Dr.  Hart,   and  thence  was 
suggested  to  me  the  theorem  of  Art.  167, 

U 
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We  saw  (Art.  78)  that  the  Intersections  with  the  curve  of  the  line 
joining  any  two  points  are  determined  by  the  equation 

X'  U'  +  XV^'  +  V^  +  />«''  ^=  0. 
When  xyz'  is  on  the  curve,  U'  =  0,  and  the  preceding  equation 
becomes  divisible  by  /z,  and  if  further,  the  points  xyz^  ^'u'^'  ^^^ 
connected  by  the  relation  A  =  0,  the  remaining  quadratic  is  of 
the  form  V  A'  +  jm^  U=  0,  the  roots  of  which  being  equal  and 
opposite,  we  see,  as  at  Conies^  Art.  91,  that  the  line  joining  the 
two  points  is  cut  harmonically  by  the  curve.  The  same  thing 
may  also  be  proved  by  taking  the  point  0  for  the  origin,  and 
finding  the  locus  of  harmonic  means  of  all  radii  vectores  through 
0.  We  proceed  exactly  as  in  Art.  132,  making  first  -4=0, 
and  we  find  immediately 

2  {Bx-\-  Cy)-V  Dx'  -{■  Exy  ■{-  Fif  =^0^ 

which  Is  the  equation  of  the  polar  conic  of  the  origin. 

It  is  proved  (as  in  Art.  136)  that  the  tangent  to  the  polar 
conic  at  the  point  where  any  chord  meets  it  passes  through 
the  intersection  of  the  tangents  to  the  cubic  at  the  points  where 
it  is  met  by  the  same  chord,  and  is  the  harmonic  conjugate  to 
the  line  joining  their  intersection  to  the  point  0. 

170.  Let  us  now  consider  more  particularly  the  case  where 
0  is  a  point  of  inflexion.  It  was  shewn  (Art.  74)  that  the 
polar  conic  of  a  point  of  inflexion  breaks  up  into  two  right 
lines,  one  of  them  being  the  tangent  at  the  point.  And  the 
game  thing  would  appear  from  the  equation  of  the  polar  conic 
of  the  origin  just  given.  For,  in  order  that  the  origin  should 
be  a  point  of  inflexion  and  the  axis  of  y  the  tangent  at  it,  we 
must  .have  (see  Art.  46)  ^  =  0,  5  =  0,  i>  =  0,  when  the  equation 
of  the  polar  conic  (Art.  169)  reduces  to 

2Cy  +  Exy  +  Fy'  =  0, 

The  factor  y  is  evidently  irrelevant  to  the  problem  of  the  locus 
of  harmonic  means ;  we  learn  therefore  that  if  radii  vectores  he 
drawn  through  a  point  of  inflexion^  the  locus  of  harmonic  means 
will  he  a  right  line.'^      And,  conversely,  if  the  locus  of  harmonic 

*  This    theorem    is    Maclaurin's ;    De   Linearum    Geometrkarum   Proprietatibus 
Generalibus,  Sec.  in.  Prop.  9, 
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means  he  a  right  line^  the  point  0  is  a  point  of  inflexion.  For, 
Art.  74,  the  only  other  case  in  which  the  polar  conic  can  break 
up  into  two  right  lines  is  when  0  is  a  double  point,  and  that 
case  does  not  apply  to  the  present  problem,  since  a  line 
through  the  double  point  must  meet  the  curve  only  in  one 
other  point. 

We  shall  call  the  line  just  found  the  harmonic  polar  of  the 
point  0,  to  distinguish  it  from  the  ordinary  polar  line  which 
is  the  tangent  at  0, 

171.  The  point  0  possesses,  with  regard  to  the  harmonic 
polar,  properties  precisely  analogous  to  those  of  poles  and  polars 
in  the  conic  sections.  Thus  if  two  lines  be  drawn  through  0, 
and  their  extremities  be  joined  directly  and  transversely,  the 
joining  lines  must  intersect  on  the  harmonic  polar.  This  is  an 
immediate  consequence  of  the  harmonic  properties  of  a  quad- 
rilateral. 

Hence  again,  as  a  particular  case  of  the  last,  tangents  at  the 
extremities  of  any  radius  vector  through  0  must  meet  on  the 
harmonic  polar. 

The  harmonic  polar  must  pass  through  the  points  of  contact 
of  tangents  which  can  be  drawn  through  0,  for,  since  OR'RR" 
is  cut  harmonically,  if  R'  coincide  w^ith  R"^  it  must  coincide 
with  R,  Hence  through  a  point  of  inflexion  but  three  tan- 
gents can  be  drawn,  and  their  points  of  contact  lie  on  a 
right  line. 

If  the  curve  have  a  double  point,  it  is  proved,  in  precisely 
the  same  way,  that  it  must  lie  on  the  harmonic  polar. 

The  first  theorem  of  this  Article  may  be  otherwise  stated 
thus:  if  three  points  A'B'C  lie  on  a  right  line,  and  the  lines 
joining  0  to  them  meet  the  curve  again  in  A'B"G'\  these  will 
also  lie  on  a  right  line,  and  the  two  lines  will  meet  the  harmonic 
polar  in  the  same  point.  If  now  we  suppose  A\B',G'  to  coincide, 
we  arrive  again  at  the  theorems  that  the  line  joining  two  points 
of  inflexion  must  pass  through  a  third,  and  that  the  tangents  at 
any  two  meet  on  the  harmonic  polar  of  the  remaining  one. 

172.  If  through  any  point  of  inflexion  0  there  he  drawn 
three  right  lines  meeting  the  curve   in  u4„  A^ ;  B^^  B^ ;   0^,  C^^ 
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then  every  curve  of  the  third  degree  through  the  seven  points 
OA^A^B^B^G^C^  will  have  0  for  a  point  of  inflexion.  For  let 
the  three  lines  meet  the  harmonic  polar  in  ^,  ^,  (7,  then  these 
points  are  also  common  to  the  loci  of  harmonic  means  of  the 
point  0,  with  regard  to  all  curves  through  the  seven  points. 
This  locus,  then,  which  would  in  general  be  a  conic,  must, 
since  these  three  points  of  it  are  in  a  right  line,  be  for  all  these 
curves  this  same  right  line ;  and  therefore  (Art.  170)  the  point 
0  must  be  a  point  of  inflexion. 

173,  We  have  seen  (Art.  74)  that  the  points  of  inflexion  of  a 
curve  of  the  third  degree  are  the  intersections  of  the  curve  U 
with  the  curve  H^  which  is  also  a  curve  of  the  third  degree. 
Every  curve  of  the  third  degree  has  therefore^  in  general^  nine 
points  of  inflexion^  only  three  of  which,  however,  are  real  (see 
Art.  125,  Ex.  3).  Since,  also,  we  have  proved  that  the  line 
joining  two  points  of  inflexion  must  pass  through  a  third, 
through  each  point  of  inflexion  can  be  drawn  four  lines,  which 
will  contain  the  other  eight  points.  It  follows  then,  as  a  par- 
ticular case  of  the  last  Article,  that  any  curve  of  the  third  degree^ 
described  through  the  nine  points  of  inflexion^  will  have  these 
points  for  points  of  inflexion!^ 

174.  Of  the  lines  which  each  contain  three  points  of  inflexion, 
since  four  pass  through  each  point  of  inflexion,  there  must  be  in 
all  i(4x9)  =  12.t 

If  we  attempt  to  form  a  scheme  of  these  lines,  it  will  be  found 
that  it  can  only  diff'er  in  notation  from  the  following : 

123,  456,  789;    147,  258,  369  ;t 

]59,  267,  348;    168,  249,  357. 
Hence  it  will  follow  that  any  cubic  passing  through  any  seven 

*  This  theorem  is  due  to  Hesse,  wlio  showed  that  if  ^  be  a  cubic,  H  its 
Hessian,  a  C  +  bE  =  0  the  equation  of  any  cubic  through  their  intersections,  then 
the  equation  of  its  Hessian  is  of  the  same  form.  The  method  of  proof  here 
adopted  is  Dr.  Hart's. 

t  It  is  easy  to  see  that  we  may  have  nine  real  points  lying  by  threes  in  ten 
lines,  but  not  in  a  greater  number  of  lines :  thus  the  nine  points  of  inflexion  cannot 
be  all  real,  which  agrees  with  the  remark,  Art.  173. 

X  Clebsch  has  remarked  that  if  we  arrange  the  nine  elements  1,  2,  3  the  systems 

4,  5,  6 
7,  8,  9 
of  lines  are  the  three  rows,  the  three  columns,  those  forming  positive,  and  those 
forming  negative,  elements  of  the  determinants. 
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of  the  points  of  inflexion  will  have  one  of  these  for  a  point  of 
inflexion;  for,  take  any  seven  (say  the  first  seven),  and  it  will 
appear  from  the  above  table  that  they  lie  on  three  right  lines 
(147,  267,  357),  intersecting  in  a  common  point  on  the  curve, 
and  therefore,  by  Art.  172,  that  common  point  (7)  is  a 
point  of  inflexion  on  them  all. 

From  the  manner  in  which  these  lines  have  been  written,  it 
appears  that  they  may  be  divided  into  four  sets  of  three  lines, 
each  set  passing  through  all  the  nine  points ;  or  that,  if  we  form 
the  equation  U-\-  \H=  0,  there  are  four  values  of  X,  for  which 
the  equation  reduces  itself  to  a  system  of  three  right  lines. 
For  a  direct  proof  of  this,  see  the  last  section  of  this  Chapter. 

175.  Let  us  now  consider  the  case  (2)  where  x'y'z'  is  on  the 
Hessian^  and  where  its  polar  conic  therefore  breaks  up  into  two 
right  lines.  It  was  proved  in  general  (Art.  70)  that  if  the  first 
polar  of  any  point  A  has  a  double  point  JBj  the  polar  conic  of  B 
has  a  double  point  A.  But  in  the  case  of  cubics,  the  first  polar 
is  the  polar  conic,  and  this  theorem  becomes.  If  the  polar  conic 
of  A  hreahs  up  into  two  lines  intersecting  in  B^  the  polar  conic  of 
B  hreahs  up  into  two  right  lines  intersecting  in  A,  In  fact,  if  the 
polar  conic  of  xyz'  breaks  up  into  two  right  lines,  the  coor- 
dinates of  their  intersection  xyz  satisfy  the  three  equations 
got  by  differentiating  the  equation  of  the  polar  conic.  But 
(Art.  165)  this  last  equation  may  be  written  in  either  of  the 
equivalent  forms 

U^x'^U^'+U^z'^O, 
or  alx""  +  jy  +  cz^  -\-  2fyz  +  'ig'zx  +  '^h'xy  =  0, 

and  the  differentials  may  therefore  be  written  in  either  of  the 
equivalent  forms 

ax  -{-hy  ■{■  gz=Q^  hx  ^hy  ->rfz  =0^  gx' -{-fy  -Vcz' =  0^ 
ax  +  h!y  +  g'z  =  0,  h'x  +  I'y  -f  fz  =  0,  g'x  +fy  -1-  cz  =  0, 
whence  we  see  that  these  equations  are  symmetrical  between 
xyz  and  xyz\  and  therefore  that  the  relation  between  those 
points  is  reciprocal.  Both  A  and  B  are  evidently  points  on  the 
Hessian,  on  which  they  are  said  to  be  corresponding  points, 
and  it  will  presently  be  shewn  that  they  are  so  also  in  the 
sense  explained.  Art.  151,  that  is,  the  tangents  to  the  Hessian 
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at  the  points  A^  J5  respectively  meet  in  a  point  of  the  Hessian.* 
In  the  case  of  the  cubic,  therefore,  the  curve  called  the  Steineriaa 
(Art.  70)  is  identical  with  the  Hessian. 

176.  The  equation  of  the  polar  conic  of  any  point  what- 
ever ^7)^  being  ^17^  +  7jU^+  ^1/^  =  0,  the  whole  system  of  polar 
conies  form  a  system  of  conies  such  as  that  discussed,  Conies^ 
Art.  388,  viz.  the  equation  of  which  involves  linearly  two  in- 
determinates.  The  equation  of  the  polar  of  the  point  A  with 
regard  to  any  conic  of  the  system  is 

I  {ax  +  hy  +gz)  +  rj  [hx  -}-  by  ■\-fz  )  ■\  ^{gx  +fy'  -f  cz)  =  0, 

which  is  satisfied  by  the  coordinates  of  B^  whence  we  see  that 
the  polar  of  either  point  A^  B  passes  through  the  other,  and 
that  therefore  the  Hessian  of  the  cubic  is  the  Jacobian  [Conies^ 
Art.  388)  of  the  system  of  polar  conies.  Since  A  and  B  are 
conjugate  with  regard  to  any  conic  of  the  system,  the  line 
joining  them  is  cut  harmonically  by  every  one  of  these  conies, 
and  the  points  in  which  the  conies  meet  that  line  form  a  system 
in  involution  of  which  A  and  B  are  the  foci.  The  two  points 
in  which  any  of  these  conies  meets  the  line  AB  can  only  coin- 
cide at  either  of  the  points  A^  B ;  and,  consequently,  if  any  of 
the  conies  break  up  into  two  right  lines  intersecting  on  AB^ 
the  point  of  intersection  must  be  either  A  or  B^  unless  AB 
be  itself  one  of  the  lines.  Now  since  the  Hessian  of  a  cubic 
is  itself  a  cubic,  AB  meets  it  in  three  points;  that  is  to  say, 
in  a  third  point  G  besides  the  points  A^  B.  Every  point  on 
the  Hessian  is,  as  we  have  seen,  the  intersection  of  the  two 
lines  into  which  some  polar  conic  of  the  system  breaks  up,  and 
it  follows  from  what  has  been  just  proved,  that  of  the  two 
lines  which  intersect  in  G  one  must  be  AB.  Thus,  then,  from 
the  system  of  points  whose  locus  is  the  Hessian  we  may  derive 
a  system  of  lines,  viz.  by  taking  the  pairs  of  lines  which  are 
the  polar  conies  of  each  point  on  the  Hessian.  Each  line  of 
the  system  meets  the  Hessian    in    three   points ;    two  of  them 


♦  It  will  subsequently  be  shown  that  there  are  three  cubic  cui-ves  having  each 
of  them  the  same  Hessian :  the  correspondence  of  the  points  A,  B  on  the  Hessian  is 
of  one  or  another  of  the  three  kinds  of  correspondence  according  as  the  cubic  curre 
is  one  or  another  of  the  three  cubics. 
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A,  B  are  corresponding  points  on  the  Hessian,  and  the  third,  (7, 
which  we  may  call  the  complementary  point,  is  the  point  in 
which  the  line  meets  the  conjugate  line. 

177.  The  curve  which  is  the  envelope  of  the  system  of 
lines  just  mentioned  has  been  studied  by  Prof.  Cayley,  and 
has  on  that  account  been  called  by  Cremona  the  CayUyan  of 
the  cubic*  It  is  of  the  third  class,  as  we  see  by  examining 
how  many  of  these  lines  can  pass  through  an  arbitrary  point  P. 
Any  point  M  whose  polar  conic  passes  through  P  must  lie 
on  the  polar  line  of  P  (Art.  61),  and  in  order  that  the  polar 
conic  should  break  up  into  lines,  M  must  be  on  the  Hessian. 
There  are  then  evidently  three  points  ilf,  whose  polar  conic 
reduces  to  a  pair  of  lines,  one  of  which  passes  through  P,  There 
is  not  any  double  or  stationary  tangent,  and  the  curve  is  there- 
fore of  the  sixth  order. 

Every  line  of  the  system  joins  corresponding  points  on  the 
Hessian  (Art.  176) ;  therefore  the  Cayleyan  may  at  pleasure 
be  considered  as  the  envelope  of  the  lines  into  which  the  polar 
conies  of  the  points  of  the  Hessian  break  up,  or  as  the  envelope 
of  the  lines  joining  corresponding  points  on  the  Hessian.  In 
the  case,  however,  of  curves  of  higher  degree,  the  envelope  of 
the  lines  joining  the  corresponding  points  A^  B  (Art.  70)  is 
distinct  from  the  envelope  of  the  lines  into  which  polar  conies 
may  break  up. 

The  Cayleyan  may  also  be  regarded  (Art.  176)  as  the 
envelope  of  lines  which  are  cut  in  involution  by  the  system  of 
polar  conies.  It  was  shewn.  Conies  (Art.  388a),  how  the  equation 
of  the  envelope  regarded  from  this  point  of  view  may  be  written 
down,  and  that  the  curve  is  of  the  third  class. 

178.  Let  us  now  examine  what  are  the  four  poles  with 
respect  to  the  cubic  of  the  tangent  to  the  Hessian  at  any  point  A, 
The  four  poles  in  question  are  the  intersections  of  the  polar  conic 
of  A  with  the  polar  conic  of  the  consecutive  point  A'  on  the 
Hessian.  The  polar  conic  of  A  is  the  pair  of  lines  BL^  BN  (see 
fig.  p.  153),  and  the  polar  conic  of  A'  is  a  pair  of  lines  consecutive 

*  It  was  denoted  by  Prof.  Cayley  himself  by  the  letter  P,  and  called  by  him 
the  Pippian. 
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to  these.  Now  BL  meets  the  line  consecutive  to  BN  in  the 
point  B]  BN  meets  the  line  consecutive  to  BL  in  the  same 
point;  and  BL^  BN  meet  the  lines  respectively  consecutive 
to  thera  in  their  points  of  contact  with  their  envelope.  The 
four  poles  in  question  are  thus  the  point  B  counted  twice,  and 
the  points  of  contact  with  the  Cayleyan  of  the  lines  BL^  BN, 
Thus,  in  particular,  the  polar  line  with  respect  to  the  cubic  of 
any  point  on  the  Hessian  is  the  tangent  to  the  Hessian  at  the 
corresponding  point.  It  may  be  directly  inferred  from  what 
has  been  said,  that  the  Cayleyan  is,  as  stated  above,  of  the 
sixth  order.  For  the  equation  of  the  locus  of  the  poles  with 
respect  to  the  cubic  of  the  tangents  to  the  Hessian,  is  found 
by  expressing  the  condition  that  xU^+yU^-\- zU^  should  touch 
the  Hessian.  This  condition  involves  the  quantities  C/J,  U^^  V^ 
in  the  sixth  degree,  and  the  locus  is  therefore  of  the  twelfth 
order.  But,  from  what  has  been  proved,  the  Hessian  must 
enter  doubly  as  a  factor  into  this  equation ;  the  remaining 
factor  therefore,  which  is  the  Cayleyan,  is  of  the  sixth  order. 

179.  The  locus  of  points  whose  polar  lines  with  regard  to 
one  curve  U  touch  another  curve  F,  evidently  meets  U  at  its 
points  of  contact  with  the  common  tangents  to  U  and  F;  for 
the  polar  of  an}^  point  on  U  is  the  tangent  to  U  at  the  point, 
and  if  it  is  also  a  point  on  the  locus,  the  polar  by  hypothesis 
touches  F.  We  have  just  seen  that  when  Z7  is  a  cubic  and 
Fits  Hessian,  the  locus  consists  of  the  Cayleyan  together  with 
the  Hessian  itself  counted  twice.  The  cubic  and  the  Hessian 
being  each  of  the  sixth  class  have  thirty-six  common  tangents. 
And  we  now  see  that  these  common  tangents  consist  of  the 
tangents  to  Z7at  the  18  points  where  it  is  met  by  the  Cayleyan, 
and  of  the  tangents  to  ?7at  the  points  where  it  is  met  by  the 
Hessian ;  (that  is  to  say,  of  the  nine  stationary  tangents)  these 
last  tangents  each  counting  for  two ;  and  in  fact  it  was  remarked 
(Art.  46,  p.  33),  that  each  stationary  tangent  to  a  curve 
may  be  regarded  as  a  double  tangent,  as  joining  both  the  first 
to  the  second,  and  the  second  to  the  third  of  three  consecutive 
points.* 

*  Keasons  were  giyen  (Art.  47)  for  treating  the  cusp  and  the  node,  the  stationary 
and  double  tangent,  as  distinct  singularities  j   but  in  counting  the  intersections  of 
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The  polar  conic  of  a  point  of  inflexion  A  consists  (Art.  170) 
of  the  inflexional  tangent  itself,  together  with  the  harmonic  polar 
of  A ;  and  the  point  B  corresponding  to  A  is  therefore  the  point 
in  which  the  inflexional  tangent  meets  the  harmonic  polar. 
And  the  tangent  to  the  Hessian  at  B  is  the  polar  of  A  with 
respect  to  the  cubic;  that  is  to  say,  is  the  inflexional  tangent 
itself.  Hence,  then,  the  nine  points  where  the  stationary  tan- 
gents touch  the  Hessian  are  the  points  where  each  stationary 
tangent  meets  the  corresponding  harmonic  polar. 

It  may  be  inferred  from  what  has  been  just  proved,  and  it 
will  afterwards  be  shewn  independently  (see  note  p.  150),  that 
the  problem  to  find  a  cubic,  of  which  a  given  cubic  shall  be  the 
Hessian,  admits  of  three  solutions.  For  the  points  of  inflexion 
being  common  to  both  curves  (Art.  173),  we  are  given  nine  points 
(equivalent  to  eight  conditions)  through  which  the  required  cubic 
is  to  pass,  and  if  we  were  given  the  tangent  at  any  of  these 
points  Aj  the  cubic  would  be  completely  determined.  But  what 
has  been  just  proved  shews  that  this  tangent  may  be  any  one  of  the 
three  tangents  (Art.  171)  which  can  be  drawn  from  A  to  the  curve. 

180.    The   tangents   to   the   Hessian   at  corresponding  points 
A  J  Bj  meet  on  the 
Hessian.     Let  the 
polar   conic  of  A 
be  BL,  BN,  and 
of^be^i?,  ^iY; 
then  X,  i/,  iV,  R 
are  the  four  poles 
of  the    line    AB^ 
and  the  polar  conic 
of  every  point   of 
AB  passes  through 
these   four   points. 
If,   therefore,    this 
polar  conic  breaks 
up  into  two  right  lines,  these  lines  must  be   LR^  MN]  and 


two  curves,  a  cusp  or  node  on  one  of  them  alike  counts  for  two ;  and  a  stationaiy 
or  double  tangent  to  one  of  them  alike  counts  for  two  among  their  common 
tangents. 
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we  see  that  i)  is  a  point  on  the  Hessian,  and  that  it  cor- 
responds to  the  point  G  in  which  AB  meets  the  Hessian  again. 
But  the  tangent  at  B  to  the  Hessian  is  the  polar  of  A  with 
respect  to  the  cubic,  which  must  also  be  its  polar  (Art.  60)  with 
respect  to  the  polar  conic  of  A  [BL^  BN) ;  therefore,  by  the 
harmonic  properties  of  a  quadrilateral,  this  tangent  is  the  line 
BD\  and  in  like  manner  the  tangent  at  A  is  the  line  AD. 
■  If  we  are  given  the  Hessian  and  a  point  on  it  A^  the 
problem  to  find  the  corresponding  point  B  admits  of  three 
solutions  (see  Art.  151).  For  if  we  draw  the  tangent  at  A 
meeting  the  curve  again  in  D,  B  may  be  the  point  of  contact  of 
any  of  the  three  other  tangents  besides  AD^  which  can  be  drawn 
from  D  to  the  curve.  These  three  solutions  answer  to  the 
three  different  cubics,  of  which  the  given  curve  may  be  the 
Hessian. 

181.  The  points  of  contact  with  the  Cayleyan  of  the  four  lines 
BL^  BN^  AE,  AN  lie  on  a  right  line.  The  poles  of  AD  with 
respect  to  the  cubic  are  the  intersections  of  the  polar  conies 
of -4  and  D ;  the  former  is  the  pair  of  lines  BL,  BN]  the  latter 
consists  of  the  line  AB  and  a  conjugate  line  passing  through  G. 
The  four  poles  are  therefore  the  point  B  counted  twice,  and  the 
two  points  where  Ga  meets  BL,  BN.  But  AD  being  a  tangent 
to  the  Hessian,  it  appears,  from  Art.  178,  that  the  latter  two 
poles  are  the  points  of  contact  of  the  lines  BL^  BNy  with  their 
envelopes.  In  like  manner  the  points  of  contact  of  AE^  AN 
with  their  envelope  lie  on  the  same  right  line.  This  right  line 
is  itself  a  tangent  to  the  Cayleyan,  therefore  the  six  points 
where  it  meets  the  Cayleyan  are  completely  accounted  for.  In 
other  words,  any  tangent  to  the  Cayleyan  is  one  of  a  pair  of 
lines  into  which  some  polar  conic  breaks  up ;  the  other  line 
of  the  pair  joins  two  corresponding  points  on  the  Hessian ; 
the  four  lines  which  make  up  the  polar  conies  of  these  two 
points  pass  respectively  through  the  four  points  where  the 
given  tangent  meets  the  Cayleyan  again. 

Again,  to  find  the  point  of  contact  of  any  given  tangent 
with  the  Cayleyan,  the  rule  we  have  arrived  at  is  to  take  what 
we  have  called  the  complementary  point  on  the  given  tangent, 
and  join  it  to  the  corresponding  point  on  the  Hessian ;  the  line 
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conjugate  to  this  meets  the  given  tangent  in  the  point  required. 
But  we  may  hence  deduce  a  simpler  rule :  for  since  the  two 
lines  last  mentioned  make  up  a  polar  conic,  and  since  every 
polar  conic  divides  harmonically  the  line  joining  two  corre- 
sponding points,  the  rule  is  to  take  the  three  points  in  which 
the  given  tangent  meets  the  Hessian,  consisting  of  two  corre- 
sponding points  and  one  complementary,  and  to  take  the  har- 
monic conjugate  of  the  complementary  point  with  respect  to 
the  two  corresponding  points, 

182.  Let  us  apply  the  preceding  rules  to  the  case  where 
-4  is  a  point  of  inflexion,  and  B^  the  corresponding  point,  is  the 
point  in  which  the  inflexional  tangent  meets  the  harmonic  polar. 
The  polar  conic  of  B  is  then  a  pair  of  lines  through  -4,  and  the 
polar  conic  of  A  is  the  inflexional  tangent  together  with  the 
harmonic  polar.  In  order  to  find  the  points  in  which  these 
four  lines  touch  the  Cay  ley  an,  we  take  the  point  in  which  the 
line  AB  meets  the  Hessian  again  ;  but  this  is  the  point  B^  since 
AB  touches  the  Hessian ;  and  the  line  through  B  conjugate  to 
AB^  on  which  the  four  points  of  contact  lie,  is  the  harmonic 
polar.  Thus,  then,  the  point  of  contact  of  the  inflexional  tangent 
with  the  Cayleyan  is  the  point  where  it  meets  the  harmonic 
polar;  or  (Art.  179)  the  Cayleyan  and  the  Hessian  touch  each 
other,  having  the  nine  inflexional  tangents  for  their  common 
tangents.  The  Cayleyan,  as  a  non-singular  curve  of  the  third 
class,  has  nine  cusps,  and  the  construction  just  given  shews 
that  the  harmonic  polars  are  the  nine  cuspidal  tangents. 

183.  It  has  been  shown  that  the  tangent  to  the  Hessian  at 
any  point  A  meets  the  Hessian  again  in  the  point  i>,  where  it 
meets  the  polar  of  A  with  respect  to  the  cubic.  It  follows  that 
the  tangent  to  a  cubic  at  any  point  A  meets  the  cubic  again 
in  the  point  where  it  meets  the  polar  of  A  with  respect  to  a 
cubic  having  the  given  cubic  for  its  Hessian.  Now  such  a  cubic 
passes  through  the  inflexions  of  the  given  cubic,  and  therefore 
its  equation  will  be  of  the  form  aZ7-f  hH=  0,  and  the  equation 
of  the  polar  of  any  point  with  respect  to  it  will  be  of  the  form 

/    dV  ^     dU'  ,     dU'\     ,  /    dH'        dH'        dH'\     ^ 


156 


POLES  AND   POLARS. 


It  follows,  then,  that  tlie  point  where  any  tangent  meets  the 
cubic  again  is  found  by  combining  the  equations 

dU'         dU'         dU'     ^        dH'         dH'        dH'     ^ 

In  other  words,  the  tangential  of  a  point  x'y'z  on  the  cubic  is 
the  intersection  of  the  tangent  to  the  cubic  at  that  point  with 
the  polar  of  the  same  point  with  regard  to  the  Hessian ;  and 
hence  may  immediately  be  derived  expressions  for  the  coor- 
dinates a:,  3/,  z  of  the  tangential  in  terms  of  x'^  y\  z\  viz.  they 
are  proportional  to  V^fl^^UJI^^,  Vfi^-VJi^,  Vfl^-Vfl, 
functions  of  the  fourth  degree  in  ic',  y\  z, 

184.  The  polar  lines  of  the  points  on  a  given  line  ax+fy+yz 
envelope  a  conic,  which  we  call  the  polar  conic  of  the  given  line. 
The  equation  of  the  polar  of  any  point  x'y'z'  may  be  written 

ax'^  +  by"'  +  cz"'  4  2fy'z  +  2gz'x'  +  2kxy'  =  0, 

and  the  problem  of  finding  the  envelope  of  this,  subject  to  the 
condition  oca;' +  ySy -|- 72' =  0,  is  the  same  (Art.  96)  as  that  of 
finding  the  condition  that  a  line  should  touch  a  conic.  The 
equation  of  the  envelope  required  is  therefore 

Aa'  -f  B^''  +  Cy'  4  2Fffy  +  2Gya  +  2Ha^  =  0, 

where  -4,  By  &c.  have  the  same  meaning  as  in  the  Conies^ 
viz.  he  — /  "*,  ca  -  g^^  &c.  They  are  therefore  functions  of  the 
second  degree  in  the  coordinates  a?,  y,  z.  It  is  obvious  that  the 
polar  conic  of  a  line  might  have  also  been  defined  as  the  locus 
of  points  whose  polar  conies  touch  the  given  line. 

If  the  method  of  Art.  88  had  been  applied  to  find  this 
envelope,  the  solution  would  be  found  to  depend  on  the 
equations 

ax  +  hy  4  gz'  =  Xa,  hx'  4  hy'  +fz'  =  XyS,  gx'  +fy'  -\-  cz'  '=  \y. 

But  these  are  the  equations  by  which  {Conies^  Art.  293)  we 
should  determine  the  pole  of  the  given  line  with  regard  to 
xU^+y'U^  +  z'U^.  Hence,  as  might  also  be  seen  from  geo- 
metrical considerations,  the  polar  conic  of  a  line  is  also  the  locus 
of  the  poles  of  the  line  with  respect  to  the  polar  conies  of  all 
the  points  of  the  line. 
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185.  Since  the  polar  line  of  any  point  on  a  line  is  the  same 
as  if  taken  with  regard  to  the  three  tangents  at  the  points 
where  that  line  meets  the  curve,  the  polar  conic  of  a  line  is 
the  same  as  if  taken  with  regard  to  those  three  tangents.  Let 
their  equation  be  xyz  =  0.  Then  to  find  the  polar  conic  of  a 
line  is  (Art.  165)  to  find  the  envelope  of  xyz'  +  yzx' -\-  zx'y  =0^ 
subject  to  the  condition  ax  +  fiy  +  72'  =  0 ;  and  this  is  (see 
Conies^  Art.  127) 

It  follows  that  if  the  given  line  meet  the  cubic  In  the  points 
P,  §,  jR,  the  tangents  at 
these  points  forming  the 
triangle  ABC,  then  the 
polar  conic  of  the  line 
touches  the  sides  of  this 
triangle  in  the  points  Z>, 
E,  F,  which  are  the  har- 
monics of  the  points  P, 
Q,  R  In  respect  to  the 
point-pairs  BC,  CA,  AB  S 
respectively.  It  is  evident  a  priori  that  the  polar  conic  is 
touched  by  the  tangents  to  the  cubic  at  P,  Q,  R,  these  being 
particular  positions  of  the  line  whose  envelope  is  sought. 

186.  It  follows  from  the  definition  that  the  tangents  which 
can  be  drawn  from  any  point  to  the  polar  conic  of  a  right  line 
are  the  polars  of  the  two  points  where  the  polar  conic  of  the 
point  meets  the  right  line.  Hence  the  polar  conic  of  a  point 
meets  a  right  line  in  real  or  Imaginary  points  according  as  the 
point  Is  outside  or  inside  the  polar  conic  of  the  line ;  a  point 
being  said  to  be  outside  a  conic  when  from  it  real  tangents  can 
be  drawn  to  the  conic.  It  has  been  already  remarked,  that  if 
a  point  lie  on  the  polar  conic  of  a  line,  its  polar  conic  touches 
the  line. 

In  particular,  since  the  polar  conic  of  a  double  point  is  the 
pair  of  tangents  at  that  double  point,  the  polar  conic  of  every 
line  with  regard  to  a  crunodal  cubic  has  the  node  outside  the 
conic,  and  with  regard  to  an  acnodal  cubic  has  the  conjugate 
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point  within  it.  If  the  cubic  be  cuspidal,  the  polar  conic  of 
every  line  passes  through  the  cusp. 

187.  It  follows  from  the  foregoing  definitions,  and  from 
Art.  135,  that  if  the  given  line  be  at  infinity,  its  polar  conic 
may  be  defined  either  as  the  envelope  of  the  diameters  of  the 
cubic,  or  as  the  locus  of  the  centres  of  the  diametral  conies 
of  the  cubic,  or  as  the  locus  of  points  whose  polar  conic  is  a 
parabola.  Its  equation  is  found  by  making  a  and  /8  =  0  in 
the  formula  of  Art.  184,  and  is  (7=0,  or  a5  — A'  =  0;  that  ia 
to  say, 

dx^  '  dy''       \dxdy) 

And  it  appears,  from  Art.  185,  that  this  is  the  equation  of  the 
ellipse  touching  at  their  middle  points  the  three  sides  of  the 
triangle  formed  by  the  asymptotes. 

188.  If  the  given  line  touch  the  cubic,  then  since  the  polar 
of  the  point  of  contact  is  the  line  itself,  that  line  coincides 
with  one  of  the  positions  of  the  enveloped  line  of  Art.  184, 
and  therefore  touches  the  polar  conic;  and  in  no  other  case 
can  a  line  be  touched  by  its  polar  conic  with  regard  to  a  non- 
singular  cubic.  Accordingly  this  principle  has  been  used  to 
form  the  tangential  equation  of  a  cubic.  Since  A^  B^  &c.  are 
functions  in  the  coordinates  of  the  second  degree,  the  equa- 
tion of  the  polar  conic,  Aai^  +  &c.  =  0,  may  be  written  in 
the  form 

A'x'  +  ^y  +  C'z"  +  2F'yz  +  2  G'zx  +  2H'xy  =  0, 

where  A\  &c.  are  functions  of  the  second  degree  in  a,  ;5,  7,  and 
then  the  condition  that  this  should  touch  the  given  line  ia 
(^'C"-jF")a'  +  &c.  =  0,  which  is  of  the  sixth  degree  in  a, 
)8,  7,  and  is  the  required  condition  that  the  given  line  should 
touch  the  cubic. 

If  the  given  line  touch  the  Cayleyan,  then  since  it,  together 
with  another  line  makes  up  the  polar  conic  of  a  certain  point, 
the  polar  line  of  every  point  on  the  line  passes  through  that 
point,  and  the  envelope  of  Art.  184  accordingly  reduces  to  a 
point. 
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189.  We  next  consider  two  cublcs  U^  F,  and  investigate  the 
problem  to  find  a  point  whose  polar  with  respect  to  each  shall 
be  the  same;  or,  what  is  the  same  thing,  whose  polar  with 
regard  to  any  cubic  Z7+XF=0  shall  be  the  same.  In  order 
that  xU^+yU^-\-zU^  and  xV^-\- yV^-^  zV^  may  represent  the 
same  line,  we  must  have 

f;  -  F^  ~  Fj, ' 

From  the  first  form  in  which  the  equations  were  written,  it  is 
plain  that  the  three  equations  are  equivalent  to  two ;  and  that 
the  curves  of  the  fourth  degree  represented  by  the  equations 
written  in  the  second  form  have  common  points.  But  all  their 
points  of  intersection  are  not  common,  for  any  values  which  make 
the  numerator  and  denominator  of  any  of  the  three  fractions  to 
vanish,  satisfy  two  of  the  resulting  equations  but  not  the  third. 
Subtracting  then  from  the  sixteen  points  common  to  the  quartics 
represented  by  the  first  two  equations  the  four  points  common  to 
C^,  F^,  there  remain  twelve  points  common  to  all  three  quartics,* 
and  these  are  the  points  required. 

190.  Since  the  discriminant  of  a  cubic  is  of  the  twelfth  degree 
in  the  coefficients  (Art.  69),  there  are  in  general  twelve  values 
of  \,  for  which  the  discriminant  of  U+W  will  vanish;  for 
if  in  the  general  expression  for  the  discriminant  we  substitute 
for  each  coefficient  «,  a  +  Xa',  we  have  evidently  an  equation  of 
the  twelfth  degree  to  determine  \  (see  Conies^  Art.  250).  The 
coordinates  of  the  double  point  on  any  of  these  cubics  satisfy 
the  three  equations  (Art.  69) 

d;+\f.=o,  c^,+xp;=o,  u,+\v,=o. 

And  the  system  of  equations  obtained  by  eliminating  \  between 
each  pair   of  these  equations  is  the  same  as  that  considered 

*  So  generally  if  U^,  U^,  U^  be  functions  of  the  with  degree  in  the  coordinates,  and 
^i>  ^^2j  ^3  functions  of  the  ni-^  degree,  the  system  of  equations 

represents  three  curves  of  the  order  m-^n^  having  m'  +  mn  +  n*  common  points 
(see  Higher  Algebra,  Art.  257). 
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in  the  last  article.  Hence,  through  the  intersections  of  tioo  cubics 
U^  V  there  can  he  drawn  twelve  7iodal  cubics^  and  the  polar  of 
any  of  the  twelve  double  points  will  be  the  same  with  regard  to 
all  cubics  of  the  system  U+  X  V.  These  points  have  been  called 
the  critic  centres  of  the  system  of  cubics. 

191.  If  we  are  given  three  cubics  C/J  F,  W^  then  the 
coordinates  of  the  double  point  of  any  cubic  of  the  system, 
\  Z7+  /A  F+  V  W=^  0,  satisfy  the  equations 

therefore  eliminating  \,  /x,  v  we  see  that  the  locus  of  the  double 
points  is  the  Jacoblan 

If  the  three  cubics  have  a  common  point,  this  is  a  double  point 
on  the  Jacoblan ;  for  if  the  lowest  terms  in  x  and  y  be  in 
Z7,  F,  W respectively  ax  +  hy^  ax  +  5'y,  d'x  +  5"y,  the  terms  in 
the  Jacoblan  below  the  second  degree  in  x  and  y  are  easily 
seen  to  be 

a  ^h  ^  a  x-\-h  y 

a',  b\  ax-\-h'y 

a",  Z>",  a"x  -f  b"y 

which  vanishes  identically.  Thus,  then,  the  locus  of  double 
points  on  all  nodal  cubics  passing  through  seven  fixed  points 
is  a  sextic  having  these  seven  points  for  double  points,  since 
U,  F,  W  may  be  taken  for  any  three  cubics  through  the  seven 
given  points.  So  likewise  the  double  points  on  the  nodal  cubics, 
which  can  be  drawn  through  eight  points,  are  determined  as  the 
intersections  of  the  two  sextic  loci,  which  we  get  by  leaving  out 
first  one  and  then  another  of  the  eight  given  points.  And  since 
these  sextics  have  six  double  points  common,  the  number  of 
their  other  intersections  is  36  —  24  or  ]  2,  which  agrees  with  the 
result  of  the  last  article. 

192.  Of  some  of  the  twelve  critic  centres,  the  position  can 
in  some  cases  be  at  once  perceived.  Thus,  in  the  system 
\xyz  +  uvw  =  0,  where  w,  v,  w  represent  right  lines,  it  is  obvious 
that  xyz  is  one  cubic  of  the  system,  having  for  double  points 
icy,  yzj  zx ;  in  like  manner  wr,  viv^  ivu  are  double  points ;  there 
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are  therefore  but  six  other  critic  centres.  We  shall  more  par- 
ticularly study  the  system  \xyz-\-u^v  —  0^  and  will  presently 
show  that  this  system  has  but  three  critic  centres,  exclusive  of 
the  points  xy^  yz^  zx,  uv.  Pliicker's  classification  of  cublcs  was 
derived  from  the  study  of  this  equation  for  the  case  where  u 
is  the  line  at  infinity,  and  consequently  v  its  satellite,  and 
Xy  y,  z  the  three  asymptotes.  We  may  then  for  any  position 
of  the  lines  x,  y,  2,  v,  study  the  forms  which  the  curve  assumes 
as  we  give  different  values  to  the  parameter  \ ;  and  it  will  be 
readily  understood,  that  each  nodal  curve  In  the  series  corre- 
sponds to  a  change  from  one  form  of  the  curve  to  another. 
Thus  we  have  seen  (Art.  39)  that  an  acnodal  cubic  Is  the  limiting 
form  of  a  cubic  Including  an  oval  as  part  of  the  curve;  and 
again,  If  for  one  value  of  the  constant,  a  cubic  has  two  real 
branches  Intersecting  In  a  node,  the  example  of  conies  makes 
It  easily  understood,  that  for  a  small  Increase  In  the  value  of  the 
constant,  the  cubic  will  have  separated  portions  in  two  of  the 
vertically  opposite  angles  formed  by  the  Intersecting  branches, 
while  for  a  small  decrease  in  the  constant  it  will  have  portions 
in  the  other  pair  of  vertically  opposite  angles.  Hence  the 
importance  of  the  critic  centres  in  this  mode  of  studying  the 
form  of  the  cubic. 

193.  Since  the  polar  of  any  point  with  regard  to  u%  passes 
through  the  point  wy,  any  point  which  has  the  same  polar  with 
regard  to  xyz  must  lie  on  the  polar  conic  of  uv  with  regard 
to  xyz^  and  It  Is  therefore  evident  a  priori^  that  this  is  a  locus  on 
which  the  critic  centres  lie.  In  order  completely  to  determine 
them,  let  us  suppose  that  we  have  u  =  x  +  y-\-z^  v  =^ ax  +  hy -h  cz ', 
and  we  get  our  result  in  a  more  convenient  form.  If  before 
differentiating  Xxyz-^u^v  we  first  divide  all  by  w^  We  then 
have,  differentiating  successively  with  respect  to  x,  y^  z^ 

\yz[x-y-z)  _       \zx[y'-z-'x)_^     '^y[z-x-y)_ 
'{x  +  y^zY    "    '      {x^y  +  zf    '^^       (x-ry-^zf 

,  ax  hy  cz 

whence  = = , 

x—y—z      y—z—x      z—x—y 

and  the  form  of  the  equations  shows  that  the  problem  has  been 
reduced  to  that  of  finding  the  critic  centres  of  a  system  of  two 

Y 
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conies,  and  that  the  three  points  required  are  the  vertices  of 
the  common  self-conjugate  triangle  of  the  conies 

ao^  +  If  •\  cz'  =  0,  and  x'  +  y^  -\- z^  -  2yz  -  2zx  -  Ixy  —  0, 

where  It  will  be  observed  that  the  latter  conic  is  the  polar 
conic  of  u  with  respect  to  xyz ;  that  is  to  say,  when  u  Is  at 
infinity,  It  Is  the  conic  touching  at  their  middle  points  the 
sides  of  the  triangle  formed  by  the  asymptotes.  Two  critic 
centres  will  coincide  in  the  point  of  contact  when  a^?  +  hy^  -I-  cs'*  =  0 
touches  this  conic ;  hence,  If  v  be  regarded  as  variable,  the  locus 
of  double  critic  centres  is  the  polar  conic  of  u  with  respect  to  xyz. 
The  condition  of  contact  of  these  two  conies  is  easily  seen,  by 
the  ordinary  rule,  to  be 

(Jc  +  Cfz  +  aVf  =  27  a'  V'  c\  or  a^  +  5"*  +  c^  =  0, 

which  is  the  tangential  equation  of  the  envelope  of  the  satellite 
of  M  when  two  critic  centres  coincide.  This  answers  (Ex.  Art.  90) 
to  the  equation  in  point  coordinates  xi  +  yi  +  z^^  ==  0.* 

194.   Any  point  on  \xyz  +  u^v  may  be   determined  as  the 

intersection  o(  z  =  6v  with  6Xxy  +  m'  =  0.     When  u  Is  at  Infinity, 

the  latter  equation  denotes  a  system  of  hyperbolas  having  a:,  y 

for  their  asymptotes,  and  by  the  property  of  the  hyperbola,  the 

chords  Intercepted  by  these  hyperbolas  on  any  line  z  =  6v  have 

a  common  middle  point ;  namely,  the  point  of  contact  of  this 

line  with  one  of  the  hyperbolas  of  the  system.    Evidently,  i{z  =  6v 

either  touch  the  cubic  or  pass  through  a  double  point  on  it,  it 

must  touch  the  hyperbola,  the  critic  centre  being  in  the  latter 

case  the  point  of  contact.     Hence,  if  any  of  the  critic  centres 

be  joined   to  the  finite  points  where  the  asymptotes  meet  the 

curve,  the  critic  centres  are  the   middle  points  of  the  chords 

intercepted  by  the  cubic  on  the  joining  lines. 

SECT.   III. — CLASSIFICATION  OF  CUBICS. 

195.  We  shall  shew  In  the  first  place  that  the  equation  of 
every  cubic  may  be  brought  to  the  form 

zy^  =  ax''  4-  ^hx'z  +  Scxz'  +  dz\ 

*  For  a  fuller  discussion  of  this  theory,  see  papers  by  Prof.  Cayley,  "  On  a  case 
of  the  involution  of  cubic  curves,"  and  "On  the  classification  of  cubic  cvirves.'* 
Transactions  of  Cambridge  Philosophical  Society,  vol.  XI.,  1864. 
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Every  real  cubic  has  at  least  one  real  point  of  inflexion,  for 
iraaglnaries  enter  by  pairs,  and  the  total  number  of  points  of 
inflexion  is  odd,  viz.  either  nine,  three,  or  one  (Art.  147).  If 
we  take  for  the  line  z  the  tangent  at  the  point  of  inflexion,  and 
for  X  any  other  line  through  that  point,  the  equation  of  the 
curve  (Art.  51,  Vii.)  will  be  of  the  form  z^  =  aic',  where  <^  is 
a  function  of  the  second  degree,  say 

y''  -\-2l7/z  +  2mi/x  -{■j)X^  -{■  2qxz  +  rz'. 

But  now  if  we  transform  the  lines  of  reference  so  as  to  take 
y  -i-  Iz  A-  mx  for  the  new  y,  the  terms  in  <^  containing  y  only  in 
the  first  degree  are  made  to  disappear,  and  the  equation  takes 
the  form  first  written  in  this  article.  The  geometric  meaning 
of  the  transformation  we  have  made  is  that  we  take  for  z  as 
above  stated  the  tangent  at  a  real  point  of  inflexion  zx^  and 
for  y,  the  harmonic  polar  (Art.  170)  of  that  point:  for  if  we 
examine  where  any  line  through  the  point  of  inflexion  meets  the 
curve  represented  by  the  above  equation,  we  find,  on  making 
the  substitution  z  —  Xx^  that  we  obtain  for  y  values  of  the  form 
±  iix^  shewing  that  the  points  where  the  line  meets  the  curve 
are  harmonically  conjugate  with  respect  to  the  point  where  it 
meets  the  line  ?/,  and  to  the  point  of  inflexion. 

196.  In  classifying  curves  those  distinctions  may  be 
regarded  as  fundamental  which  are  unafi'ected  by  projection; 
or,  in  other  words,  which  separate  not  only  curves,  but  cones, 
of  the  same  order.  Among  curves  of  the  second  order  there 
is  no  such  distinction,  for  there  is  but  one  species  of  cone. 
In  order  to  ascertain  whether  such  distinctions  exist  among 
cubics,  it  sufiices  to  take  the  form  to  which,  as  shown  in  the 
last  article,  the  equation  of  every  cubic  may  be  reduced,  and  to 
examine  whether  any  and  what  varieties,  unafi'ected  by  projec- 
tion, exist  among  the  curves  capable  of  being  represented  by 
it.  And  since  we  are  now  only  concerned  with  varieties 
unafi'ected  by  projection,  we  may  suppose  the  line  z  to  be  at 
infinity,  and  discuss  the  form 

y'  =  rtic'  +  Zhx^  +  '6CX  4-  ^, 
as  one  capable  of  representing  a  projection  of  any  given  cubic. 
It  will  be  observed  that  when  a  point  of  inflexion  is  at  infinity. 
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a  system  of  lines  through  it  becomes  a  system  of  parallel  ordi- 
nates,  and  the  harmonic  polar  becomes  a  diameter  bisecting 
them;  and,  in  fact,  for  every  value  of  ic,  the  above  equation 
gives  equal  and  opposite  values  of  y. 

The  preceding  equation  has  already  been  partially  discussed 
(Art.  39),  and  from  what  was  there  said,  it  appears  that  the 
curves  represented  by  it  may  be  divided  into  the  five  following 
principal  classes : 

The  right-hand  side  of  the  equation  may  be  resolvable  into 
three  unequal  factors,  and  (I.)  these  factors  are  all  real.  The 
curve  then  consists  (Att.  39)  of  an  oval  and  an  Infinite 
branch.  Or  (II.)  the  factors  are  one  real  and  two  ima- 
ginary. The  oval  then  disappears  and  the  infinite  branch 
alone  remains. 

The  right-hand  side  of  the  equation  may  be  resolvable 
into  two  equal  and  one  unequal  factors,  being  of  the  form 
(cc—  a)*  [x  —  fi\  Then  we  have  the  cases  (HI.)?  a  less  than  ^ 
when  the  curve  is  acnodal  (Art.  39),  the  oval  being  reduced  to 
a  conjugate  point ;  or  (IV.))  ^  greater  than  /?,  when  the  curve  is 
crunodal,  the  oval  and  the  infinite  branch  being  each  sharpened 
out  so  as  to  form  a  continuous  self-intersecting  curve ;  (V.)  the 
factors  of  the  right-hand  side  may  be  all  equal,  and  the  curve 
is  cuspidal  (Art.  39). 

Newton  has  given  the  name  "  divergent  parabolas  "  to  the 
curves  considered  in  this  article;  and  his  theorem,  which  we 
have  just  established,  is  that  every  cubic  may  be  projected 
into  one  of  the  five  divergent  parabolas. 

197.  Instead  of,  as  In  the  last  article,  supposing  the 
stationary  tangent  to  be  projected  to  infinity,  we  may  suppose 
the  harmonic  polar  to  be  so  projected.  The  point  of  inflexion 
will  then  become  a  centre,  and  every  chord  through  it  will  be 
bisected.  Interchanging  z  and  y  in  the  equation  of  Art.  195, 
and  then  putting  ;?  =  1,  the  equation  for  this  case  becomes 

y  =  ax^-\-  3hx^y  +  Bcxy^  +  dy^, 
which  is  the  equation  of  a  central  curve  (Art.   131).     As  In 
Art.  196,  there  are  five  kinds  of  central  curves  according  to 
the  nature  of  the  factors  of  the  right-hand  side  of  the  equation, 
and  m  this  way  is  established  Chasles's  supplement  of  Newton's 


CLASSIFICATION  OF.  CUBICS.  165 

theorem,  viz.  that  every  cubic  may  be  projected  into  one  of  the 
five  central  cubics. 

198.  Corresponding  to  these  five  kinds  of  cubic,  there  are 
five  essentially  distinct  species  of  cubic  cones.  A  cone  of  any 
order  may  comprise  two  forms  of  sheet,  viz.  (1)  a  twin- 
pair  sheet,  or  sheet  which  meets  a  concentric  sphere  in  a  pair 
of  closed  curves,  such  that  each  point  of  the  one  curve  is 
opposite  to  a  point  of  the  other  curve  (a  cone  of  the  second 
order  affords  an  example  of  such  a  sheet) ;  and  (2)  a  single 
sheet,  viz.  one  which  meets  a  concentric  sphere  in  a  closed 
curve,  such  that  each  point  of  the  curve  is  opposite  to  another 
point  of  the  curve  (the  plane  affords  an  example  of  such  a 
cone).  Now  corresponding  to  the  parabola  I.  of  Art.  196,  we 
have  a  cone  consisting  of  a  twin-pair  sheet  and  a  single  sheet, 
and  corresponding  to  II.,  we  have  a  cone  consisting  of  a  single 
sheet  only.  It  is  evident  that  the  crunodal,  acnodal,  and  cus- 
pidal singularities  are  reproduced  in  the  corresponding  cones. 

The  classification  of  cubic  cones  just  made  might,  if  we  pleased, 
be  carried  further.  Not  only  is  there  but  one  species  of  cone  of 
the  second  order,  but,  with  some  limitations,  any  two  curves  of 
that  order  may  be  regarded  as  sections  of  one  and  the  same 
cone.  This  is  not  so  as  regards  cubics  ;  for  it  has  been  proved 
(Art.  167)  that  every  cubic  curve  has  a  certain  numerical  cha- 
racteristic, expressing  the  anharmonic  ratio  of  the  four  tangents 
which  can  be  drawn  from  any  point  on  the  curve,  and  represented 
by  the  ratio  of  the  invariants  S^  :  T'^  of  the  biquadratic,  which 
determines  those  tangents.  This  characteristic  being  unaltered 
by  projection,  two  curves,  for  which  it  is  different,  cannot  be 
cut  from  the  same  cone;  and  the  parameter  in  question  may 
be  regarded  as  a  characteristic,  not  only  of  a  cubic  curve,  but 
also  of  every  cone  from  which  it  can  be  cut.  The  five 
kinds  of  cone  we  have  enumerated  might,  therefore,  be  further 
subdivided  at  pleasure,  according  to  the  values  of  this  parameter. 
Such  subdivisions  have  in  fact  been  made,  but  it  is  not  thought 
necessary  to  notice  them  here.  In  the  last  section  of  this 
chapter,  however,  the  cases  >S  =  0,  T=  0  will  be  discussed ;  and 
it  is  now  pointed  out  that  these  represent  families  not  only  of 
curves  but  of  cones. 
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199.  Let  us  now  examine,  more  minutely  than  in  Art.  39, 
the  figure  of  the  cubic  represented  by  the  equation  considered 
in  Art.  196,  and  it  will  be  convenient  to  take  the  origin  at 
the  middle  point  of  the  diameter  of  the  oval,  so  that  the 
equation  may  be  written 

ay*  =  (a;*  —  ttC)  (a;  —  w), 
where  n  is  greater  than  m.     Differentiating,  we  find  that  the 
values  of  x  which  correspond  to  maximum  values  of  y,  or  to 
points  where  the  tangent  is  parallel  to  the  axis  of  a;,  are  given 
by  the  equation 

Zx^  -  2nx  —  771*  =  0 ;  whence  x  —  l[n±  i^[n^  -\-  Swi")}. 

If  we  give  the  negative  value  to  the  radical,  we  get  the  value 
of  x  corresponding  to  the  highest  point  of  the  oval,  and  since 
this  is  negative,  we  see  that  the  highest  point  on  the  oval 
is  on  the  side  remote  from  the  infinite  branch,  and  that  the 
oval  is  therefore  not,  like  the  ellipse,  symmetrical  with  regard 
to  two  axes.  This  oval  is  symmetrical  with  regard  to  the  axis 
of  a;,  and  not  with  regard  to  the  axis  of  y^  but  rises  more 
steeply  on  the  one  side  and  slopes  more  gradually  on  the  other. 
The  greater  n  is  for  any  given  value  of  »i,  that  is  to  say,  the 
greater  in  proportion  the  distance  between  the  oval  and  the 
infinite  part  the  more  nearly  does  the  oval  approach  to  the 
elliptic  form ;  while  on  the  other  hand,  the  difference  is  greatest 
when  the  oval  closes  up  to  the  infinite  part,  that  is  to  say, 
when  the  curve  is  crunodal.  In  this  case  the  highest  point 
of  the  loop  corresponds  to  the  point  of  trisection  of  its  axis. 
If  we  give  the  positive  value  to  the  radical,  the  corre- 
sponding value  of  X  is  intermediate  between  m  and  w,  and  the 
corresponding  value  of  y  is  imaginary.  The  form  of  the 
equation  shews  that  the  point  of  contact  with  the  curve  of 
the  line  at  infinity  is  on  the  line  aj  =  0,  unlike  the  common 
parabola  y^^p^i  which  is  touched  by  the  line  at  infinity  on 
«y  =  0.  The  infinite  branches  of  the  cubic,  therefore,  tend  to 
become  parallel  to  the  axis  of  y  and  not  to  the  axis  of  a;; 
and  there  must  be  a  finite  point  of  inflexion  on  each  side  of 
the  diameter  where  the  curve  changes  from  being  concave 
to  being  convex  towards  the  axis  of  x.  Hence  the  name 
"divergent  parabola." 
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The  form  of  the  curve  is  then  represented  by  the  oval  and 
the  right-hand  infinite  branch  on  the 
figure.  If,  however,  we  have  in  the 
equation  +  ir^  instead  of—  rri^^  then  there 
will  be  no  real  oval,  and  the  infinite 
branch  will  be  either  of  the  left-hand 
or  right-hand  form,  that  is  to  say,  there 
will  or  will  not  be  points  for  which  y  is 
a  maximum,  and  at  which  the  tangent  is  parallel  to  the  axis, 
according  as  3m*  is  less  or  greater  than  «' ;  and  there  is  of 
course  the  intermediate  case  3m*  =  n\  where  there  is  on  each 
side  of  the  axis  of  a?  a  point  of  inflexion,  the  tangent  at  which 
is  parallel  to  this  axis. 

The  figures  of  the  crunodal,  acnodal,  and  cuspidal  forms  do 
not  seem  to  require  further  discussion  than  was  given  in  Art.  39. 

200.  Keturning  to  the  case  where  the  curve  has  an  oval, 
it  is  plain  that  in  general  every  right  line  must  meet  any 
closed  figure  in  an  even  number  of  real  points,  and  therefore 
that  every  line  which  meets  the  oval  part  of  the  cubic  once, 
must  meet  it  once  again  and  not  oftener;  since  when  a  line 
crosses  to  the  inside  of  the  oval,  it  must  cross  it  again  to  come 
out,  and  cannot  meet  the  oval  in  four  points.  Every  line, 
therefore,  must  meet  the  infinite  part  of  the  curve  once.  It 
follows  that  no  tangent  to  the  curve  can  meet  the  oval  again, 
and  therefore  that  none  of  the  points  of  inflexion  can  lie  on 
the  oval.  It  is  easy  to  see,  on  inspection  of  the  figure,  that  from 
any  point  outside  the  oval  two  tangents  can  be  drawn  to  it. 

Thus,  then,  the  oval  is  a  continuous  series  of  points,  from 
none  of  which  can  any  real  tangent,  distinct  from  the  tangent 
at  the  point,  be  drawn  to  the  curve.  The  cubic  then,  which 
includes  an  oval,  is  of  the  class  (Art.  167),  the  four  tangents 
from  every  point  of  which  are  either  all  real  or  all  imaginary. 
The  tangents  from  every  point  on  the  oval  are  all  imaginary, 
and  from  every  point  on  the  infinite  branch  are  all  real;  viz. 
two  can  be  drawn  to  the  oval  and  two  to  the  infinite  branch 
itself.  In  fact,  the  tangent  at  any  point  on  the  infinite  branch 
must  meet  that  branch  again,  since  the  third  point  in  which 
it  meets  the  curve  cannot  be  on  the  oval. 
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201.  What  has  been  just  said,  may  be  used  to  illustrate 
the  essential  property  of  unicursal  curves  (Art.  44).  The  co- 
ordinates of  any  point  on  such  a  curve  can  be  expressed 
rationally  as  functions  of  a  parameter,  so  that  by  giving  to 
this  parameter  values  continuously  increasing  from  negative 
to  positive  infinity,  we  obtain  all  the  points  of  the  curve  in 
a  continuous  series,  the  coordinates  being  always  real.  In 
the  present  example,  on  the  contrary,  it  is  geometrically 
evident  that  if  we  commence  with  any  point  on  the  oval  and 
proceed  on  continuously,  we  return  to  the  point  whence 
we  set  out,  without  passing  through  any  point  on  the  in- 
finite branch ;  and  it  is  algebraically  impossible  to  express 
the  coordinates  of  any  point  in  terms  of  a  parameter  without 
including  a  radical  in  the  expression.  For  instance,  we  might 
take  2  =  1,  x=d,  y  =  V(a^'  +  3&^'  +  Sc9  +  d).  We  shall  then 
call  the  curve  we  have  been  considering  a  hipartite  curve,  as 
consisting  of  two  distinct  continuous  series  of  points. 

A  curve  of  the  second  kind  considered.  Art.  196,  has  no 
oval,  and  is  unipartite^  all  the  real  points  of  the  curve  being 
included  in  one  continuous  series;  but  the  curve  is  not  on 
that  account  unicursal,  for  the  coordinates  of  any  point  cannot 
be  rationally  expressed  in  terms  of  a  parameter,  and  a  unipai-tite 
curve  is  not  necessarily  unicursal,  just  as  an  equation  having 
only  one  real  root  is  not  necessarily  a  simple  equation.  A  cru- 
nodal  cubic,  on  the  other  hand,  is  unicursal  and  unipartite ;  all 
the  points  of  the  curve  succeed  each  other  in  a  definite  order 
forming  a  single  series.  The  curve  may,  however,  be  regarded 
as  comprising  a  loop  and  an  infinite  branch  consisting  of  two 
parts  separated  by  the  loop.  The  argument  used.  Art.  200, 
shews  that  no  point  of  inflexion  can  lie  on  the  loop,  neither  can 
any  tangent  meet  the  loop.  The  loop,  therefore,  includes  a  series 
of  points  from  none  of  which  can  any  real  tangent  be  drawn  to 
the  curve,  while  from  every  other  point  on  the  curve,  two  real 
tangents  to  it  can  be  drawn,  one  of  them  to  the  loop,  the  other 
to  the  infinite  branch.  So  also  an  acnodal  cubic  and  a  cuspidal 
cubic  are  each  of  them  unicursal  and  unipartite. 

202.  Having  thus  divided  cubics  into  five  genera,  we  proceed 
to  subdivide  these  genera  into  species,  according  to  the  nature 
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of  their  Infinite  branches.  And,  obviously,  we  must  have 
at  least  four  species  under  each  genus,  according  as  the  line 
infinity  meets  the  curve,  (a)  in  three  real  and  distinct  points, 
(b)  In  one  real  and  two  imaginary  points,  (c)  in  one  real  and 
two  coincident  points,  {d)  in  three  coincident  points.  But  in 
the  case  of  crunodal,  acnodal,  and  cuspidal  cubics,  we  must 
distinguish  under  (c)  whether  the  line  infinity  be  properly  a 
tangent,  or  whether  it  pass  through  a  double  point;  and  in 
the  case  of  crunodal  and  cuspidal  cubics  we  must  distinguish 
under  {d)  whether  the  line  Infinity  be  a  tangent  at  a  point  of 
inflexion  or  at  the  node  or  cusp.  Further,  in  the  case  of 
a  bipartite  or  a  crunodal  cubic  it  is  important  to  distinguish 
under  (a)  and  (c)  whether  the  three  points  In  which  infinity 
meets  the  curve  all  belong  to  the  infinite  branch  or  whether 
two  of  them  belong  to  the  oval  or  loop  and  only  the  re- 
maining one  to  the  Infinite  branch.  The  differences  thence 
resulting  In  the  figures  of  the  curves  are  so  great  that  the  two 
cases  may  properly  be  classed  as  distinct  species.  These  are  the 
only  differences  which  are  made  in  what  follows,  grounds  of 
distinction  of  species.  The  only  other  differences  which  would 
seem  to  have  equal  claims  to  be  put  on  the  same  level  are  that 
the  points  of  the  curve  at  infinity  may  either  all  be  ordinary 
points,  or  else  one  or  three  of  them  may  be  points  of  Inflexion. 
But  as  the  changes  thus  made  In  the  figure  of  the  curves  are 
slighter,  and  as  It  is  desirable  not  to  have  more  species  than  can 
be  easily  remembered,  I  have  preferred  to  class  curves  differing 
only  in  the  respect  last  mentioned,  not  as  distinct  species,  but  as 
different  varieties  of  the  same  species.  It  is  obviously  a  good 
deal  arbitrary  how  many  varieties  of  cubics  may  be  counted, 
and  much  depends  on  the  point  of  view  from  which  these 
curves  are  discussed. 

203.  The  figures  for  the  case  where  the  line  infinity  Is  a 
stationary  tangent  have  already  been  discussed,  and  the  figure 
for  any  other  case  may  be  regarded  as  a  projection  of  one  of 
the  figures  for  this  case.  Let  us  commence  with  bipartite  cubics, 
and  consider  first  the  projection  of  the  oval.  And  it  will  be 
readily  understood  that  If  the  line  projected  to  infinity  do  not 
meet  the  oval,  the  projection  of  the  oval  will  remain  a  closed 
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curve,  while  if  the  line  touch  the  oval,  or  if  it  meet  it  in  two 
real  points,  the  projection  will  have  the  same  kind  of  rough 
resemblance  to  a  parabola  or  a  hyperbola  respectively  that  the 
oval  itself  has  to  an  ellipse ;  that  is  to  say,  while  the  figures 
have  not  the  symmetry  of  the  conic  sections,  the  projection  is  in 
the  former  case,  like  the  parabola,  a  single  curve  whose  branches 
proceed  to  infinity  in  a  common  direction  without  approaching 
to  contact  with  any  finite  asymptote,  and  in  the  latter  case 
consists  of  a  pair  of  curves  having  two  common  asymptotes,  and 
lying  in  two  of  the  vertically  opposite  angles  formed  by  them. 
Such  a  pair  we  shall  briefly  refer  to  as  a  hyperbolic  pair. 
It  will  be  observed  that  an  ordinary  asymptote  to  a  curve  has  a 
positive  and  negative  branch  at  opposite  sides  of  it.  The 
theory  of  projection  teaches  us  to  regard  the  extremities  of  a 
line  at  positive  and  negative  infinity  as  projections  of  the  same 
point,  and  similarly  to  regard  the  branches  of  a  curve  which 
touch  an  asymptote  at  positive  and  negative  infinity  as  con- 
tinuous with  each  other.  Thus,  then,  as  when  the  oval  is  a  closed 
curve,  its  points  form  a  continuous  series,  such  that  commencing 
with  any  point  we  can  proceed  continuously  round  the  curve  till 
we  return  to  the  point  whence  we  set  out ;  so  this  is  equally  true 
of  all  projections  of  the  oval,  and  the  twin  hyperbolic  branches  are 
to  be  regarded  as  forming  one  continuous  curve,  the  part  where 
one  branch  touches  an  asymptote  at  its  positive  extremity  being 
regarded  as  continuous  with  the  part  where  the  other  branch 
touches  the  same  asymptote  at  its  negative  extremity. 

204.  Let  us  next  consider  the  projection  of  the  infinite  part 
of  the  curve  (Art.  196)  which  must  be  met  by  every  line  either 
in  one  or  three  real  points.  First,  let  the 
line  projected  to  infinity  meet  it  only  In  one, 
and  then  the  branches  of  the  projected  curve^ 
instead  of  spreading  out  indefinitely,  will 
approach  to  contact  with  a  finite  asymp- 
tote, as  in  the  left-hand  curve  on  the  figure. 
The  curve,  which  will  hereafter  be  briefly 
referred  to  as  the  serpentine^  must  obviously 
have  three  points  of  inflexion;  for  it  is 
convex  towards  the  asymptote  at  positive  infinity  (since  every 
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curve  is  convex  towards  its  tangent  on  both  sides  of  the  point  of 
contact) ;  it  must  change  this  convexity  into  concavity  in  order 
to  cut  the  asymptote  once  again :  having  cut  it,  it  must  bend 
again,  else  it  would  continually  recede  from  the  asymptote; 
and  it  must  bend  once  more  in  order  to  become  convex  towards 
the  asymptote  at  negative  infinity.  The  points  in  the  curve 
represented  in  the  figure  form  a  continuous  series,  since  it  ap- 
pears, from  what  was  said  in  the  last  article,  that  the  branches 
of  the  curve  in  contact  with  the  asymptote  at  its  opposite 
extremities  are  to  be  regarded  as  continuous  with  each  other. 

In  the  above  it  was  assumed  that  the  point  at  infinity  on 
the  serpentine  is  an  ordinary  point  on  the  curve.  If,  however, 
it  be  a  point  of  inflexion,  the  difference  is  that  instead  of  the 
positive  and  negative  infinite  branches  lying  as  usual  on  opposite 
sides  of  the  asymptote,  they  lie  on  the  same  side,  as  in  the  right- 
hand  curve  on  the  figure.  It  is  obvious  that  the  curve  has 
then  but  two  finite  points  of  inflexion.  We  refer  to  this 
as  the  conchoidal  form. 


205.  Next,  let  the  line  projected  to  infinity  meet  the  infinite 
branch  in  three  ordinary  points.  It  may  be  seen  that  it  will 
always  divide  the  curve  into  three  parts,  one  of  which  has  no 
points  of  inflexion,  another 
one,  and  the  other  two. 
The  projection  will  consist 
of  three  infinite  branches ; 
one,  which  we  shall  call  a 
simple  hyperbola^  having 
no  point  of  inflexion,  and 
not  intersecting  its  asymp- 
totes; the  second,  which 
we  shall  call  an  inflected  hy^ 
perhola^  crossing  one  asymp- 
tote, and  consequently  hav- 
ing one  point  of  inflexion ;  and  the  last,  which  we  shall  call 
a  douhly  inflected  hyperhola  crossing  both  asymptotes,  and 
having  therefore  two  inflexions  *     No  two  of  these  parts  form 

♦  Newton  calls  the  first  of  these  an  inscribed,  the  third  a  circumscribed,  and  the 
second  an  ambigenous  hyperbola. 
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a  byperbolic  pair,  but  the  three  together  form  a  continuous 
series.  Thus,  In  the  figure,  if  we  commence  by  descending 
the  vertical  branch  of  the  doubly  inflected  hyperbola,  the  path, 
after  passing  through  negative  infinity  on  the  vertical  asymptote, 
is  continued  from  positive  infinity  on  the  same  asymptote  along 
the  singly  inflected  branch,  until  having  passed  to  infinity  on 
the  other  asymptote  it  returns  along  the  simple  hyperbola,  and 
so  back  to  the  doubly  inflected  hyperbola. 

If  one  of  the  points  at  infinity  be  a  point  of  inflexion,  either 
the  singly  inflected  hyperbola  becomes  simple  or  the  doubly 
inflected  becomes  singly  inflected.  If  all  three  inflexions  be  at 
infinity,  the  curve  consists  of  three  simple  hyperbolas. 

Cubics  having  three  hyperbolic  branches  are  called  by 
Newton  redundant  hyperbolas,  as  having  one  more  than  the 
conic  sections;  those  having  but  one  infinite  branch,  as  in 
the  last  article,  are  called  by  him  defective  hyperbolas;  and 
those  touched  by  the  line  at  infinity,  and  having  besides  one 
finite  asymptote,  are  called  parabolic  hyperbolas. 


206.  We  now  enumerate  the  following  species  of  bipartite 
cubics.  (1)  The  line  projected 
to  infinity  meets  the  oval  twice 
and  the  other  part  of  the  curve 
once.  If  the  last  point  of  meet- 
ing be  (a)  an  ordinary  point, 
the  curve  consists  of  a  serpen- 
tine and  a  hyperbolic  pair,  as  in 
the  figure.  If  it  be  (5)  an  in- 
flexion, the  only  difl'erence  is, 
that  the  serpentine  is  exchanged  for  the  conchoidal  form. 

(2)  The  line  infinity  meets  the  curve  in  three  real  points, 
none  of  which  belong  to  the  oval.  If  the  points  be  («)  all 
ordinary  points,  the  figure  is  that  of  Art.  205.  If  one  of  the 
points  be  an  inflexion,  the  curve  consists  either  {b)  of  an  oval 
with  two  simple  and  one  doubly  inflected  hyperbolas,  or  else 
(c)  of  an  oval  with  one  simple  and  two  singly  inflected  hyper- 
bolas, (d)  If  the  three  inflexions  be  at  infinity,  the  curve 
consists  of  an  oval  with  three  simple  hyperbolas.  In  all  these 
cases  the  oval  lies  within  the  triangle  formed  by  the  asymptotes, 
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and  the  curves  may  be  further  distinguished  according  as  the 
hyperbolas  lie  in  the  angles  which  contain  the  asymptotic 
triangle,  or,  as  in  the  figure,  in  the  vertically  opposite  angles. 

(3)  Infinity  meets  the  curve  in  two  imaginary  points;  and 
we  have  an  oval  (a)  with  a  serpentine,  or  [b)  with 
a  conchoidal  branch  (see  Art.  204). 

(4)  Infinity  touches  the  oval,  which  then  as- 
sumes the  parabolic  form,  and  is  accompanied  (a) 
with  a  serpentine,  {b)  with  a  conchoidal  branch. 

(5)  Infinity  touches  the  other  part  of  the  curve. 
The  oval  then  remains  a  closed  figure,  while  the 
other  part  of  the  curve   spreads  into  a  parabolic 
form.     If  (a)   the  remaining  point  at  Infinity  be  ordinary,  one 
branch  crosses  the  asymptote  and  has  two 
inflexions,  while  the  other  branch  has  only 
one.     If  {b)  It  be  a  point  of  inflexion,  the 
branches  are  both  at  the  same  side  of  the 
asymptote,   and   each   has   only   one    in-   ^ 
flexion. 

(6)  Infinity  meets  the  curve  in  three 
coincident  points.  This  Is  the  case  with 
which  we  set  out  (Art.  199). 


207.  We  come  next  to  the  division  of  non-singular  unipartite 
cubicSj  and  It  is  evident  that  we  have  now  nothing  corresponding 
to  the  species  1  and  4  of  the  last  article.  We  have,  therefore, 
only  four  species  of  such  unipartite  cubics,  viz.  redundant, 
defective,  and  parabolic  hyperbolas,  and  the  divergent  parabola ; 
according  as  the  points  of  the  curve  at  infinity  are  all  real  and 
distinct,  two  imaginary,  two  coincident,  or  all  three  coincident. 
The  same  varieties  of  each  may  be  counted  as  In  the  last  article, 
and  the  figures  of  the  last  article  will  serve  by  omission  of 
the  oval ;  but  for  further  illustration  we  give  a  figure  for  a 
case  where  the  satellite  cuts  the  sides  of  the  asymptotic  triangle, 
and  where  two  critic  centres  (Art.  192)  lie  within  that 
triangle.  We  have,  then,  a  portion  of  the  doubly  Inflected 
hyperbola  In  a  purse-shaped  form  within  that  triangle; 
and  it  Is  easy  to  conceive  that  by  a  change  in  the  value  of 
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the  constant  the  mouth  of  the  purse  closes,  and  we  have  a 
double  point  at  one  of  the  critic  centres,  while,  by  a  further 
change,  we  have  a  separate  oval,  at  last  shrinking  into  a 
conjugate  point  at  the  other  critic  centre. 

In  like  manner 
we  have  the  same 
four  species  of  ac- 
nodal  cubics,  to- 
gether with  a 
fifth,  for  which  the 
acnode  is  at  in- 
finity. The  figures 
for  bipartite  cubics 
suffice  to  illustrate 
this  class  if  we 
suppose  the  oval 
to  shrink  into  a 
conjugate  point. 
The  figures  for  the  case  where  the  acnode  is  at  infinity  do  not 
strikingly  differ  from  those  where  infinity  meets  the  curve  iu 
one  real  and  two  imaginary  points. 

208.  Of  crunodal  cuhtcs  we  have  the  following  species: 
(1)  Infinity  cuts  the  loop  in  two  real  points.  We  have,  then, 
two  simple  and  one  inflected  hyperbola  as  in  the  left-hand 
figure.  It  will  be  observed  by  tracing  the  curve  in  its 
passages  through  infinity  that  the  curve  is  unicursal.     There 


are  two  varieties  according,  as  the  remaining  point  is  ordinary 
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or  an  Inflexion.      In   the   latter   case,  all   the  hyperbolas  are 
simple. 

(2)  There  are  three  real  points  at  infinity,  none  of  which 
are  on  the  loop.  There  are  an  inscribed,  ambigenous,  and 
circumscribing  hyperbola,  the  last  forming  a  loop  within 
the  asymptotic  triangle.  There  are  two  varieties,  according 
as  there  is,  or  is  not,  an  inflexion  at  infinity. 

(3)  Infinity  meets  the  curve  in  two  imaginary 
points.     There  are,  as  before,  two  varieties. 

(4)  Infinity  touches  the  loop,  and  (5)  infinity 
touches  the  spreading  part  of  the  curve.  The 
figures  explain  themselves,  and  in  the  former  case 
there  are  two  varieties,  the  curve  lying  all  on 
the  same  side  of  the  asymptote  when  there  is 
an  inflexion  at  infinity. 


/•••■ 


0 


There  is  a  double  point  at  infinity,  and  consequently  two 
parallel  asymptotes;  and  the  remaining  point  at  infinity  is 
(6)  on  the  spreading  part,  (7)  on  the  loop.  In  the  former 
case,  the  point  of  inflexion  is  outside  the  parallel  asymptotes, 
in  the  latter,  between  them.  If  the  inflexion  were  also  at 
infinity,  the  two  branches  in  the  former  case  would  lie  on 
the  same  side  of  the  asymptote. 
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(8)  Infinity  touches  at  an  inflexion,  and  we  have  the  diver- 
gent parabola  of  Art.  199. 

(9)  Infinity  is  a  tangent  at  a  double 
point,  and  we  have  a  curve  called  the 
trident^  whose  figure  is  here  given. 


209.  Of  cuspidal  cubics  there  are 
evidently  no  species  answering  to  1,  4, 
7  of  the  last  article.  The  species,  then, 
are  (1)  Three  real  points  at  infinity;  two  varieties.  (2)  One 
real  and  two  imaginary  points  at  infinity ;  two  varieties.  (3) 
Infinity  an  ordinary  tangent;  two  varieties.  (4)  The  cusp  at 
infinity  ;  two  varieties.  (5)  Infinity,  a  stationary  tangent.  (6) 
Infinity,  a  cuspidal  tangent.  The  figures  for  the  cases  1,2,3 
can  easily  be  conceived  with  the  help  of  the  figures  of  the  last 
article,  by  supposing  the  loop  removed  which  is  dotted  in  those 
figures,  and  the  double  point  replaced  by  a  cusp.  The  figure  for 
case  4  is  obtained  from  the  left-hand  figure  (Art.  208)  for 
the  case  of  two  parallel  asymptotes,  by  imagining  those  asymp- 
totes united  and  the  branch  between  them  suppressed.  We 
have  then  a  single  asymptote  with  two  infinite  branches  on 
opposite  sides,  but  at  the  same  end  of  it. 
The  figure  for  case  5,  the  semi-cubical  para- 
hola,  my''  =  «',  is  given.  Art.  39.  Finally, 
the  figure  for  case  6,  the  cubical  parabola^ 
m^y  =  ic',  is  here  represented. 

210.  Though  we  have  here  counted  as  many  as  thirty 
species  of  cubics,  it  is  not  difficult  to  remember  the  classification, 
if  it  is  borne  in  mind  that  nothing  has  been  done,  but  combine 
the  five-fold  division  of  Art.  196  with  the  division  of  Art.  202, 
depending  on  the  nature  of  the  points  at  infinity.  It  remains 
to  say  something  as  to  previous  classifications  of  cubics.  The 
first  was  made  by  Newton,  Enumeratio  Linearum  tertii  ordinis^ 
whose  classification  is  substantially  the  same  as  that  here  given, 
except  that  what  we  have  counted  as  varieties  are  made  by 
him  distinct  species ;  and  that  whereas  in  the  case  of  a  hyper- 
bolic branch,  touched  by  two  asymptotes,  we  do  not  regard  in 
which  of  the  vertically   opf)osite  angles   formed   by  them  the 
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branch  lies,  Newton  discriminates  the  cases  where  It  lies  In  the 
angle  crossed  by  the  third  asymptote,  or  in  the  opposite  angle. 
The  cases  where  three  real  asymptotes  meet  in  a  point  are 
treated  as  distinct  species.  By  attending  to  these  distinctions 
the  number  of  species  is  made  up  to  seventy-eight.  Also, 
whereas  we  have  made  the  five-fold  division  primary,  and  that 
depending  on  the  infinite  branches  secondary,  Newton's  course 
of  proceeding  is  the  reverse. 

Newton's  method  of  reducing  the  general  equation  Is  as 
follows :  one  of  the  axes  being  taken  parallel  to  the  real 
asymptote,  the  coefficient  say  of  y^  vanishes,  and  the  equation 
of  the  curve  is  of  the  form 

y\  [ax  +  h)+y  {/ic'  +  gx  +  h)  +px^  +  qx^  +rx-{- s  =  0. 

Now  the  locus  of  middle  points  of  chords  parallel  to  the  asymp- 
tote Is  obviously 

2axy  +  2hi/  \fx^  +  .^^a;  -f  ^  =  0 ; 

and  if  we  suppose  the  axes  transformed  to  the  asymptotes  of 
this  hyperbola,  the  terms  6,  /,  g  evidently  vanish,  shewing  that 
the  same  transformation  will  bring  the  equation  of  the  cubic  to 
the  form 

or  with  Newton's  letters 

xy^  •\-ey  —  aa?  ■{■  haf  +  ex -\- d. 

This  Is  Newton's  most  general  form.  If,  however,  In  the 
equation,  as  we  have  written  it  a  and  b  vanish,  the  locus  Is  not 
a  hyperbola  but  a  right  line,  and  according  as  this  Is  (1) 
the  line  a?  =  0,  (2)  an  arbitrary  line  which  may  be  taken 
for  y  =  0,  or  (3)  the  line  at  Infinity,  the  equation  of  the  cubic  is 
similarly  brought  to  the  forms 

xy  —  ax^  -f  half  +  crc  +  J, 

y  =  aotf  +  bx^  -^  cx-\-  d, 

y  =  ax^  +  bx^  -{^  cx  +  d. 

The  only  apparently  different  case  Is  when  in  the  equation,  as 
Ave  have  written  it,  a  =  0,  and  the  locus  a  parabola ;  but  in  this 
case  there  is  another  real  asymptote,  the  locus  of  middle  pumi 
of  chords  parallel  to  which  is  a  hyperbola,  and  the  reductiou 

AA 
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proceeds  as  In  the  first  case,  only  that  the  coefficient  of  x^  vanishes 
in  the  transformed  equation.  Newton's  results  are  obtained 
from  a  discussion  of  these  four  forms.  I£  y=  <j>  [x)  be  the 
equation  of  any  curve,  Newton  calls  the  curve  xy  =  (\>[x)  a 
hyperbolism  of  that  curve.  Thus  then  he  calls  cublcs  which 
have  a  double  point  at  infinity,  and  whose  equation  can  therefore 
be  brought  to  the  form 

xy^  +  ey  =  cx  +  dj 

hyperbollsms  of  the  ellipse,  hyperbola,  or  parabola,  since  the 
equation  just  written  is  brought  to  that  of  a  conic  by  writing 
y  for  xy. 

211.  We  have  already  noticed  Pliicker's  discussion  of  cubic 
curves,  contained  In  his  System  der  Analytischen  Geometrie.  In 
this  discussion  the  nature  of  the  points  at  infinity  is  the  primary 
ground  of  classification.  Commencing  with  the  case  of  three 
real  asymptotes,  when  the  equation  is  of  the  form  xyz  —  Uv^v^ 
the  cases  when  the  asymptotes  meet  in  a  point,  or  form  a 
triangle,  are  first  distinguished ;  then  all  possible  positions  of 
the  satellite  line  v  are  examined ;  whether  for  Instance  it  cross 
the  triangle,  pass  through  a  vertex,  or  meet  all  the  sides 
produced,  whether  two  critic  centres  (Art.  192)  coincide,  and  so 
forth.  All  the  curves  capable  of  being  represented  by  the 
above  equation  for  any  given  position  of  the  lines  a;,  ?/,  sr,  v,  are 
said  to  form  a  group^  and  by  giving  all  possible  values  to  ^, 
the  different  species  included  under  the  same  group  are  dis- 
tinguished. This  will  be  more  readily  understood  from  the 
figure  of  Plticker's  first  group,  which  we  reproduce  on  the  next 
page,  and  which  answers  to  the  case  where  the  satellite  line  meets 
the  sides  produced  of  the  asymptotic  triangle,  and  where  we  have 
three  real  critic  centres,  one  inside,  two  outside  the  triangle. 
Fig.  1  represents  a  bipartite  curve  of  the  species  in  this  volume 
numbered  I.,  2.  By  a  change  In  the  value  of  k  the  oval  shrinks 
into  a  point,  and  we  have  (2)  the  acnodal  curve  III.,  1.  As 
h  is  further  changed,  the  curve  becomes  (3)  unlpartite  II.,  1 ;  and 
the  branches  recede  further  from  their  asymptotes.  In  (4)  the 
branches  cross  to  the  other  asymptotes,  and  the  curve  becomes 
crunodal,  IV".,  2.  Fig.  5  is  bipartite,  L,  1.  Fig.  6  is  in  our 
enumeration  of  the  same  species  as  5,  7  as  4,  and  8  as  3,  but  the 


UNICURSAL  CUBICS.  179 

position  of  the  branches  with  regard  to  the  asymptotic  triangle 


is  different.  Pliicker's  division  into  groups  has  been  carefully 
re-examined  by  Prof.  Cayley,  Transactions  of  the  Cambridge 
Philosophical  Society^  1864,  who  also  gives  a  comparison  of 
Newton's  species  with  those  of  Pliicker,  of  which  there  are 
two  hundred  and  nineteen.  It  does  not  enter  into  the  plan  of 
this  treatise  to  give  a  more  minute  account  of  this  classifica- 
tion. It  will  suffice  to  mention,  that  in  the  case  of  the 
parabolic  curves  an  important  part  is  played  by  the  osculating 
asymptotic  parabola,  or  parabola  which  passes  through  five 
consecutive  points  of  the  curve  where  it  touches  the  line  infinity. 
The  equation  of  the  curve  may  be  brought  to  the  form 

ic  (2^H  2zx  +  z")  =  s'  {ay  -f-  hz)^ 

where  obviously  the  parabola  y^  -f  2sa;  +  z^  meets  the  curve  in 
the  point  yz  reckoned  five  times.  The  groups  are  then  deter- 
mined by  the  position  of  the  osculating  parabola  with  respect 
to  the  linear  asymptote  cc,  and  to  the  satellite  line  ay  +  hz. 
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212.   We  have  seen  {Conies^  Art.  270)  that  computation  is 
facilitated  when  the  coordinates  of  a  point  on  a  curve  can  be 
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expressed  in  terms  of  a  single  parameter,  and  it  has  been 
proved  (Art.  44)  that  this  is  always  possible  in  the  case  of 
a  unicursal  curve.  Of  the  application  of  this  principle  to  cubics 
we  now  give  some  examples.  The  equation  of  a  cuspidal 
cubic  can  always  be  reduced  to  the  form  x^z=y^^  where  xy  is 
the  cusp,  X  the  cuspidal  tangent,  and  z  the  stationary  tangent. 
Any  point  on  the  curve  may  then  be  expressed  as  the  inter- 
section of  Qx  —  y^  6'^y  =  z)*  or,  in  other  words,  the  coordinates 
of  any  point  on  the  curve  may  be  taken  as  1,  ^,  6^,  where  6  is 
a  variable  parameter.  The  line  joining  any  two  points  on  the 
curve  will  then  have  for  its  equation,  as  may  be  easily  verified, 

66'  [6  ^  e')x  -  {6''  -^^  66'  ->r  6")  y  -^  z  =  Q. 
Let  6  and  6'  coincide,  and  we  have  the  equation  of  the  tangent 

If  we  seek  the  points  where  any  line  ax-\-hy  +  cz  =0  meets  the 
curve,  substituting  1,  6^  6'^  for  ic,  y^  z^  we  have  the  equation 
a  ■\- 1)6 -\-  c6^  =  0,  and  as  this  equation  in  6  wants  the  second 
term,  the  sum  of  its  roots  vanishes,  and  we  learn  that  the  para- 
meters of  three  points  on  a  right  line  are  connected  by  the 
relation  6  +  6'  +  6"  =  0.  Hence,  in  particular,  the  tangential 
of  the  point  ^  is  — 2^,  and  the  point  of  contact  of  the  tangent 
from  ^  is  —  ^^. 

In  like  manner,  if  we  make  the  substitution  1,  6^  6^  for 
rr,  y,  2,  in  the  equation  of  a  curve  of  thej?*^  order,  the  term 
6^^'^  will  be  wanting  in  the  equation,  and  the  relation  connecting 
the  parameters  of  the  3^  points  of  intersection  of  the  curve 
with  the  cubic  is  that  their  sum  vanishes.  Thus,  then,  the  6 
of  the  residual  of  a  system  of  points  is  the  negative  sum,  and 
of  the  coresidual  is  the  sum  of  the  ^'s  of  the  several  points ; 
and  generally  the  theorems  concerning  residuation.  Art.  158,  &c., 
are  thus  intuitively  evident  for  cuspidal  cubics.  For  instance, 
denoting  the  parameters  of  the  points  by  a,  &,  &c.,  the  condition 
that  six  points  shall  lie  on  a  conic  is 

a  +  ^  +  c  +  c?  +  e-f/=0, 

♦  These  equations  considered  as   belonging   to   tangential   coordinates   give  the 

theorem  "If  /be  the  inflexion,  Cthe  cusp,  and  T  the  intersection  of  tangents  at 

lA-         TH 
these  points,  any  tangent  AB  cuts  the  sides  of  the  triangle  ICT,  so  that  ^  7-2  =  ^'  'iTn  > 

aad  when  the  line  at  infinity  is  a  tangent  A  =  1."    Compare  Conies,  Art.  327. 
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which  at  once  gives  the  theorem  (Art.  154),  that  given  four 
points  on  a  cubic,  the  line  joining  the  points  e,  /,  where  any 
conic  through  them  meets  the  curve  again,  passes  through  the 
fixed  point  (a  4  &  +  c  -f  c?) ;  and  that  this  point  may  be  con- 
structed by  joining  a&,  cd^  and  joining  the  points  where  these 
lines  meet  the  curve  again,  since 

-  (a  +  J)  -  (c  +  c?)  -i-  (a  +  J  +  c  +  J)  =  0. 
So,  again,  various  constructions  for  the  ninth  point  where  the 
cubic  through  eight  points  meets  the  curve  again  are  obtained 
by  inspection  of  the  equation 

(a  +  6  +  c  -I-  c?)  +  (e  +/  +  ^  -t-  A)  +  i  =  0. 

213.  The  parameters  of  the  points  whose  tangents  pass 
through  a  given  point  are  found  by  substituting  the  coordi- 
nates of  that  point  in  '26^x  —  ^6'^y-\-z  =  0]  and  since  in  the 
resulting  cubic  the  coefficient  of  9  vanishes,  the  sum  of  the 
reciprocals  of  the  roots  vanishes ;  or,  three  points  whose  tangents 

meet  in  a  point  are  connected  by  the  relation  7,  +  ;^,  +  :^,  =  0. 

u       u        u 

In  like  manner,  since  the  condition  that  26^x  —  ^6^y-\-z  =  0 
should  touch  a  curve  of  the  p^^  class  is  a  relation  of  the  p^^ 
order  between  the  coefficients  2^',  ^&\  1,  and  since  such  a 
relation  obviously  does  not  contain  the  term  ^,  it  follows  that 
the  3p  points  where  tangents  touch    a  curve    of  the  p^^  class 

are  connected  by  the  relation  2  (^)  =0.  We  give  some  illus- 
trations of  this  application  of  the  method  to  examples. 

Ex.  1.  To  find  the  locus  of  the  intersection  of  tangents  whose  chord  of  contact 
passes  through  a  fixed  point  on  a  cuspidal  cubic. 

This  is  to  eliminate  a  and  j8  between  the  three  equations 

2a^x  -  3a^y  +  z  =  0,    2ft^x  -  3/J-^  +  «  =  0,    a  +  ^  +  y  =  0, 

where  y  is  known.    We  easily  find  y  (2yx  +  SyY  +  2xz  =  0,  the  equation  of  a  conic. 

Ex.  2.  If  a  polygon  of  an  even  number  of  sides  be  inscribed  in  a  cubic,  and  all 
the  sides  but  one  pass  through  fixed  points  on  the  curve,  the  last  side  will  also  pass 
tlu-ough  a  fixed  point  on  the  curve. 

Denote  the  parameters  of  the  vertices  by  «i,  a^,  &c.,  and  of  the  fixed  points  by 
bi,  &2>  &c.  We  take  the  case  of  the  quadrilateral  for  simplicity,  but  the  proof 
is  general.    We  have  then  the  equations 

tti  -{-  bi  +  a^  =  0,   ttj  +  *2  +  ^3  =  0, 

flg  +  *3  +  «4  =  0>   or^  +  *4  +  aj  =  0. 
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Adding,  we  have  bi  +  b^  —  b^  +  b^,  shewing  that  the  lines  joining  bi,  b^ ;  b^,  b^  meet  on 
the  curve,  and  that,  when  three  of  the  points  are  known,  the  fourth  is  known  also  • 
The  theorem  is  true  for  all  cubics,  for  the  proof  here  given  may  easily  be  translated 
into  the  language  of  the  theory  of  residuation,  shewing  that  the  pairs  of  points  b^,  b^ ; 
^2,  b^  are  coresidual,  a  common  residual  being  the  system  of  vertices  a^,  a^,  a^,  a^. 

It  follows,  as  a  particular  case  of  this  theorem,  that  if  the  sides  of  a  polygon  of  an 
odd  number  of  sides  pass  through  fixed  points  on  the  curve,  the  tangent  at  any 
vertex  passes  through  a  fixed  point  on  the  curve ;  and  hence,  that  the  problem  to 
construct  such  a  polygon  whose  sides  pass  through  fixed  points  on  a  non-singular 
cubic  admits  of  four  solutions. 

Ex.  3.  To  find  the  quasi-evolute,  the  two  fixed  points  being  on  the  curve  (see  also 
Ex.  5,  Art.  99).    The  equation  of  the  quasi-normal  (Art.  107)  is 

(/32  +  /3e  -  20*)  {0a  (6  +  o)  a;  -  (02  +  0a  +  a2)  y  +  z} 

+  (a«  +  ad-  202)  {0)3  (0  +  /3)  x  -  (02  +  $13  +  fi^)  y  +  z}  =  0. 

If  we  transform  this  by   writing  0  =  -.■  _  ^  ,    we  get  then,  in  conformity  with 

Art.  108,  a  biquadratic  in  \,  in  which  the  two  extreme  terms  at  each  end  respectively 
differ  only  by  a  constant  factor,  and  the  discriminant,  having  as  factors  the  equations 
of  the  tangents  at  a  and  /3,  represents  besides  a  curve  only  of  the  4^^  degree. 


214.  It  remains  to  mention  a  few  of  the  more  remarkable 
examples  of  cubics  of  the  third  class.  We  have  already  noticed 
the  semi-cubical  parabola^  which  is  the  evolute  of  the  parabola 
of  the  second  degree.  In  its  equation,  py^  =  x^^  the  cusp  is  at 
the  origin,  and  the  point  of  inflexion  at  infinity.  In  the  cubical 
parabola^  on  the  other  hand,  p^y  =  a;',  the  point  of  inflexion 
is  at  the  origin  and  the  cusp  at  infinity.  In  the  cubical  para- 
bola the  origin  is  a  centre,  and  all  the  diameters  of  the  curve 
coincide  with  the  axis  of  y ;  for  if  we  draw  any  line  y  =  mx  +  n, 
the  sum  of  the  values  of  a?  is  =  0. 

To  the  cusped  class  also  belongs  the  Cissoid  of  Diodes^  a 
curve  imagined  by  that  geometer  for  the  solu- 
tion of  the  problem  of  finding  two  mean  pro- 
portionals. It  may  be  defined  as  the  locus  of 
a  point  M'^  where  the  radius  vector  to  the 
circle  AM  is  cut  by  an  ordinate,  such  that 
AF  =  BP.     We  must  have 

AM'  =  BMj  and  therefore  P  =  AR-  AM, 
or  /)  =  2?'  sec  co  —  2r  cos  w  =  2r  tan  co  sin  w ; 
or,  in  rectangular  coordinates, 

X  [x^  -f  /)  =  2r/,  or  (2r  -  x)  f  =  x\ 
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The  origin  Is  therefore  a  cusp,  and  2r  —  a;  an  asymptote  meeting 
the  curve  at  an  infinitely  distant  point  of  inflexion. 

Newton  has  given  the  following  elegant  construction  for  the 
description  of  this  curve  by  continuous 
motion :  A  right  angle  has  the  side  OF 
of  fixed  length,  the  point  i^ moves  along 
the  fixed  line  C/,  while  the  side  OH 
passes  through  the  fixed  point  E]  a 
pencil  at  the  middle  point  of  OF  will 
describe  the  cissold.  The  proof  we  leave 
to  the  reader.     (Lardner's  Algebraic  Oeometry^  pp.  196,  472). 

The  cissold  is  also  the  locus  which  we  should  find  If  we  take 
on  each  of  the  radii  vectores  from  the  vertex  of  a  parabola  a 
portion  equal  to  the  reciprocal  of  its  length.  It  is  consequently 
also  the  locus  of  the  foot  of  a  perpendicular  let  fall  from  the 
vertex  of  a  parabola  on  the  tangent;  or,  in  other  words,  if  a 
parabola  roll  on  an  equal  one,  the  locus  of  the  vertex  of  the 
moving  parabola  will  be  the  cissold. 

215.  We  can  in  like  manner  express  in  terms  of  a  single 
parameter  the  coordinates  of  any  point  on  a  crunodal  or  acnodal 
cubic.  The  double  point  being  the  origin,  the  equation  is  of 
the  form 

ax""  +  'dhx'y  +  Zcxy'  +  dy^  +  3/c^  -f  Ggxy  +  ^hf  =  0, 

and  if  we  put  y  —  6xj  we  have  immediately  rational  expressions 
for  x  and  y  in  terms  of  d.  The  discussion  will,  however,  be 
simpler  if  we  suppose  the  equation  transformed,  as  It  always 
may  be,  to  the  form  [x^  ±y'^)  z  —  x*.  Here  z  is  the  tangent  at 
the  one  real  point  of  inflexion  which  the  curve  must  have: 
X  is  the  line  joining  the  point  of  inflexion  to  the  double  pointy 
and  x^  ±  y^  are  the  tangents  at  the  double  point,  the  upper  sign 
belonging  to  the  case  of  the  acnodal,  and  the  lower  to  that  of 
the  crunodal  cubic.  The  coordinates  then  of  any  point  on  the 
curve  may  be  taken  proportional  to  [\  ±&^)^  6{l±6^)j  1.  If 
we  substitute  these  values  in  the  equation  of  an  arbitrary 
line  \x-\-  fiy  +  v2  =  0,  we  get,  in  order  to  determine  the  para- 
meters of  the  points  where  this  line  meets  the  cubic, 
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and  these  parameters  are  connected  by  the  relation 

e'd"  +  6"  6'"  +  e"'e'  =  + 1. 

If  the  line  touch  at  a  point  of  inflexion  6'  =  6"  =  6"\  and  there- 
fore &^  =  ±  3 .  Hence,  an  acnodal  cubic  has  three  real  points  of 
inflexion^  and  a  crunodal  cubic  one  real  and  two  imaginary. 

The  equation  of  the  line  joining  two  points  will  be  found 
to  be 

[&'^e&^&''±\)x-{fi-V&)y  =  ±{\±  6')  (1  ±  6")  z, 

and  therefore  the  equation  of  a  tangent  is 

{se^±i)x-2ey=±{i±eyz, 

whence  we  see  that  if  four  tangents  meet  in  a  point,  the  sum  of 
the  corresponding  parameters  vanishes,  and  if  two  of  the  points 
be  given,  we  can  at  once  form  the  quadratic  which  determines 
the  parameters  of  the  other  two.  There  Is  no  difficulty  in 
applying  this  method  to  examples. 

At  Art.  122,  Ex.  1  we  have  noticed  the  crunodal  cubic,  whose 
polar  equation  is  p*  cosJct)=?n  ,  and  whose  rectangular  equation 
is  27  {x^  -f  y^)  m  =  (4?n  -  xf  j  a  curve  having  three  points  of 
inflexion  at  infinity,  one  real  and  the  others  being  the  two 
circular  points.    The  node  is  on  the  axis  of  x  at  the  point  x  =  —8m. 

216.  When  a  nodal  cubic  has  three  real  points  of  inflexion,  the 
conjugate  point  is  the  pole  of  the  line  Joining  these  three  points, 
toith  regard  to  the  triangle  formed  by  the  three  tangents.  Let 
the  equation  of  a  cubic  be 

{x  -\- y  -\-  zY  =^  mxyz ; 

then,  if  this  has  a  double  point,  its  coordinates  must  satisfy  the 
equations  got  by  differentiation,  viz. 

^  [x  -\-y  +  zY  =  myz  =  mzx  —  mxy. 

From  these  equations  we  get  x  =  y  —  z^  which  (Art.  165)  proves 
the  theorem  enunciated,  and  we  then  have  for  the  nodal  cubic 
m  =  27,  and  the  equation  of  the  curve  may  be  written  in  the  form 

x^-\-y^  +  z^  =  0. 

In  this  case  the  coordinates  of  any  point  on  the  curve  may  be 
taken  proportional  to  6^,  (1  -  Of,  -  1,  and  the  equation  of  the 
corresponding  tangent  is  (1  -  Ofx  +  O^y  +  ^'"^  (1  —  dY^  =  0. 
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216(a).  The  subject  of  unlcursal  cublcs  may  be  otherwise 
treated.*  We  may  start  with  the  most  general  expression  for 
the  coordinates  in  terms  of  a  parameter  X  :  /a,  viz. 

a;  =  a  \*  +  35  \V  -f  3c  \fi'  4  d  fi^, 

y^a'X^i-  35'  \V  +  3c'  Xfi^  +  d'  fjL% 

z  =  a"X'  +  35"\'>  +  3c"  V^  +  d"fjL% 

and  we  can  at  once  (as  in  Art.  44)  write  down  in  the  form  of  a 
determinant  the  equation  of  the  resulting  cubic.  But  again, 
there  are  in  general  three  linear  functions  of  x,  y^  Zj  whose 
expressions  in  X,  /i  are  perfect  cubes.     For  if  in  the  equation 

Lx  ■]- My -^  Nz  =  {a\  +  fifiY, 

we  substitute  for  a?,  y,  z  their  expressions  In  \  :  fi^  equate 
coefficients  of  X^,  X^fi,  &c.  and  linearly  eliminate  Lj  M^  N  from 
the  resulting  equations,  we  get 

a'  ,  a  J  a\  a" 
a%  5,  b\  h" 
a/3*'',  c,  c',  c" 

13%  d,  d',  d"    =0; 

that  is  to  say,  we  have  a  cubic  for  the  determination  of  a  :  /?, 
which  we  may  write 

^a'  +  ZBa'P  +  3  Ca^''  +  DB'  =  0, 

A,  SBj  3Cj  D  being  the  determinants  of  the  system 

a  ,  5  ,  c  ,  c? 
a' ,  b'  J  c' ,  d' 

11       Til  II       JI1 

a  ^  0  J  c  J  a 

Corresponding  to  the  three  values  of  a  :  yS,  there  are  three 
values  of  Ljc  +  My  +  Nz ;  and  if,  writing  down  the  three 
equations 

L'x  +  M'y  -f  N'z  =  (a'\  -f  /3»^  &c., 

we  take  the  cube  roots  of  both  sides,  and  linearly  eliminate  X :  fi, 
we  get  the  equation  of  the  curve  In  the  form  of  a  linear  relation 


*  For  further  developments    of    the    method   here    explained  see  Igel,   Math, 
Annul,  y I.  633 ;  Haase,  Math.  Annul,  ii.  526. 

BB 
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between  the  cube  roots  of  three  linear  functions.  This  is 
expressed  in  the  simplest  form  by  writing 

X  =  (a'  X  +  y8'  tiY  (a"  /3"'  -  a"'/3" )% 
r=  (a"  \  +  /3"  tJ)'  {ol'"^'  -  a'  ^"')\ 
^=  (a"'\  +  y8»^  (a' ^"  -  a"  i8' r, 
when  we  have  the  equation  of  the  curve  in  the  form  (Art.  216) 
X^-\-  Y^-\-Zi  =  Oj  which  denotes  a  nodal  cubic,  X,  F,  Z  being 
the  three  inflexional  tangents,  X+  Y+Z  the  line  joining  the 
three  inflexions,  and  X=  Y=Z  the  node. 

216(5).  We -might  arrive  by  another  process  at  a  cubic 
identical  with  the  Canonizant  cubic  of  the  last  article.  The 
general  condition  that  three  points  should  be  on  a  right  line 
being  got  by  equating  to  zero  the  determinant  formed  with 
the  constituents  x\  y\  z\  &c.,  if  we  substitute  for  x\  aX'^-f  &c., 
we  get  the  condition  that  three  points  of  the  curve  should  be 
on  a  right  line.  This  is  easily  seen  to  be  resolvable  into  partial 
determinants,  each  of  which  is  divisible  by 

f^  t     n        -v  n     i\  /-v  II     III        -v  III     ii\  /-v  III     I        -V  »     iii\  . 
[Kfl     —  A.  fJb  )  [\  fl      — \    f'  J  V^    fJU-\fl     )] 

and  the  condition  in  question  may  be  written 

Afl'fJL"fl"'  +  B  {\'fJL"fJL"'  4-  X'Vy  +  \"'fl'fl") 

*  +  0  (\"\"'fi'  4-  \"'\>"  4-  \'X"fi"')  +  DX'\"\"'  =  0, 

where  -4,  B^  &c.,  have  the  same  meaning  as  in  the  last  article. 
In  other  words,  if  the  X  :  /*  of  three  points  be  determined  by  the 
cubic 

A'X^  +  SB'X^fi  -h  3  (7' V  +  Z)y  =  0, 

then  the  condition  that  these  three  points  should  be  on  a  right 
line  is 

{AD'  -  A'D)  -  3  [BC  -B'C)^  0. 

The  \  :  /*  of  a  point  of  inflexion  we  get  by  writing  X'==X"=X"\ 
fiz=IM"  =  fi"'  in  the  preceding  equation,  and  we  thus  fall  back 
on  the  cubic 

Afi^  +  SBXfM^  +  3  CX^fjL  +  BX'  =  0. 

We  might  arrive  at  the  same  cubic  in  a  somewhat  different 
form.  From  the  general  determinant  form  of  the  equation  of 
the  line  joining  two  points,  it  follows  that  for  a  unicursal  cubic, 
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in  which  we  are  given  expressions  for  a?,  y,  z  in  terms  of  a 
parameter,  the  equation  of  the  tangent  at  anj  point  is 


y )  ^ 


'X'  Vv 


X  ^  y  .  z 


=  0, 


where  the  suffixes  denote  differentiation  with  regard  to  X  or  /* 
of  the  expressions  for  x^  y,  or  z]  and,  in  like  manner,  that  the 
condition  that  three  consecutive  points  shall  lie  on  a  right 
line  is 


*xx. 

Vxx^ 

^xx 

%> 

Vx^^ 

V 

X     , 

^mm' 

z 

fXfX 

=  0. 

Thus,  then,  for  the  case  of  the  cubic  which  we  are  con- 
sidering, the  \  :  /A  of  the  inflexions  is  given  by  the  equation 

a  \-\-  h  fly  b  X-{-  G  fij  c  X-hd  fi 
a'\-\-h'  fly  V  \-\-  c  fly  c'\  +  d'  fi 
a"X  +  h"fiy   b"\  +  e"/iy   c"X-hd"fi     =0, 

which  may  be  seen  (as  Higher  Algebra^  Art.  169)  to  be  identical 
with  the  cubic  already  mentioned. 

216  (c).  A  node  on  the  curve  will  arise  when  the  same 
point  answers  to  two  different  values  of  the  ratio  \  :  fi.  If 
X  :  fi'y  X"  :  fi"  be  two  values  answering  to  the  same  point,  then, 
no  matter  what  other  point  V"  :  fi'"  we  take  on  the  curve,  the 
condition  of  the  last  article  (that  it  shall  be  on  a  right  line  with 
the  two  coincident  points  of  the  node)  must  be  fulfilled.  Thus, 
equating  separately  to  zero  the  parts  in  that  condition  multiplied 
by  V",  fi"  respectively,  we  have 

Afi'fi"  4  B  [x'fi" + vy )  +  GX'X"  =  0, 
Bfi'fi"  +  c  [x'fi"  +  x"fi') + nx'x" = 0, 

and  since,  from  the  theory  of  equations,  if  the  two  values  of 
X  :  fly  corresponding  to  the  node  be  given  by  a  quadratic 
equation,  that  equation  must  be 

\V/*"  -  X/^  CX'fi"  +  X"fi')  +  fM'X'X"  =  0 ; 
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eliminatipg  /^V'j  &c.,  we  get  the  quadratic,  which  determines 
the  values  of  the  uodal  parameter 

A,  B  ,  C 

B,  G  ,  JD    =0. 

In  other  words  (see  Higher  Algebra,  Art.  195),  the  quadratic 
which  determines  the  two  values  of  the  nodal  parameter  is 
the  Hessian  of  the  canonizant  cubic. 

If  in  the  condition  of  the  last  article  we  write  X"  :  fi"  =  V  :  /t', 
we  get  the  relations  connecting  the  parameter  of  any  point  with 
that  of  its  tangential,  and  it  will  be  observed  that  the  factors 
multiplying  V",  fj,'"  are  the  differentials  of  the  cubic  with 
regard  to  X,  fi. 

216  {d)»  In  the  preceding  it  has  been  assumed  that  the  roots 
of  the  canonizant  cubic  are  unequal.  To  consider  in  the 
simplest  form  the  case  where  there  are  two  equal  roots  let 
X  and  g  be  two  of  the  linear  functions,  which,  expressed  in  terms 
of  the  parameter,  are  perfect  cubes;  that  is  to  say,  let  us 
take  X  =  \%  g  =  fM%  and  lfz=.  a"X'  +  3b"X'fjL  +  3c"  V  H"  d"A  the 
canonizant  cubic  becomes  a/3  [b"fi  -  c"cl)  =  0,  which  will  have 
two  equal  roots  only,  on  the  supposition  that  b"  or  c"  =  0.  In 
this  case  we  can,  by  linear  transformation,  bring  the  third 
equation  to  the  form  z  =  X'^'/x,  and  the  cubic  will  be  z^  =  x^g ;  or, 
in  other  words,  it  will  have  a  cusp.  Clebsch  has  shown 
{Crellej  LXIT.  43),  that  in  general  the  equation  of  the  3  (w— 2) 
degree,  which  determines  the  parameters  of  the  points  of  in- 
flexion, will  have  a  pair  of  equal  roots  for  every  double  point 
which  becomes  a  cusp. 

If  the  canonizant  have  three  equal  roots,  the  curve  breaks 
up  into  a  right  line  and  a  conic. 

SECT.  V. — INVARIANTS  AND  COVAEIANTS  OF  CUBICS. 

217.  The  equation  of  a  non-singular  cubic  can  always  be 
reduced  to  the  canonical  form 

x^  +  g^-{-z^  +  Qmxgz  =  0. 

In  this  form  ar,  y,  z  contain  each  implicitly  three  constants; 
and  these,  together  with  the  one  expressed  constant,  make  up 
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ten,  the  number  of  constants,  which,  according  to  the  test  of 
Art.  24,  a  form  must  contain  if  it  be  general  enough  to  represent 
any  cubic.  We  shall  presently  shew  how  the  equation  of  any 
cubic  can  be  reduced  to  the  form  just  given.  We  may  write  it 
{x+7/-2mz)  {cox  +  co^i/  -  2mz)  (w^a;  +  toy  -  2mz)  +  (I-f  8w')  s'=  0, 
where  o)  is  an  imaginary  cube  root  of  unity.  In  this  form  it 
is  apparent  that  the  line  z  joins  three  points  of  inflexion,  and 
the  same  thing  is  proved  in  like  manner  for  the  lines  x  and  y. 
Hence  these  three  lines  constitute  one  of  the  four  systems  of 
three  lines  which  we  saw  (Art.  174)  can  be  drawn  through 
the  nine  points  of  inflexion ;  and  we  can  foresee  that  the 
problem  to  reduce  the  equation  of  any  cubic  to  the  canonical 
form  admits  of  four  solutions. 

The  form  here  given  is  that  which  we  shall  generally  use 
in   our   investigation   concerning   cubics;    but   it   is   necessary 
first  to  obtain  the  invariants  for  the  equation  in  its  general 
form,  which  we  write 
^ax^  +  hy^-^cz^  +  Za^x^y  +  Za^x'z  -f  35,/a;  +  ^h^'^z 

+  ^c^z'x  +  ^c^z'y  +  Qmxyz  —  0. 

218.  We  form  now  first  the  equation  of  the  Hessian.  The 
second  differential  coefficients  of  the  cubic,  omitting  the  factor 
6  common  to  all,  are 

a=^ax  -\-a^-{-a^z'j  f  —  mx-\-h^  +  C/ ; 

h  =  h^x-\-  hy  +b^z',  g  =  a^x  +my  +  c^z  ; 

c  =  CjX-\-  c,^y  -\-  cz  ]  h  =  a,jx  +  h^y  +  mz. 


*  In  Prof.  Cayley's  Memoirs  the  coefficients  of  the  terms  i/^z,  z'x,  x^y,  yz^,  zx^,  xy^, 
are  written  respectively  f,  g,  h,  i,  /,  k.  In  German  Memoirs  the  variables  are 
usually  denoted  by  xi,  x^,  x^,  and  the  coefficients  in  question  are  written  a^^,  a^^^j  Cuj, 
^233>  ^31 15  "i22'  ^^'^  ^^^^  uotation  has  greatly  the  advantage  in  compactness ;  the 
advantage  of  the  second  is  that  each  coefficient  shews  on  the  face  of  it  to  which 
term  it  belongs.  In  fonnulEe  which  we  have  much  occasion  to  work  with,  the  use 
of  suffixes  is  less  convenient  than  a  notation  in  which  each  coefficient  is  denoted  by 
a  single  character ;  but  since  the  general  equation  of  the  cubic  is  only  used  in  the 
articles  immediately  following,  and  there  chiefly  for  purposes  of  reference,  I  have 
thought  the  second  advantage  to  be  that  which  in  this  instance  it  was  most  important 
to  secure.  The  notation  used  in  the  text  agrees  with  the  German,  replacing  a,i,  a^, 
O33  by  a,  b,  c,  respectively.  On  the  same  principle  the  coefficients  of  x^,  y^y  «^,  might 
be  written  ay,  b^,  C3,  and  were  so  written  in  the  first  edition.  I  now  omit 
suffixes  in  the  case  of  these  three  coefficients,  not  only  for  brevity  but  also  to 
diminish  the  risk  of  confounding  any  of  them  with  one  of  the  group  of  six  coefficients. 
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Forming  then      H=  abc  +  "ifgh  -  af^  -  hf  -  cK\ 

H  is  the  cubic,  the  coefficients  of  which  are  respectively 

a  =  aSjCj  —  am^  +  2ma^a^  —  h^a^  —  c^a^^ 

b  =  ha^c^  —  hn^  +  '^mlj)^  —  aj?^^  —  c^S/, 

c  =  caj)^  -  era!'  +  2mc^c^  -  a^c^'  -  h^c^% 
Sa^  =  ahc^  —  2am\  +  db^c^  -  ha^  +  m^a^  —  \c^a^  +  2%aJ)^  —  c^a*^ 
3a3  =  achj^  -  2amc^  +  aJgC,  -  ca^  +  w\  - 1,0^%  +  Sa^agC,,  -  ^a^g'', 
3bj  =  JrtCj  -  2 Jm«3  +  ha^c^  -  ah^  +  m^h^  -  c^aj)^  +  ^Jj^g^^  -  cfi^\ 

3c,  =  cah^  —  2cma^  +  caj)^  -  ac^  +  t/z'^c,  —  ajb^'^^  +  2c,c.^aj  -  b^c^^^ 
3c,  =  cSffg  -  2cmh^  +  ca^Jg  --  5c,'  +  m\  -  a^JgC^  +  ^c^cj)^  -  a^^^", 
6in  =  abc  -  [ab^c^  +  5c,a3+  caj)^  -f  2wi*  -  2m  (5,c,  +  c^a^  +  ajSJ 

As  a  particular  case  of  the  preceding,  the  Hessian  of 

a' -1- 3/^  +  s' +  6»iir^2?  =  0  is  '-m^{x^  +  f-\-z^)-^  {l+2nv')xyz  =  0. 

219.  We  are  also  able  to  form  the  equation  of  the  Cay- 
leyan.  This  contravariant  expresses  the  condition  that  the  line 
OLX  +  fiy  +  yz  shall  be  cut  in  involution  by  the  system  of  conies 
^i»  ^sj  ^s>  where 

Z7,  =  a  Of'*  +  b^y^  +  c^z'  +  2myz  4  2a^zx  +  2a2a;y, 
U^  =  agOj*  +  &  y**  +  CjS^  +  2Z>3y2?  +  2m2;a;  +  25,a?y, 
r^  =  agic'*  +  b^^  +  cz^-^  SCgi/^;  +  2c,2!a;  +  2mxy. 

The  method  of  forming  this  contravariant  is  given,  Comes ^ 
Art.  388« ;  and  the  result  is  there  found  in  terras  of  the  coeffi- 
cients of  the  three  conies.  Applying  the  formulae  to  the  present 
example,  we  find 

P=  Aol'  -hB^  +  Cy'  +  SA^d'/S  +  3^3a''7  +  3^,/8'a  +  SB^&'y 

+  3  a,7'a  +  3  (7,7'iS  +  QMa/Sy, 
where 

A  =  bcm-  bc^c^  -  cbj)^  -  mb^c^  +  b^c^  +  cfi^% 

B  —  cam  -  ca^a^  -  ac^c^  -  ma^c^  +  a^c^  -{-  c^a^^ 

C  =  abm  -  ahj?^  —  ba^%  —  mb^a^  +  Jg^/  +  ap^^  \      ^ 


INVARIANTS  AND  COVARIANTS  OF  CUBICS.  191 

3  C  =-  a5c2-5ma3+aJ3*+2Z>a2C,+277i'Z> -3ma5^J3+2>^a.^C2+a35^J3~2c,Z>,% 
3  C=^  -  ahc-  amh^-^ha^^+2a\c^+2m\-  ZmaJ)^-\-aJ)^c^^-a^aJ)-  2c^^y 
6i/=  ale  -  [pbf^  4  lc^%  4-  ca^SJ  -  4?n'  4  4m  (J^c^  4-  c^a^  f  ^3^ 

In  particular,  the  Cayleyan  of  0^  ■\-y^  -^^  -V  ^mxyz  is 
»^  (a'  4  /3^  +  7')  +  (1  -  4m')  ayS7  =  0. 

220.  If  in  the  contravariant  just  found  we  substitute  for 
a,  y8,  7,  symbols  of  differentiation  with  respect  to  t,  y,  z  respec- 
tively, and  then  operate  on  the  given  cubic  Z7,  the  result  will 
be  an  invariant  [Higher  Algebra,  Art.  139). 

This  invariant,  which  we  denote  by  S,  is  of  the  fourth  degree 
in  the  coefficients,  and  is 

S  =  ahem  —  [hca^a^  4  cabj>^  +  ahc^c^)  —  m  [a\c^  +  hc^a^  4  cajb^) 

^[ah^c^-^acJ}^+la^c^'^hc^a^^c\a^-\caX'yrn^+^^^ 

-^m[afi^c^-\-a^\cy[hX-^c^S-^al'^^)^-[c^^^^ 

It  amounts  to  the  same  thing  to  say  that  the  equation  of  the 
Cayleyan  may  be  written 

We  have  explained,  Higher  Algebra,  Art.  162,  the  symbolical 
method  by  which  Aronhold  originally  obtained  this  invariant 
S]  its  symbolical  notation  being  (123)  (234)  (341)  (412),  that  of 
its  evectant,  the  Cayleyan,  being  (123)  (a23)  (a31)  (al2).  For 
the  canonical  form  S  h  m  —  m*,  and  since  S  vanishes  when 
m  =  0 ;  that  is  to  say,  when  the  equation  is  of  the  form 
a;' 4  3/^4  2'=  0,  it  follows  that  S  vanishes  when  the  cubic  function 
equated  to  zero  can  be  reduced  to  the  sum  of  three  cubes. 
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221.  When  we  have  a  quantic  U=  ax"  +  hy"  +  cz"  4  &c.,  and 
a  CO  variant  V  of  the  same  degree  aa?"  -f  hy^  +  c^j"  +  &c.,  then  if 
we  have  any  invariant  of  Z7,  and  if  we  form  the  corresponding 
invariant  of  'U-\-\V^  the  coefficients  of  the  several  powers  of 
A,  will  obviously  be  invariants.  We  learn  hence  that,  in  the 
case  supposed,  from  any  invariant  of  U  we  can  form  a  new  in- 

7  7  7 

variant  by  performing  on  it  the  operation  ^-r-^^'iT-^  ^'j"^  ^^- 

Applying  this  principle  to  the  cubic  and  its  Hessian  we  can 
from  the  Invariant  S  derive  a  new  invariant  T  of  the  sixth  order 
in  the  coefficients;  or,  what  amounts  to  the  same  thing,  we  can 
obtain  T  by  writing  differential  symbols  for  a,  /?,  7  in  the 
Cay  ley  an,  and  then  operating  on  the  Hessian.  We  thus  find 
for  T  the  value 

a%^c^—^abc  [a\c^-{  hc^a^+  caj)^)  -  20ahcm^+  \2abcm  {h^c^-\-  c^a^-^  aj>^ 
+  6aJc  (tt^V.  +«3^C2)  +  4  («'^C2'+  tt'c&gV  y'ca^-\-  Z>'ac/-f  c^ah^^  c'ha^) 

-  24772  {hch^a^  +  hcc^a^^  +  cacj}^^  +  caajy^^  +  a^^sC./  +  ah\c^^) 

-  12  [bcc^a^a^  +  hc\a^a*-{-  cac^W^+  caaJ)J?^+  aha^c^c^^  +  ahb^c^c^) 

-  12m^{ah^c^  +  hc^a^  +  caj?^) 

+  12771'  {a\c^^  4  ac,b^'  4  ha^c;'  +  Ic^a^  4  c\a^  4  ca})^) 

-  60m  iahfi^c^c^  4  hc^c^a^a^  4-  ca^^W) 

4- 12772  (aa^^jC," 4- aas^a^s'  +  ^^s^'i^s'  +  ^^i^a^i'  +  ^<^i^2^i'  +  ^^A^^) 

4  6  (a  J3C2  4-  hc^a^  +  ca./ J  (g'^^^c,  4  aj)^c^) 

4-  24  (aJ^V^;-'  4  ac.c^X  4  Z'c^c, V  +  ^«2<V  +  <^^,<K  +  c^3^t V) 

-  12  (aa,5,c/  +  a^,c^5/  4  hh^c^a^'  f  Z»5,«,c,«  4  00,^35,'  4  ccj?^ar^) 

-  8m'  4-  24.m'  {\c^  +  c,a,  4  aj?^)  -  SGttz^  (a^^»3C,  4  aj)^c^) 

- 12772''  (&,c,c,a,  4  c^%%h  4-  a3535,c J  -  24772^^  [h^  +  <V  +  <V) 
+  36«2  (a,53C,  4-  a,^c,)  {\c,  +  c^a,  4  ^3^3)  +  8  [h^  +  ^X  +  <K) 
-27{a:hX  +  <V<)-^K<^A%^sK 
- 12  (2»;XV«+  ^V«3^3+  ^2W3+  ^X^^.+  <V^^,  +  <V^2«J- 
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For  the  canonical  form  this  Invariant  reduces  to  1  —  20^"  —  Sm^. 
Its   symbolical  form  is  (123)  (124)  (235)  (316)  (456)'.      We  can 

derive  from  the  invariant  T  an  evectant  a*  -v-  +  /S'  -rr  +  &c.  =  0, 

da  do  ' 

the  coefficients  of  which  it  is  needless  to  write  at  length.     For 

the  canonical  form,  this  contravariant,  which  we  denote  by   §,  is 

(1  -  10m'}  (a'  +  /3'  4-  7')  -  (30w''  -f  24m')  a^y  =  0. 

Every  invariant  of  the  cubic  can  be  expressed  as  a  rational 
function  of  S  and  T.  This  can  be  proved  in  the  same  way  as 
the  corresponding  theorem  Is  proved  {Higher  Algebra^  Art.  215) 
for  a  binary  quartic,  there  being  much  resemblance  between 
the  theory  of  the  binary  quartic  and  that  of  the  ternary  cubic. 

222.  The  method  of  finding  the  equation  of  the  reciprocal  of 
a  cubic  has  been  explained  (Arts.  91,  188).  We  give  the  result 
for  the  general  equation,  only  writing  at  length,  however,  those 
terms  the  form  of  which  is  really  distinct.  The  other  coefficients 
may  be  obtained  from  those  we  give  by  symmetrical  inter- 
change of  letters. 

a'  [h'c'  -  ^Ich^c^  +  45c/  +  4cV  -  8^3 VI, 

6a'/3  [-lc\  ■+  2hcmc^  +  hcb^c^  -  4.mcb^  +  ^ccJ)^h^  -  2hc^c^ 

+  2^530,^+ V^,c,- 25  V}, 
3a*/3'  {25cX  -  4m5cc,  +  Zc%^'  -  ^hcc^a^  +  Um'c\  -  1 2mc\c^ 

-^^;^  -  2c^3 V;  +  He/ +  125,cV}, 
6a'yS7  [he  (-  A.m'  +  55,c^  -  2a J)^  -  2c^a^  +  h  {2mc^c^  +  4.af^  -  B\c;') 

+  c  {2mh^h^  +  4.ajb;  -  3c^5/)  -  ^m\c^  +  10m  [h,\  +  c^\) 

-2a3cA*^-2a.A^/-ll5A«,cJ, 
2a'yS'  {-  abc'  -  ^c\b^  +  Shcc^a^  +  Sac\c,^  -  2ac^  -  2bc^  -  16cwi' 

+  cm  (185,c,+  18c,a,- 24^353)  +  9c  [apf^  +  apf^  +12?72'c,c, 

+  67.2  (a3c/  -f  I  0,1)  +  6a353C,c,  -  185,c>,-  ISa.c.c/}, 
6a'y3''7  [ahcc^  +  Qlcma^  -  Ahca^c^  -  2ach^  +  ab^c^  +  2mbc^  —  bhc^c^a^ 

+  4cm''5,  -  lOcmah,  -f  2cb,ah,  -  ecK\  +  9ca,cA  +  Sm\ 

1  Z     O  loo  11  m     A     X  Z 

-  1  Qm\c^  +  I2maj)^c^  -  2>ma^c^  -  2mb^c^c^  -  4.aJ>^\ 

cc 
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-  8m*  +  4m'  (ft^c^  +  c^a,  +  ttg^g)  +  18?72  [ajb^c^  +  OgJ^cJ 

The  contravariant  just  formed  is  the  second  evectant  of  T;  that 
is  to  say,  the  equation  of  the  reciprocal  may  be  written 

It  has  been  mentioned,  Art.  91,  that  the  equation  for  the 
canonical  form  is 

a'+fi'  +  y'-{2  +  32m«)  {^y  +  7V'  +  a'fi') 

-  24tm'a^y  (a'  +  /3'  +  7')  -  (24w  +  48m*)  a'jSY  =  0. 

223.  The  invariants  of  a  cubic  may  also  be  calculated  by 
means  of  the  differential  equations  which  invariants  must  satisfy 
(Higher  Algebra^  Art.  143).  For  this  purpose  it  is  convenient 
to  arrange  the  equation  according  to  one  of  the  variables,  and 
to  write  it 

rz^  +  3  [a^x  +  a^y)  z'  4  3  (5„a;'  +  2b ^xy  +  jy )^ 

+  (c.aj'  +  ^c^x^y  +  3c,ic/  +  c^^)  =  0. 

If  we  desire  then  to  form  an  invariant  of  any  given  order  and 
weight,  the  literal  part  may  be  written  down  without  calculation. 
For  instance,  we  can  foresee  that  8  is  of  the  form 

T  {c%)  +  [c'a')  +  [cV'a]  +  (5*), 

where  by  [c^h)  we  mean  a  function  of  the  second  degree  in  the 
c,  and  of  the  first  in  the  h  coefficients ;  and  we  know  also  that 
it  must  be  an  invariant  of  that  order  of  h^x^-{-&c.^  c^a;'  +  &c., 
considered  as  a  binary  quadratic  and  cubic.  The  theory,  there- 
fore, of  binary  quantics  enables  us  to  foresee  the  form  of  this 
term.  Similarly  for  the  others.  And  the  invariant  must 
further  satisfy  the  differential  equation 

d        /         d  d\       ( ^n     d       ^T     d       T     d\      ^ 
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In  this  way  we  find  S  to  be 

where   (c'h)  =  (c„o,  -  c^)  \  -  [c^c^  -  c^c^)  \  +  [c^c^  -  c/)  h^ 

In  like  manner  jT  is 

where  {c')  =  c^  +  ^^o«/  +  K<^" '  ^^X  "  K^x^^i 

+  W.  +  2«,5,)  (2c„c/  -  c^c,'^  -  c„c,cj 
+  «t^.(«3<'  +  2c,'-3c/,cj, 
(cV)  =  a;(c,C3^+2c;-3o,c,C3) 

+  3«o*«t(2cA*-c,c/-c„c,C3) 
+  3«o<(2CoC,'-c,c,'-c/,C3) 
+  <(c3<'  +  2c;-3c,c,cj, 
{c^h^)  -  3  ( J«)  (c'5)  =  cX  -  6c„c,  W  +  6c,cA  (2^,^  -  W 

-  2c,c,  (&AV  +  26;v  -  10^^ V.  +  ^K<) 
+  2c„C3  [^Wa^^  +  4&,&X'  -  6^tX«i  -  3&o^A«i) 

+  2c,c,  (5A«o«i  +  25;X«^  -  &\\a^^  -  Q\\a^') 

-  2C.C3  [\Ka:  +  25.  V  -  105/,a„a,  +  4^0 
+  c/  (8&;V  +  9V«.'  -  12&Aaoa,  +  4.\\a:) 

-  2c,C3  ( V«o^.  +  2\\a:)  +  C3'V<, 
or,  we  may  write, 

(c'&V)  =  {cbaY  +  4  (cV)  (5'0  -  8  [c'h]  [d'b), 
where  icba)  =  Cg^.J,  -  c,  [ap,  +  2a,J J  +  o,  [a^\  +  2a,5J  -  c.a^J, 
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224.  If  the  curve  have  a  double  point,  this  point  may  be  made 
the  origin ;  when  we  shall  have  r,  a^^  a^  all  =  0 ;   S  reduces  to 

-  [Hy  and  rto  8  [h^ ;  or,  in  the  notation  of  Art.  217,  8  reduces  to 

-  (a.3^3  -  my  and  T  to  8  [afi^  -  vi'f.  We  see  then  that  T'  +  64/S' 
vanishes  when  the  curve  has  a  double  point.  This,  therefore,  is 
the  discriminant,  as  will  afterwards  be  proved  in  other  ways. 
If  the  curve  have  a  cusp  [h'^)  vanishes,  and  therefore  so  do 
both  ^S'  and  T.  For  the  canonical  form,  the  discriminant 
T'+64:S'  =  {l  +  8mJ. 

225.  In  the  articles  next  following  we  use  the  canonical 
form.  It  has  been  proved.  Art.  218,  that  the  equation  of  the 
Hessian  of  x^  ■]- y^  +  z^  -t  Qmxyz  =  0  is  of  the  same  form  with 
a  different  value  of  w,  and  hence  that  the  system  of  three  lines 
xyz  passes  through  the  intersection  of  the  curve  and  its  Hessian, 
as  was  otherwise  shown.  Art.  217.  It  appears  also  that  the 
equation  of  the  Hessian  of  the  Hessian  is  of  the  same  form, 
and  hence  that  the  points  of  inflexion  of  a  cubic  are  in- 
flexions also  on  its  Hessian,  as  was  otherwise  proved.  Art.  173. 
Any  equation  of  the  form  a  [x^  +  2/^  +  z^)  +  ^xyz  =  0  can  obvi- 
ously be  reduced  to  the  form  \  U-\-  ixH=  0.     In  fact  we  have 

x^  +y^-\-z^  +  emxyz  =  Z7,  -ni'  {x^  +  /  +  z^)  4  (1  -F  2m^)  xyz  =  K 
Solving,     (1  +  8m')  (a;"  +y'-^  z')  =  (1  +  2m')  U-  QmR, 

{I  -{-Sm'^)  xyz  =  m^U+  H; 
whence  (1  +  8»i')  X  =  a  (1  +  2m')  +  ^m%  (1  +  8m')  fi  =  -  6ma  +  /3. 
Let  us  now  form  the  equation  of  the  Hessian  of  \U+  Q/jlH', 
that  is  to  say,  of 

(X  -  Q/xm^)  {x'  +  3/'  +  2')  +  6  {\m  +  fi  {I  i-  2m')}  xyz  =  0, 
and  the  result  is 
-XX  -  6/iw')  {Xm  +  ya  (1  +  2m')}'  {x'  +  y' -{-  z') 

^\{{X-  Qfimy  +  2  {\m  +  At  (1  +  2m')]'']xyz  =  0 ; 
and,  by   what  has   been  just    proved,   this    is   of   the    form 
X'  U-\-  ^H=  0,  whence 
(1  +  8m'j  X'  =  -  (1  +  27n:')  (X  -  ^ixm')  [\m  +  /^  (1  +  2m')Y 

+  m'  [(X  -  ^ixmy  +  2  {Xm  +  /^  (l-f  2m')}'J, 
(X  +  8m')  iJi!  =  ^rti  (X  -  Qfim')  [Xm  +  /^  (1  +  2m')}''' 

4  [(X  -  ^iimj  +  2  [Xm  -}-  /^  (1  +  2m')}']. 
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Expanding,  and  remembering  that  we  have 

these  values  may  be  written 

X'  =  -  2^A,*>  -  TXfji'  +  SSy,  fji'  =  >J  +  12 SXfi^  +  2 2>». 
The  values  of  V  and  fi'  being  expressed  in  terms  of  the  In- 
variants, the  expressions  just  given  will  hold  good,  no  matter 
how  the  equation  be  transformed,  and  therefore  the  Hessian 
of  X  U-\-  GfjbH,  where  U  and  H  have  the  general  values  of 
Arts.  217, 218  is  V  U+  /jl'Hj  X'  and  yu,'  having  the  values  just  given.* 

Thus  when  V  :  fi'  is  given,  we  have  a  cubic  to  determine 
the  ratio  \  :  /j>]  that  is  to  say,  there  are,  as  has  been  already 
stated,  three  cubics  which  have  a  given  cubic  as  their  Hessian. 

Since,  as  a  particular  case  of  the  foregoing,  the  second 
Hessian 

H{HU)  =  8  8''U+2TR, 

it  follows  that  ^=0  expresses  the  condition  that  the  second 
Hessian  shall  be  the  original  curve.  If /S'=0;  that  is  to  say, 
(Art.  220)  if  the  equation  is  reducible  to  the  sura  of  three 
cubes,  the  Hessian  coincides  with  its  own  Hessian,  and  there- 
fore consists  of  three  right  lines,  as  the  next  article  will  show. 

226.  The  Hessian  meets  a  curve  in  the  points  of  inflexion ; 
that  is  to  say,  in  the  places  where  three  consecutive  points  of 
the  curve  are  on  a  right  line.  If,  then,  the  curve  be  not  a 
proper  curve,  but  a  complex,  including  a  right  line  as  part  of 
it,  every  point  on  that  line  is  a  point  on  the  Hessian;  and 
therefore  when  the  curve  consists  of  three  right  lines,  these  lines 
constitute  the  Hessian.  This  may  be  verified  by  forming  the 
Hessian  of  xyz  =  0.  Thus,  then,  the  system  of  conditions  that 
the  general  equation  shall  represent  three  right  lines  is  written 
down  by  expressing  that  the  coefficients  in  the  equation  of 
the  Hessian  (x\rt.  218)  are  proportional  to  the  corresponding 
coefficients  in  the  equation  of  the  cubic,  viz. 

a"  b      c      a,      a,      b^       b^      c,       c^      m  ^ 
a  system  of  forty-five  equations,  on  the  face  of  them  equivalent 

*  This  was  proved  by  direct  calculation  in  tlie  first  edition,  and  it  was  thus 
that  the  values  of  »S  and  T  were  there  obtained. 
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to  nine,  but  which  can  be  really  equivalent  only  to  three  in- 
dependent equations.  For  [Conies^  Art.  78)  only  three  con- 
ditions are  necessary  in  order  that  an  equation  of  the  third 
degree,  containing  nine  independent  constants,  should  represent 
a  system  of  three  lines  involving  only  six  constants.  It  may 
be  verified,  by  means  of  the  values  (Art.  218)  of  a,  b,  &c.,  that 
the  forty-five  equations  actually  are  equivalent  to  three,  as  has 
been  stated. 

227.  The  Hessian  of  XZ7+  6/^ fl"  being  V?7-f  ^'^,  the  former 
v^ill  represent  three  right  lines  if  -—  =  ^ ;  which,  introducing 

A/  A 

the  values  (Art.  225)  for  V,  yu,',  gives  us  the  equation 
V  +  24>S'xy  +  8  TAyu'  -  48/S'V  =  0. 

This  being  a  biquadratic,  we  see  that,  as  has  been  already  more 
than  once  stated,  four  systems  of  three  right  lines  can  be  drawn 
through  the  intersections  of  ZJand  jQT.  This  biquadratic,  solved 
by  the  ordinary  methods  (see  Todhunter's  Theory  of  Eq^uations^ 
Chap.  XIII.),  gives 

where  f„  t^^  t^  are  the  roots  of  the  equation 

Thus,  then,  the  reduction  of  the  equation  of  any  non-singular 
cubic  to  the  canonical  form  caa  be  effected.  We  first  form 
the  equation  of  its  Hessian  (Art.  218),  and  calculate  the  values 
of  the  invariants  S  and  T  (Arts.  220,  221).  The  present  article 
then  shows  how  we  can  form  an  equation  XZ7-1-  6yLtZr=0,  which 
shall  be  resolvable  into  three  linear  factors.  By  solving  a 
cubic  equation  we  can  find  these  factors  X,  F,  Z.  And  then 
comparing  the  given  equation  with  the  form 

aX'-vhY'^  cZ'  +  QmXYZ=  0, 

we  can  determine  a,  5,  c,  ?n,  by  equations  of  the  first  degree. 

Ex.  1.   Calculate  the  invariants  of  the  cubic 

ax  (^2  _  2?)  +  J)y  (^2  _  a;2)  +  cz  {x^  -  y-i)  -  0. 

228.  Of  the  four  tangents  which  can  be  drawn  from  any 
point  of  a  cubic  to  the  curve,  two  can  coincide  only  when  the 


INVARIANTS  AND   COVARIANTS  OF  CUBICS.  199 

curve  has  a  double  point,  since  a  cubic  has  no  double  tangents. 
The  equation  of  the  four  tangents  is  (Art.  78)  A''  =  4A'  U^  where 

li  U  =  x^  +  f  +  z^  -\-  6mx7/z, 

A  =B{x  {x'  +    2mi/z)  ■\-y  (/  +  "Imzx)  +  z'  {z'  +    2mxy)]^ 

A'  =  3  {a;  [x'  +  2my'z)  +  y  {y"'  +  2mz'x)  +  z  {z"'  +  2mxy')], 

Making  2;  =  0  in  A''  =  4A'  Z7,  we  get  the  quartic,  which  determines 
the  four  points  in  which  the  tangents  meet  the  line  Zj  viz. 

3  {xx^-f-7jy-^2mz'xyy=4.  {x'-\-y')  {x  {x"+2my'z')  +y{y"+2mzx% 
or  {x'  +  Smyz')  a;*  +  4  {y'^ -  mzx) x^y 

-  6  {xy'  +  2m'5"')  xY  +  4  (x' - my'z')  xif  +  [y'^  +  Smz'x')  if  =  0. 
From  what  has  been  said  it  appears  that  the  discriminant  of 
this  quartic  must  contain   as  a  factor  the  discriminant  of  the 
cubic.      Now  remembering  that  x^  +  y^  +  z^  +  ^mx'y'z  =  0,  we 
find  for  the  invariants  s  and  t  of  the  quartic 

5  =  12  {m^  -  m)  z"'  =  -  l2z'*S, 

t  =  -{l-  20m'  -  Sm')  z"  =  -  z"T, 

Hence  the  discriminant  of  the  quartic,  27^'  -s%  is  27z"' [T'+US') ; 
and  it  is  easy  thence  to  see  that  the  discriminant  of  the  cubic  is 

229.  The  anharmonic  function  of  the  four  points  determined 
by  the  quartic  of  the  last  article  evidently  is  the  same  as  the 
anharmonic  function  of  the  pencil  of  four  tangents.  Now  if  the 
roots  be  a,  y8,  7,  5,  the  anharmonic  function  of  these  roots  is 
any  one  of  the  mutual  ratios  of  the  quantities  (a  —  yS)  (7  —  5), 
(a  -  7)  (/3  -  S),  (a  -  8)  (/3  -  7).  We  can  form  by  the  method 
of  symmetric  functions  the  equation  which  determines  these 
quantities;  and  if  the  coefficients  of  the  quartic  be  a,  45,  6c, 
4.d,  e,  we  find  ay  -  12^5?/  + 16  V(s'- 27^')  =  0.  The  mutual 
ratios  of  the  roots  are  not  altered  if  we  increase  them  all  in  the 
same  proportion,  by  substituting,  say  ay  =  2zs^j  when  we  see 
that  the  anharmonic  ratios  are  the  mutual  ratios  of  the  roots  of 

Thus,  then,  the  anharmonic  function  depends  solely  on  the  ratio 
T^ :  B'\  and  is  independent  of  the  point  whence  the  tangents 
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are  drawn  (Art.  167).  If  T=  0,  the  equation  just  given  reduces 
to  s^  —  3^;  +  2  =  0,  of  which  two  roots  are  equal ;  one,  therefore,  of 
the  ratios  becomes  unity,  and  the  anharmonic  becomes  an 
ordinary  harmonic  ratio.  If  8=0,  the  equation  in  y  wants 
its  second  term  and  becomes  of  the  form  y^  =  ??i^,  whose  roots  are 
of  the  form  wi,  ww,  may^j  where  ©  is  an  imaginary  cube  root  of 
unity ;  and  the  common  ratio  of  the  roots  is  w.  This  has  been 
called  equi-anharmonic  section. 

230.   By  the  help  of  the  canonical  form  can  be  calculated,  as 
in  Art.  225,  the  invariants  S  and  T  of  XZ7+  GyLtZT,  or  of 

(\  -  6/i??i'')  {x^  -f  /  -i-  2^)  +  6  {m\  +  fi{l  +  2m^)]  xyz^ 

and  we  find,  without  difficulty, 

S{\U^-  QfiH)=8X'-\-  TX'fi-  2A8'-\:y  -  4.8TXf/-{r  +  ^S8')fi% 

T{XU+  GfiH)  =  T\' -  dGS'X'fJL -  eo/STxv  - 2or\v 

-f  240/9' rxV -  48  {8r  +  96/S*)  X/jl'  -  8  {728'T-{-  T')  ix\ 

And  if,  by  the  help  of  these,  we  form  the  discriminant  R  or 
T  +  64/S^,  we  find 

R  {X U+  QfiH)  =  R{X*  +  24  8XY  +  8  TXfju^  -  4.S8Y)% 

where  the  factor  multiplying  R  is  the  cube  of  the  quartic  function 
of  X,  /A,  in  Art  227  ;  as  might  have  been  foreseen,  since  if  the 
cubic  U  have  not  a  double  point,  the  only  cublcs  with  double 
points  which  can  be  drawn  through  the  points  of  inflexion  are 
the  four  systems  of  right  lines.  The  values  just  given  for  the 
8  and  T  of  X  ZJ-f  Qfi  H  are  covariants  of  this  quartic  function 
of  X,  /-t ;  dliFerIng  only  by  the  numerical  factors  4  and  2  respec- 
tively from  the  Hessian,  and  the  covariant  called  J,  {Higher 
Algebra,  Art.  209) ;  and  the  coefficients  of  i[7and  Hm  the  value 
of  II{XU+QfJbIl)  differ  only  by  numerical  factors  from  the 
differentials  of  the  same  quartic  with  respect  to  X  and  /x. 

All  covariant  cublcs  can  be  expressed  in  the  form  XU+  /iH^ 
as  is  illustrated  by  the  following  examples : 

Ex.  1.  If  a,  b,  c,  <tc.  denote  the  second  differential  coefl&cients,  and  A,  B,  <fec 
denote  6c  —f^,  &c.,  as  Art.  184,  and  if  a%  h',  A',  £',  &c.  denote  the  corresponding 
quantities  for  the  Hessian  then 

Aa'  +  Bh'  +  Cc'  +  2/7'  +  2Gg'  +  2Eh'  =  0 
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la  a  covariant  cubic.    We  use  the  values 

a  =  x,f=mx;  A  —  yz  —  w^a;-,  F  =  m^yz  -  mx-, 
b  =  y,  g=:my',  B  =  zx  —  m'^y-,  G  =  m^zx  -  my\ 
e  =  z,  h  =  mz;  C=xy  -  m^z^,  E  —  m^xy  —  •mz'^, 
a'-- ^m^x,  f-  (1  4- 2m3)a; ;  A'  - S6m*yz -  (1  +  2m^Yx^,  F'  =  {l+2m^yyz+6m^l+2m»)x^, 
b'  =  -%m'^y,  ^'=(l  +  2m%;  B' =  ZQm*zx-{l+2m^)Y,  G'  =  {i+2m^fzx+^m\\+2m^)y\ 
c'  =  - 6m^z,  k'=  (1  +  2m^)z  ;    C  =  S6m*xy  -  (1  +2^3)222,  E'  =  (l+2m')2a^+6m2(l+2m2)22. 
Hence  the  covariant  in  question   is  found   to   be  —2^  £7.      It   might   hare  been 
foreseen  that  it  could  only  differ  by  a  numerical  factor  fi'om  SU,  for  it  is  a  covariant 
of  the  fifth  degree  in  the  coefficients;  and,  therefore,  if  it  be  of  the  form  aU  +  bE, 
a  must  be  of  the  fourth,  and  b  of  the  second  degree  in  the  coefficients ;  but  there  is 
no  invariant  of  the  second  degree,  and  S  is  the  only  one  of  the  fourth. 

Ex.  2.   Calculate  in  like  manner  the  covariant 

A'a  +  B'b  +  Co  +  2F'f+  2 G'g  +  2E'h.      Ans.  -TU+\2SE. 

231.  The  order  in  the  variables  of  any  covariant  of  a  cubic 
is  a  multiple  of  three  ;  and,  generally,  if  the  order  of  any  ternary 
quantic  is  a  multiple  of  three,  so  is  that  of  every  covariant. 
This  appears  at  once  from  the  symbolical  method  explained, 
Higher  Algebra^  Chap.  XIV.,  for  every  symbol  (123)  diminishes 
by  three  the  order  of  the  function  on  which  it  operates,  and 
in  the  symbolical  method  the  order  of  the  function  operated  on 
is  a  multiple  of  that  of  the  given  quantic. 

It  is  easy  to  see  that  the  equation  of  every  cubic  covariant 
to  x^  +  y^-Vz^  -{■  6mxgz  =  0  is  of  the  form  a  [x^  +  y^-\-z^)-\fixyz=Oj 
which,  as  we  have  seen,  is  reducible  to  the  form  XU-^  fiH—Q. 
In  order,  however,  to  express  co variants  of  higher  order,  it  is 
necessary  to  have  a  third  fundamental  covariant.  That  which 
we  select  may  be  defined  as  follows :  consider  the  polar  conic  of 
a  point  ax^  +  &c.,  and  the  polar  conic  of  the  same  point  with 
regard  to  the  Hessian  a'x^  +  &c.,  then  there  is  {Comes,  Art.  378) 
a  conic  covariant  to  these  two,  viz. 

{BC  -f  B'C-  2FF')  x'  -h&c.  =  0  ; 

and  the  condition  that  this  conic  passes  through  the  original 
point  gives  a  covariant  of  the  cubic.  Since  B,  (7,  &c.  contain 
the  variables  each  in  the  second  degree,  this  covariant  is  of  the 
sixth  degree  in  these  variables ;  and  since  B,  C  are  of  the 
second,  and  J5',  C  of  the  sixth  degree  in  the  coefficients,  it  is 
of  the  eighth  order  in  the  coefficients.  The  actual  value  of  this 
covariant  for  the  general  equation  has  not  been  calculated,  but 

D  D 
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using  the  values  for  A,  B,  &c.  given  in  the  last  article,  we 
find  that  for  the  canonical  form  the  covariant  is  40  where  0  is 

dm'  (1  +  2w2')  [x'  +  /  +  zy  -m{l-  20??^'  -  Sm')  {x'  +  f -\-  z')  xyz 
-  Zm'  (1  -  20m^  -  80  xYz'  -  (1  +  ^my  [fz""  +  ^V  +  xY), 
or  w'  (2  +  m^)  £P  -  Tw  (1  +  ^m')  UH 

+  dm'R'  -  (1  +  8^7''  [y'z'  +  ^V  +  xY)> 

There  are  two  other  covariants  of  the  same  order  in  the  variables 
and  in  the  coefficients  as  0,  which  had  equal  claims  to  be 
selected  as  the  fundamental  covariant  of  the  sixth  order.  The 
first  represents  the  locus  of  a  point  whose  polar  line  with  regard 
to  the  Hessian  touches  the  polar  conic  of  the  same  point  with 
regard  to  the  cubic,  or 

AL'  +  BM"'  +  CN'^  +  2FM'N'  +  2  GN'L  +  2HL'M', 

where  L\  M'  N\  are  the  differential  coefficients  of  the  Hessian. 
This  covariant  is  expressed  at  once  in  terms  of  0  by  the  help 
of  the  formula  [Conies,  Art.  381,  Ex.  1)  08' -F.  We  are 
here  to  write  for  0,  -  2SU;  for  S\  QH;  tor  F,  40 ;  and  thus  the 
covariant  is  found  to  be  —  4  (0  -1-  3SUH).  In  like  manner  there 
is  a  covariant  which  represents  the  locus  of  a  point,  whose 
polar  with  respect  to  the  cubic  touches  the  polar  conic  of  the 
same  point  with  regard  to  the  Hessian,  or 

AT  +  B'3P  +  C'N'  +  2F'3IN-\-  2  G'NL  +  2H'LM  =  0, 

Calculating  this  by  the  formula  & 8  —  F [Conies,  Art.  381),  and 
writing  for  0',  -  TU^  12SH;  for  8,  Z7;  and  for  F,  40,  the 
covariant  in  question  becomes 

-.(rZ7''^-12/S'rar+40). 

232.  Every  covariant  of  x^  +  y^  +  z^  +  Qmxyz  will  plainly  be 
a  symmetric  function  of  rr,  y,  z,  and  therefore  capable  of  being 
expressed  in  terms  of  x^  +  y^  ■\-  z^,  xyz,  y'z^  +  2;'V  +  ^y^ ;  and 
therefore  in  terms  of  Z7,  H,  0,  together  with  the  invariants. 
But  a  covariant  is  not  necessarily  a  rational  function  of  ?7, 
jET,  0.  In  fact,  we  can,  as  at  Higher  Algebra,  Art.  223,  form 
a  covariant  of  which  the  square,  but  not  the  covariant  itself, 
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is  a  rational  function  of  these  quantities.  Let  the  coefficients 
of  the  cubic 

/3'-(l  +  8»i')  (re' +  /  +  «*)/>'' 

+  (1  +  8m')'  (3/'s'  +  sV  +  xY)  />-(!  +  SmyxYz^  =  0, 
be  />,  q,  r ;  then,  by  the  theory  of  cubic  equations,  if  J  be 
(1  +  8my  {/  -  £')  [z'  -  x')  [x'  -  f),  we  have 

r=fq'  +  l%pqr  -  27 r^  -  4/  -  4r/. 

But  Pj  q,  r  are  each  immediately  expressible  in  terms  of 
Uy  Hy  0,  and  substituting  their  values  in  the  equation  just 
written,  it  becomes 

/'^  =  40'+ TCP©'' 

+  0  (-  4:S'W-\-2STlPH-72S'ZPE'-  IS  TUB' ^lOSSE*) 

-  IGS'U'E-  118'TU'ir  -  4:riPE' +  54.STir'H' 

-iB2S'UH'- 27  TH\ 

The  identity  just  given  may  be  written  in  the  form 

from  which  It  appears  that  the  system  0  (0  +  \U"^)  (0  +  fiU^)  is 
touched  by  H]  that  is  to  say,  H  either  touches  each  of  the  curves 
represented  by  the  three  factors,  or  passes  through  the  inter- 
sections of  every  two.  But  0,  ZJand  -fThave  no  point  common 
to  all  three,  therefore  0  must  be  touched  by  H.  The  curve  J 
which  passes  through  the  points  of  contact  consists  of  the 
harmonic  polars  of  the  nine  points  of  inflexion.  We  add  an 
example  or  two  to  illustrate  the  possibility  of  expressing  all 
other  covariants  in  terms  of  U,  H^  0. 

Ex.  1.  To  obtain  the  equation  of  the  nine  inflexional  tangents.    It  was  shewn 
(Art.   217)    that    the    inflexional    tangents    are   £/"  -  (1  +  Sm^)  ar^,    tT"  -  (1  + 8m»)^, 
jj—  (1  +  8m^)  x'.    Multiplying  together  these  three  factors,  we  have 
J73  _  (1  +  8»i3)  (a^  +  2^  +  23)  ^72  +  (1  +  8/?i3)2  (^3^3  +  z^^  +  ^yz>^  U-{l-\-  Sm^Ya^fz^  =  0. 

Substituting  for  (I  +  »/»')  {x^  +  y^  +  z^),  (1  +  8w')2  (y'z'  +  z'a:'  +  a^f)  and  (1  +  Bm?)  xyz 
their  values  previously  given,  we  find,  for  the  required  equation  of  the  nine  tangents, 

6SZPH  -  H»  -  ue  =  0, 

the  form  of  the  equation  showing  that  H  and  G,  which  have  been  proved  to  touch 
each  other,  have  the  nine  tangents  for  their  common  tangents. 

Ex.  2.  To  find  the  equation  of  the  Cayleyan  in  point  coordinates.    We  have  to 
form  the  reciprocal  of  the  tangential  equation  of  the  Cayleyan,  viz.  (Art.  219) 

m  (a3  +  /33  +  y')  +  (I  -  4wi')  a/3y  =  0. 
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The  reciprocal  of  this  is  formed  by  Art.  222,  and  the  quantities  «'  +  ?/'  +  2',  <fcc. 
then  expressed  in  terms  of  U,  H,  9.    The  resulting  equation  of  the  Cay  ley  an  is 
ASe  -  TH^  -  16S^US=  0. 

233.  In  like  manner  every  contravariant  of  the  cubic  can  be 
expressed  in  terms  of  three  fundamental  contravariants ;  and  for 
these  three  we  may  employ  the  three  already  mentioned,  viz. 
the  evectants  of  S  and  T  (Arts.  219,  221),  which  we  have  called 
P  and  Qj  in  terms  of  which  every  contravariant  cubic  can  be 
expressed,  and  the  reciprocal  F  (Art.  222).  We  can,  as  in 
Art.  230,  form  the  invariants  of  \P+  /jlQj  which  for  the  canonical 
form  is 

{m\+  (1  -  10m')  fji]  (a'+/3'+  7")  +  {(1  -im')  \-  6m> (5 +4m')}  afiy, 

and  we  find 

S{\F-hfJLQ)  =  {1928'-  T'O  X'-\-7QS8'TX'fi 

-f  216  (SST'-eiS')  X'fji'  +  216  [T'-UTS')  \fi 

T{\P+fiQ)  =^{T'  +  57eS'T)  \«H-  288  [58'r'  -  1928')  X'fi 

+  540  {38T'-  S208'T)  \V+  540  (T*-  US8'T^)  XV 

-  ldU0{78''T'-U8'T)X'fju' 

-  11664  {38T' -  328'T''  +  204.88')  \fju' 

-  5S32  [T'  -i  AO 8' T'  +  25(j0 8' T)  fju% 

R  (\P+  fiQ)=^[8\*-\-  TX'fM  +  728'XY  +  lOS8TXfji^ 

-]-27{T'-l68')fi'YB\ 
and,  as  in  Art.  230,  the  quartic  and  sextic  functions  of  \,  fx. 
which  occur  in  the  values  of  8  and  T  are  the  covariants  of  the 
quartic  function  whose  cube  occurs  in  the  value  of  B, 
Again,  ^(\P+/x(3) 

=  [TX'  +  U4:8'X'fi  +  S2i8TXfji:'  +  108  (T^  -  1Q8')  fju'}  P 
-  {ASX^+STX'fjL-^  lU8'X^fju+1088Tfi'}  Q, 
the  quantities  multiplying  P  and  Q  respectively  being  the  differ- 
entials with  respect  to  fju  and  X  of  the  same  quartic  function. 

234.  In  like  manner  we  can  form  the  P  and  Q  oi  X  U+  QfjilTj 
and  we  find 

P  (\ U+  GfJiH)  =  PX'  +  QX'fjL  -  128FXfi^  +4:{8Q-  TF)  fi% 
Q  [X  27+  &^lH)  =  QX  +  QOSFX^fji  -  30TPXV  -  lOTQXfM^ 

^  120  {28' Q  -  8TF)XfM'  +  24.  [8TQ  -  [T'  +  24.8')  F]  fi\ 
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Now  if  we  denote  by  s  and  t  the  S  and  T  of  XU+QfiH^ 
as    given   Art.  230,   these   values   differ   only  by  the  factors 

3  ( T'  +  US')  and  ( T^  +  US')  respectively  from 

(iSS'^F^  TQ)~-\.{3TF-4.SQ)p-, 

(48^'^P+  TQ)  ^  +  (3  TF-  4.SQ)  ^ . 

So  again,  forming  the  F  and  Q  oi  XF+fiQ,  the  results  are 

F{\F+fjLQ)=:\' {SS'U-  TH)  +  18AV (^^^7+  ^S'H) 

+  9X/^^[(r^-32/Sf^)  U+  12STH}-54.fM'{4:S'TU-  {r'-\- S2S')H]i 

Q{\F+fxQ)^X'{ieS'TU+{T'+ld2S')H} 

-^-SOX'filSiT'-US')  U+US'TH] 

+  15\V{^(^'-320/S^)  Ui-4:8Sr'H} 

-^lOX'fi'  {}6S'T'U^  T{T'  -US')  H} 

-  1620X/t*  {/Sr^C^l  4.S'{r' -  64/S^)  ^} 

-  32  V{(r'  -1-  24T'^/S''  +  512/S'')  U-  GST{T''  +  128/S')  ^}, 

and  if  we  now  write  s  and  t  for  the  S  and  T  of  XF+fiQ^  as 
given  Art.  233,  these  values  differ  only  by  factors  from 

{4.SS'U+ 18 TH)~+  {TU-2iSH)  ^ , 

and  {iSS'U+lSTH)^  +  {TU-24.SH)^. 

To  these  formulae  may  be  added  the  reciprocal  of  X  U+  6/a^, 
which  is 
(X^  -f  24.Sxy  +  8  TXfji'  -  48 /SV)  F-  24/^  0^"  +  2  Tfi')  F' 

-  24//,*^  (X'^  -  AS/u:')  FQ  -  8\fi'  Q\ 
and  of  XF+  ixQ^  which  is 

4  {>S'X*+  rxV  +  72/S"^XV+  108>S'rX/A'  +  27  [T' -US')  ^i"]  0 
-  [TX'  +  216/S'TXV  +  108  ( T'  -  US')  X^' -  3888TO  V}  R'' 
-{16>S'V+32/SfTXV+18rV/^^  +  2l6/S'(r^  +  32/S'^)/i*}  TJH 
+  {64/S  V/^  +  144/S'rx*V+108/ST  V'-l-27  T{T''-\-  16/S=)  /^*j  Z7^ 

235.   We  next  mention  a  useful  identical  equation.     If  in  a 
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cubic  U  we  substitute  x  +  Xa;',  y  +  Xy\  z  +  Kz'  for  a?,  y,  ^,  let 
the  result  be  written 

that  is  to  say,  let  S  and  P  denote  the  polar  conic  and  polar  line 
of  xy'z  with  respect  to  U]  or,  for  the  canonical  form,  let 

;S^=  [x^  +  2myz  )  x  -f  {ij^  +  '^mzx  )  ;y'  +  (^'^  +  '^mxy  )  z\ 

P=  {x'*  +  2wy'2')  aj  H-  [y'^'  +  2?wsV)  3^  +  [z""  +  2mxy)  z. 

Similarly,  let  the  result  of  a  similar  substitution  in  K  be  written 

jff  +  3X2  +  3\'n  +  \^H\ 

that  is  to  say,  let  S  and  n  denote  the  polar  conic  and  polar  line 
of  xyz!  with  regard  to  the  Hessian ;  then,  by  the  help  of  the 
canonical  form,  we  can  verify  the  following  identical  equation 

3(/S'n-2P)  =  ^'i7-irZ7'. 

It  follows  hence,  that  when  xyd  is  on  the  curve,  and  therefore 
V  =  0,  the  equation  U=0  may  be  written  in  the  form 

From  this  form  the  following  consequences  immediately 
follow : 

[a)  The  lines  P,  IT  intersect  on  the  cubic;  that  is  to  say, 
the  tangential  of  the  point  x'y'z^  or  the  point  where  the  tangent 
P  meets  the  cubic  again,  is  the  intersection  of  P  with  n,  the 
polar  of  xy'z'  with  respect  to  the  Hessian  (see  Art.  183). 

[h)  The  points  of  contact  of  tangents  from  xy'z'  to  the 
cubic,  which  are  known  to  be  the  intersections  of  S  with  Uj  are 
also  the  intersections  of  S  with  2,  the  polar  conic  of  xy'z  with 
respect  to  the  Hessian. 

(c)  The  equation  SU  —  2P=  0  is  that  which  would  be 
obtained  by  eliminating  an  indeterminate  6  between  S-\-  ^2  =  0, 
P+  ^n  =  0.  The  first  denotes  a  conic  through  the  intersections 
of  yS,  2 ;  the  second  denotes  the  polar  of  xy'z'  with  regard  to 
the  same  conic.  Hence  the  given  cubic  may  be  generated  as 
the  locus  of  the  points  of  contact  of  tangents  from  a  point  xy'z' 
to  a  system  of  conies  passing  through  four  fixed  points. 

[d)  If  ^+^2  denote  two  right  lines,  P+0n  obviously 
passes  through  the  intersection  of  these  lines ;  this  intersection 
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18  therefore  a  point  on  the  cubic,  and  P-\-  6n  the  tangent  at  it. 
Hence  the  four  points  of  contact  of  tangents  to  the  cubic  from 
x'l/'z  form  a  quadrangle,  the  three  centres  of  which  are 
on  the  cubic,  and  are  the  points  cotangential  with  cdy'z' 
(see  Art.  1.50). 

(e)  If  we  consider  the  Intersections  of  the  curve  and  its 
Hessian  by  any  line,  for  instance,  z  =  0^  the  identity  of  this 
article  gives  us 

a5-ba  =  3(a25,-bj<2j, 

that  Is  to  say,  the  invariant  P  of  the  two  binary  cubics  vanishes. 
Hence,  again  appears  that  the  Hessian  meets  the  curve  in  Its 
inflexions.  For  since  P=  0,  the  eliminant  of  the  two  binaries 
is  Q  —  0  {Higher  Algehra,  Art.  200) ;  therefore  at  points  of 
intersection  u  +  \v  includes  a  perfect  cube. 

236.  I  have  used  this  identical  equation  [Phil.  Trans. ,  1858, 
p.  535)  to  form  the  equation  of  the  conic  through  five  con- 
secutive points  on  the  cubic.  Since  S  touches  the  cubic,  and 
P  Is  the  common  tangent,  the  general  equation  of  a  conic 
touching  U  at  x'y'z'  is  S—  LP=  0,  where  L  =  ax-^  fig  +  jz  is 
an  arbitrary  right  line.  Now  by  means  of  the  identity  estab- 
lished, the  equation  of  the  cubic  may  be  written  in  the  form 

n{8-LP)=P{^-~Ln). 

Hence,  the  four  points  where  8  -  LP  meets  the  cubic  again  are 
its  intersections  with  2  -  LU ;  and  if  the  latter  conic  pass 
through  xg'z\  the  former  will  pass  through  three  consecutive 
points  on  the  cubic.  But  on  substituting  xy'z'  for  xgZj  we 
have  S'=  n'  =  J3'',  and  the  condition  that  2  — Xn  should  pass 
through  x'l/'z'  is  L'  =  1. 

Next,  in  order  that  >S'—  LP  may  pass  through  four  consecutive 
points,  S  —  Ln  must  have  P  for  a  tangent  at  the  point  xg'z'. 
Now  the  tangent  to  2  —  LU  (being  the  polar  of  xt/'z  with 
respect  to  this  function)  Is 

2n-i:'n-xn', 

or  (since  X'  =  1,  and  n'  =  H')  is  H  —  H'L^  and  since  this  is  to  be 
proportional  to  P,  we  have  L  —  6P-\-  777  n. 
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The  general  equation,  therefore,  of  a  conic  through  four 
consecutive  points  is 

and  S-^Pn-^,  n'^  =  0 

passes  through  the  two  points  where  the  former  conic  meets  the 
cubic  again,  the  equation  of  the  cubic  being  reducible  to  the 
form 

n  (/S- ^P^  - -^,  Pn)  =  p  f 2  -  ^pn  - -^  n'^V 

237.  Since  these  two  conies  have  P  for  a  common  tangent, 
it  will  be  possible,  by  adding  the  equations  multiplied  by  suitable 
constants,  to  obtain  a  result  divisible  by  P,  and  the  quotient 
will  represent  the  line  joining  the  points  where  the  conic  meets 
the  cubic  again.     It  is  necessary  then  to  determine  /x,  so  that 

fiS-^-  S  —  ^,  n''  may  be  divisible  by  P,  which  we  do  by  equating 
to  nothing  the  discriminant  of  this  quantity.  Now  this  discrimi- 
nant when  calculated  will  be  found  to  be  fju^H'  +  4//,'^  -^j] .     This 

40' 
quantity,  therefore,  will  be  divisible  into  factors  if  /^  =  —  ^^^ , 

and  since  one  of  the  factors  is  P,  if  we  denote  the  other  by  M^ 
we  have 

H 

By  the  help  of  this  equation,  the  equation  of  the  cubic  given  at 
the  end  of  the  last  article  is  transformed  to 


(n 


The  form  of  the  equation  shews  that  IT  -f  fiP  is  the  tangent  at 

the  tangential  of  the  given  point  on  the  cubic,  and  that  M—  ~  IT 

passes  through  the  second  tangential  of  the  given  point  (see 
Art.  155). 
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238.   In  order  that  the  conic  may  pass  through  five  con- 
secutive points,  the  coordinates  ic',  y\  z  must  satisfy  the  equation 

The  only  difficulty  is  to  determine  the  result  of  substituting  the 
coordinates  a:',  y\  z'  in  M.  Now  if  we  differentiate  with  regard 
to  ic,  y,  or  z^  the  equation 

and  substitute  x\  y\  z'  for  a?,  y^  z  in  the  result,  observing  that 
-^  —  2  -^-r ,  -^  =  2  -T—,  ,  we  have  W  —  2/a,  and  hence  the 
result  of  substituting  xyz  for  xyz  in 

if--^n-(9(n  +  /^P)  =  0 

40' 
is  /£  -  6H!  —  0,  and  since  fi  has  been  found  to  be  =  —  ^,,^ , 

40' 
we  have  6  —  —  -^p^ ,  and  the  problem  is  completely  solved. 


239.   We  next  mention  another  general  form  to  which  the 
equation  of  a  cubic  may  be  brought,  viz. 

ax^  +  hy^  +  cz^  +  du^  =  0,   where  x  +  y  +  z  +  u  =  0. 

The  polar  conic  of  any  point  xyz'u  being 

ax'x^  +  hyy^  +  czz^  +  du'u^  =  0, 

the  polar  conic  of  the  point  for  which  x'  =  0,  ^  =  0,  is  a  pair  of 
lines  passing  through  the  point  w  =  0,  z  =  Oj  &c. ;  and  hence  it 
appears  that  the  points  xy^  zu ;  xzj  yu ;  xuj  yz  are  pairs  of  cor- 
responding points  on  the  Hessian.  The  form  just  written 
contains  implicitly  eleven  constants,  and  is  one  to  which  the 
general  equation  of  a  cubic  may  be  reduced  in  an  infinity  of 
ways.     The  values  of  the  invariants  for  this  form  are  S=  —  ahcdy 

T=^U'c'd'-{-c'd'a'+d'a'b'+a'bV-2ahcd{ab+ac-\-ad-^hc+cd+db). 

The  discriminant  is  formed  from  the  three  equations  got  by 
differentiating  with  respect  to  a?,  ?/,  z  respectively,  viz. 

ax^  =  du\  by^  =  du\   cz^  =  du^j 

EE 
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whence  we  have  x^  3/,  2?,  u  respectively  proportional  to  the 
reciprocals  of  VW,  \/(^)j  V(c)>  V(<^).  Substituting  these  values 
in  x+7/-\-  z-\-  u  =  OjWG  have  the  discriminant  in  the  form 

Ajihcd)  -f  ^/{cda)  +  ^/{dah)  +  \^[abc)  =  0, 
which  cleared  of  radicals  is,  as  before,  B  =  T^  +  64/S"  =  0.* 

240.  We  conclude  this  chapter  with  a  few  remarks  on  the 
case  where  the  cubic  breaks  up  into  a  conic  and  a  right  line. 
If  a  curve  have  either  two  double  points,  or  a  cusp,  not  only 
does  its  discriminant  vanish,  but  also  the  functions  obtained  by 
differentiating,  with  respect  to  any  of  the  coefficients  of  the 
original  equation,  the  general  expression  for  the  discriminant 
in  terms  of  these  coefficients.  See  Higher  Algebra,  Arts.  103, 113. 
Now  the  expression  for  the  discriminant  of  a  cubic  being  of 
the  form  T'^  +  Gd/S"*  =  0,  its  differentials  are  of  the  form 

22-^+1925^^,   2T^+192^^f  ,&c. 
da  da  ^  do  db^ 

If  the  curve  have  a  cusp,  we  have  >S'=0,  7^=0  (Art.  224),  and 
all  these  differentials  vanish  in  conformity  with  the  theory.  If 
the  curve  have  two  double  points,  that  is  to  say,  if  the  cubic 
break  up  into  a  conic  and  right  line,  we  have  the  equality 
of  ratios 

dT^d^^dT^dS^dT^dS    ^^ 

da  'da       db  '  db       dc  '  dc  ^ 

These  equations  if  written  at  length  would  form  a  system  of 
equations,  each  of  the  eighth  order  In  the  coefficients,  which  are 
the  system  of  conditions  that  the  general  equation  of  the 
third  degree  should  be  resolvable  into  factors. 

241.  There  is  another  form  in  which  the  foregoing  conditions 
may  be  written.  In  the  first  place  we  remark,  that  since  a  double 
point  on  a  curve  is  also  a  double  point  on  its  Hessian,  the 
coordinates  of  such  a  point  satisfy  the  equations  got  by  differen- 
tiating  with   respect   to   a?,   y,   z,   the   equations   both   of   the 

*  For  the  other  covariants  and  contravariants  when  the  equation  is  written  in  this 
form,  see  Phil.  Trans.  1860,  p.  252  ;  and  for  some  remarks  on  the  method  of  forming 
invariants,  &c.,  when  the  equation  has  been  written  with  an  additional  variable  con- 
nected by  a  Hnear  relation  with  the  original  variables,  see  Geometry  of  Three 
Dimensions,  Art.  538, 
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curve  and  of  the  Hessian.  In  the  case  of  the  cubic,  these  six 
differential  equations  are  all  of  the  second  degree,  and  we 
can  linearly  eliminate  from  them  the  six  quantities  a;^,  y\  z^^ 
yz^  zx,  xy^  so  as  to  obtain  the  discriminant  in  the  form  of 
the  determinant 


a, 

K 

<^^'> 

m, 

«3) 

^. 

«2> 

^ 

^.1 

K 

m, 

^ 

%-> 

K 

c, 

<^.i 

^1) 

m 

a, 

K 

Cij 

m. 

^35 

\ 

^j 

b, 

%i 

K 

m, 

\ 

^a. 

\. 

c, 

%i 

Ci, 

m 

=  0. 

We  have  seen  also  (Art.  226)  that  the  conditions  that  the  curve 
should  have  three  double  points  are  expressed  by  taking  any 
of  the  first  three  rows,  and  the  corresponding  one  of  the  second 
three  rows,  and  then  equating  to  zero  the  determinant 
formed  with  any  two  columns  from  these  rows.  So  now  in 
like  manner  the  conditions  that  the  curve  should  have  two 
double  points  are  expressed  by  taking  any  two  of  the  first 
three  rows,  and  the  two  corresponding  rows  of  the  second 
set,  and  equating  to  zero  the  determinant  formed  with  any 
four  columns  from  these  rows.  In  order  to  prove  this  it  is 
enough  to  observe  that,  as  we  shall  show  in  the  next  article,  if 
U=PV^  where  V  represents  a  conic,  and  P  is  olx-\-  ^yi-  <yZj 
then  the  Hessian  of  Wis  of  the  form  XU-^  /mP^.  Consequently 
we  have 


whence 


dx         dy 


^,  dU      ^dU    ^ 


dx 


shewing  that  the  differentials  of  H  and  Z7,  with  respect  to  x 
and  y,  are  connected  by  a  linear  identical  relation,  and  there- 
fore that  the  determinant  formed  with  the  coefficients  of  four 
corresponding  terms  in  these  equations  vanishes. 

242.  The  Hessian  of  PU^  where  P  denotes  the  right  line 
ax  +  fy  +  yZj  and  Z7  is  a  function  of  any  degree,  may  be  found 
in  various  ways.     The  second  differential  coefficients  oi  PU  are 
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Pa  +  2aZ,  Ph  +  2m,  Fc-\-2yN,  Pf+iSN+yM,  Pg  +  yL-haN, 
Ph  +  olM-\-  /3X,  where  X,  if,  N^  as  before,  denote  the  first,  and 
a,  Z»,  &c.  the  second  differential  coefficients  of  Z7.  Using  these 
values  in  forming  the  equation  of  the  Hessian,  and  reducing  by 
means  of  the  equations  of  homogeneous  functions 

[n—l)  L  =  ax-\-hy-\-gZy  &c., 

we  get,  for  the  Hessian  of  PZ7, 

j-^,P'H "^FPU, 

[n  —  iy  n-l  ' 

where  F  denotes  the  quantity  {ic-f^)  a^4  &c..  Art.  184,  which 
geometrically  represents  the  locus  of  points  whose  polar  conies 
touch  the  given  line. 

More  generally  the  Hessian  of  UV  is  found  by  the  same 
process  to  be 

(n  +  n'-iy  [n  +  n'-iy     , 

{n  —  l){n  —  l)^  '  \n-\)\n-\)  ' 

where  0,  0',  as  at  Conies^  Art.  370,  denote  (5c-/*)  a'  +  &c., 
(5V  — /'^)  a  +  &c.,  and  W  denotes  the  co variant 

(:hd-\Vc-2ff')LL^k.Q. 

The  form  just  written  shews  that  the  intersections  of  Z7J  F  are 
double  points  on  the  Hessian,  the  tangents  at  any  such  point 
being  the  tangents  to  Z7  and  V  respectively.* 


*  On  the  general  theory  of  ternary  cubic  forms,  see  AronhoJd's  Memoirs,  Crelle, 
vol.  XXXIX.,  p.  140,  1850,  and  vol.  LV.,  p.  97,  1858;  Professor  Cayley's  "Third 
and  Seventh  Memoirs  on  Quantics,"  in  the  Philosophical  Transactions,  1856  and 
1861,  and  Clebsch  and  Gordan's  Memoirs  in  the  Mathematische  Annalen,  vol.  I., 
p.  56,  1869,  and  vol.  vi.,  p.  436,  1873 ;  also  Gundelfiager,  vol.  iv.,  p.  144,  1871. 
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243.  It  will  be  remembered  that  we  have  classified  curves 
of  the  third  order  by  combining  a  division  founded  on 
characteristics  unaltered  by  projection,  with  a  division  founded 
on  the  nature  of  their  infinite  branches.  The  same  principles 
of  classification  are  applicable  to  curves  of  the  fourth  order, 
or,  as  we  shall  call  them,  quarttcs ;  but  the  number  of 
species  is  so  great,  and  the  labour  of  discussing  their  figures 
so  enormous,  that  it  seems  useless  to  undertake  the  task  of 
an  enumeration.  It  will  be  sufficient  here  generally  to  direct 
attention  to  the  principal  points  that  must  be  taken  into 
account  in  a  complete  enumeration.  A  quartic  may  be  non- 
singular  having  no  multiple  point ;  or  it  may  have  one, 
two,  or  three  double  points,  any  or  all  of  which  may  be 
cusps.  In  this  way  we  have  ten  genera,  of  which  the 
Pliickerian  characteristics  and  the  deficiency  (Arts.  44,  82)  are 
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viz.  in  each  of  the  last  four  cases  the  curve  i 

s  unicursal. 

Every  quartic  curve  whatever  i 
under  one  or  other  of  these  genera. 

may  be  considered  as  coming 
,    But  there  are  special  forms, 
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arising  from  the  coincidence  of  nodes  and  cusps,  which  have  to 
be  considered. 

l^  Two  nodes  may  coincide,  giving  rise  to  the  singularity 
called  a  tacnode ;  this  is,  in  fact,  an  ordinary  (two-pointic) 
contact  of  two  branches  of  the  curve  (see  p.  23).  It  is  to  be 
noticed  that  the  common  tangent  counts  twice  as  a  double 
tangent  of  the  curve ;  thus,  supposing  that  there  is  not  (besides 
the  tacnode)  any  node  or  cusp,  the  curve  belongs  to  the 
genus  IV.,  and  its  characteristics  are  as  stated  above ;  but  8  =  2 
means  the  tacnode,  and  t  =  8  means  that  the  double  tangents 
are  the  tangent  at  the  tacnode  counting  twice,  and  6  other 
double  tangents. 

2*.  A  node  and  cusp  may  coincide,  giving  rise  to  the  sin- 
gularity on  that  account  called  node  cusp,  and  called  ramphoid- 
cusp.  Art.  58.  It  is  to  be  noticed  that  the  tangent  counts  once  as 
a  double  tangent,  and  once  as  a  stationary  tangent ;  thus,  sup- 
posing that  there  is  not  any  other  node  or  cusp,  the  curve 
belongs  to  the  genus  V.,  and  the  characteristics  are  as  above ;  but 
8  =  Ij  /c  =  1  means  the  node-cusp ;  r  =  4  means  the  tangent 
at  the  cusp  and  3  other  double  tangents ;  t  =  10  the  tangent 
at  the  cusp  and  9  other  stationary  tangents. 

3'.  Three  nodes  may  coincide  as  consecutive  points  of  a 
curve  of  finite  curvature,  giving  rise,  not  to  a  triple  point,  but 
to  the  singularity  called  an  oscnode  ;  this  is,  in  fact,  an  osculation 
or  three-pointic  contact  of  two  branches  of  the  curve.  The 
tangent  at  the  oscnode  counts  3  times  as  a  double  tangent 
of  the  curve;  the  genus  is  VII.,  and  the  characteristics  are 
as  above,  but  8  =  3  means  here  the  oscnode ;  and  t  =  4  means 
the  tangent  at  the  oscnode  counting  3  times,  and  1  other 
double  tangent. 

4°.  Two  nodes  and  a  cusp,  or  a  tacnode  and  a  cusp,  may 
coincide  as  consecutive  points  of  a  curve  of  finite  curvature 
giving  rise,  not  to  a  triple  point,  but  to  the  singularity  called 
a  tacnode-cusp ;  this  is,  in  fact,  an  osculation  or  four-pointic 
intersection  of  the  two  quasi-branches  at  a  cusp.  The  genus  is 
VIII.,  and  the  characteristics  are  as  above,  8  =  2,  k=1  mean- 
ing the  cusp;  t  =  2  the  tangent  at  the  cusp  counting  twice 
as  a  double  tangent;  fc  =  4  the  tangent  at  the  cusp,  counting 
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once    as    a    stationary    tangent,    and  three    other    stationary 
tangents. 

5°.  Three  nodes  may  coincide,  as  vertices  of  an  infinitesimal 
triangle,  giving  rise  to  a  triple  point  (ordinary  triple  point  with 
three  distinct  tangents).  The  curve  belongs  to  the  genus  VII., 
and  the  characteristics  are  as  above,  6  =  3  meaning  the  triple 
point. 

6°.  Two  nodes  and  a  cusp  may  coincide,  giving  rise  to  a 
special  triple  point,  at  which  an  ordinary  branch  of  the  curve 
passes  through  a  cusp.  The  curve  belongs  to  the  genus  VIII., 
and  the  characteristics  are  as  above,  5  =  2,  k  =  1  here  meaning 
the  special  triple  point. 

7°.  A  node  and  two  cusps  may  coincide,  giving  rise  to  a 
special  triple  point  not  visibly  different  from  an  ordinary  point 
of  the  curve.  The  curve  belongs  to  the  genus  IX.,  and  the 
characteristics  are  as  above,  B  =  1,  « =  2,  here  meaning  the 
special  triple  point. 

244.  In  order  to  illustrate  the  distinction  between  the 
different  kinds  of  double  points  which  we  have  enumerated, 
let  us  suppose  the  origin  to  be  a  double  point  at  which  the 
two  tangents  coincide  with  the  line  y  =  0,  then  the  equa- 
tion of  the  quartic  will  be  of  the  form  2/^^  +  Wg  +  w^  =  0,  where 
Wg  =  ax^  +  bx^y  +  cxy^  +  dy^^  u^  =  ex*  -Vf^y  +  &c. 

We  proceed  now  as  in  Art.  56:  In  order  to  determine  the 
form  of  the  curve  in  the  neighbourhood  of  the  origin,  we  sub- 
stitute y  —  mx^^  we  determine  )8,  so  that  two  or  more  of  the 
indices  of  x  shall  be  equal  and  less  than  the  index  of  any  other 
term;  and  we  attend  only  to  the  terms  of  lowest  dimension 
in  X,  Then  let  a  be  not  =  0.  We  find  /3  =  f ;  the  form  of  the 
curve  near  the  origin  is  the  same  as  that  of  the  curve  y^-\-  ax^=  0, 
and  the  origin  is  an  ordinary  cusp. 

(1)  Let  a  =  0.  We  then  have/3  =  2,  and  m  is  determined 
by  the  quadratic  m^  ■{•  hm -{■  e  =  0.  There  are  then  two  branches 
whose  forms  near  the  origin  are  respectively  the  same  as  those 
of  the  curves  y  =  m^x\  y  —  ra^pi\  where  Wj,  m^^  are  the  roots  of 
the  above  equation.  The  branches  touch  each  other,  and  the 
origin  is  a  tacnode. 
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(2)  Let  this  quadratic  have  equal  roots,  the  form  of  the 
equation  then  is 

[y  -  mxy  +  cxif  ^-  dif  +fx^y  +  &c.  =  0, 

and  to  the  degree  of  approximation  to  which  we  have  as  yet 
proceeded  the  two  branches  in  the  neighbourhood  of  the 
origin  coincide.  In  order  to  discriminate  them  we  substitute 
y  —  mx^  +  nx'^^  and  determine  n  and  7  as  before.  We  find  then 
7  =  1  and  n^  —  —  [cm^  -^-fin).     The  form  then  of  the  curve  near 

the  origin  approaches  to  that  of  the  curve  y  —  'mT?-^  wic%  which 
has  been  considered,  Art.  58.  The  origin  is  then  a  ramphoid- 
cusp  or  node-cusp. 

(3)  If,  however,  in  addition  to  the  preceding  conditions  we 
have/=  — CW2,  the  equation  of  the  curve  is  of  the  form 

(^  —  mo^']^  +  cxy  [y  -  mx^)  -f  dy^  +  gx^y^  4-  &c.  =  0, 

and  on  substituting  y  —  mx^  +  nx''  we  find  7  =  3,  and  n  is  de- 
termined by  the  quadratic 

n^  +  cmn  -f  w^  [dm  +^)  =  0 ; 

and  if  w^,  n^  be  the  roots  of  the  quadratic,  the  curve  in  the 
neighbourhood  of  the  origin  consists  of  two  osculating  branches, 
whose  forms  are  represented  by  the  equations  y  =  mx^  -f  n^x^^ 
y  —  mx^  +  n^x^.  Since  the  difference  of  these  values  of  y  com- 
mences with  an  odd  power  of  cc,  the  branches  cross  as  well  as 
touch  at  the  origin.     The  origin  is  now  an  oscnode. 

(4)  If,  however,  in  addition  to  the  former  conditions  we 
have  the  roots  of  the  last-mentioned  quadratic  equal,  or 
dm  -\-  g  =  \c\  the  equation  of  the  curve  is  of  the  form 

[y  —  mx^  —  cxy  —  dy^f  =  Axy^  +  By^^ 

and,  as  before,  we  find  that  its  form  near  the  origin  is  given  by 

the  equation  y  —  md^-\-cmoi^-\-'px'^.  The  origin  is  then  a  tac- 
node-cusp.  The  node  can  have  no  higher  singularity  in  a 
proper  quartic,  for  the  next  step  would  be  to  suppose  A  to 
vanish,  in  which  case  the  equation  would  break  up  into  two 
of  the  second  degree.  The  case  where  the  origin  is  a  triple 
point  does  not  seem  to  require  illustration. 
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245.  We  have  thus  far  not  attended  to  the  distinction  of 
real  and  imaginary.  Assuming  that  the  quartic  curve  is  real, 
then  Imaginary  nodes  or  cusps  can  present  themselves  only  in 
pairs,  and  we  may  distinguish  the  cases  accordingly ;  thus  we 
may  have  one  real  node,  two  real  or  two  imaginary  nodes, 
three  real  or  one  real  and  two  imaginary  nodes ;  and  the  like 
for  cusps.  Again,  any  real  node  may  be  a  crunode  or  an 
acnode.  The  distinctions  as  to  real  and  imaginary  scarcely 
present  themselves  in  regard  to  the  special  singularities  above 
referred  to  (the  condition  that  imaginaries  must  present  them- 
selves in  pairs,  implying  for  the  most  part  that  these  singu- 
larities are  real) ;  the  only  distinction  seems  to  be  in  regard 
to  the  ordinary  triple  point,  which  may  be  a  point  with  three 
real  tangents,  or  with  one  real  and  two  imaginary  tangents, 
viz.  in  the  former  case  the  point  is  the  common  intersection  of 
three  real  branches  of  the  curve,  in  the  latter  case  it  is  the 
common  intersection  of  one  real  and  two  imaginary  branches 
of  the  curve ;  or,  what  is  the  same  thing,  we  have  a  real 
branch  passing  through  an  acnode.  The  point  does  not  visibly 
differ  from  an  ordinary  point  of  the  curve,  resembling  In  this 
respect  the  special  triple  point  7°  above  referred  to.  The  dif- 
ference is,  that  in  the  case  of  an  ordinary  branch  through  an 
acnode  the  tangents  are  one  real  and  two  imaginary;  in  the 
case  of  the  special  triple  point  they  are  all  real  and  coincident. 

246.  There  are  yet  other  specialties  which  may  be  taken 
account  of.  A  node  may  be  in  regard  to  one  of  the  branches 
through  it  a  point  of  inflexion ;  that  is,  the  tangent  to  the 
branch  at  the  node  may  meet  the  branch  in  three  consecutive 
points  (or  the  curve  in  four  coincident  points) ;  or,  again,  the 
node  may  be  in  regard  to  each  of  the  branches  through  it  a 
point  of  inflexion.  Such  a  node  may  be  considered  as  the 
union  of  an  ordinary  node  with  (In  the  first  case)  a  point  of 
inflexion,  and  with  (In  the  second  case)  two  paints  of  Inflexion ; 
and  the  node  may  be  termed  a  flecnode  or  a  biflecnode  in  the 
two  cases  respectively.  The  point  or  points  of  inflexion  thus 
coinciding  with  the  node  must  be  reckoned  among  the  inflexions 
of  the  curve,  and  the  number  of  the  remaining  inflexions 
diminished  accordingly.      A  biflecnode  has  properties  analogous 

F  F 
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to  those  established  (Art.  170,  et  seq.)  for  the  inflexions  of  ciibics. 
In  general,  if  we  look  for  the  locus  of  harmonic  means  on 
radii-vectores  drawn  through  the  origin,  which  is  supposed 
to  be  a  double  point  on  the  quartic  u^  +  ii^  +  ii^  =  0,  we  find 
Wg  +  2^2  =  0.  "When,  therefore,  %f^  is  a  factor  in  ii^^  the  locus 
becomes  a  right  line,  and  the  double  point,  having  a  harmonic 
polar,  has  the  properties  established  (Art.  170).  The  points 
of  contact  of  tangents  fi'om  it  lie  on  a  right  line,  and  the 
curve  may  be  projected  so  that  this  point  shall  become  a 
centre,  or  else  so  that  all  chords  parallel  to  a  given  line 
shall  be  bisected  bj  a  fixed  diameter.  In  the  latter  case, 
the  form  of  the  equation  is  in  general 

y^{x-a)  {x  —  h)—±A{x'-  c)  {x  —  d)  {x  -  e)  [x  — /). 

There  is  no  difliculty  in  discussing,  as  in  Arts.  39,  199,  the 
different  possible  forms  of  curves  included  in  this  equation, 
according  to  the  reality,  and  to  the  relative  magnitude  of 
a,  J,  &c. ;  and  in  deriving  thence  the  different  possible  forms  of 
the  projections  of  these  curves. 

247.  Once  more,  a  quartic  may  have  another  kind  of 
singular  point,  of  which  account  might  be  taken  in  the 
classification,  viz.  a  point  of  undulation,  that  is  to  say,  one  in 
which  the  tangent  meets  the  curve  in  four  consecutive 
points.  The  tangent  at  such  a  point  replaces  two  stationary 
tangents  and  one  ordinary  double  tangent.  A  quartic  may 
have  four  real  points  of  undulation,  as  we  can  see  by  writing 
down  the  equation  loxyz  =  ^'^  where  S  is  any  conic  touching 
the  four  lines  ?<?,  a-,  3/,  z. 

248.  We  have  not  yet  exhausted  the  list  of  characteristics 
unaltered  by  projection  which  would,  have  to  be  taken  into 
account  in  a  complete  classification  of  quartics.  It  will  be 
remembered  that  we  divided  non-singular  cubics  into  unipartite 
and  bipartite  according  as  all  the  real  points  of  the  curve  are  or 
are  not  included  in  one  continuous  series ;  and  it  is  natural  to  sup- 
pose that  similar  distinctions  exist  in  regard  to  quartic  curves. 

The  possible  forms  of  non-singular  quartics  have  been  studied 
in  detail  by  Zeuthen  [Math.  Annalen^  Yll.  411).  He  remarks 
that  the  branches  of  a  curve  may  be  divided  into  those  of  odd 
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order  met  by  any  line  in  an  odd  number  of  points,  and  those  of 
even  order.  The  latter  are  what  we  have  called  ovals  (Art.  200), 
using  the  word  to  include  not  only  ovals  in  the  ordinary  sense 
but  also  their  projections.  In  this  sense,  for  instance,  all  the 
forms  of  conies  would  be  described  as  ovals.  Zeuthen  shows 
that  a  non-singular  curve  cannot  have  more  than  one  branch  of 
odd  order,  and  therefore  that  a  curve  of  even  degree  cannot  have 
any.  A  quartic,  therefore,  can  only  have  ovals.  It  is  at  once 
apparent  that  if  a  quartic  have  two  ovals,  one  wholly  inside  the 
other,  it  can  have  no  other  real  point.  For  if  it  had,  the  line 
joining  this  to  a  point  inside  the  interior  oval  must  cut  the  curve 
in  five  points.  For  the  same  reason  the  interior  oval  cannot 
have  bitangents  or  inflexions.  A  quartic  of  this  kind  having 
two  ovals,  one  inside  the  other,  is  called  an  annular  quartic. 
This  reasoning  does  not  exclude  the  case  of  ovals  exterior  to 
each  other,  but  the  quartic  can  at  most  have  four  such  ovals ;  for 
if  it  had  any  other  real  point  the  conic  passing  through  this  and 
through  points  inside  the  four  ovals  respectively  would  meet  the 
curve  in  nine  points.  That  a  quartic  may  actually  have  four 
such  ovals  appears  as  well  from  the  curve  [x^  —  ay-^-{y^-b'^y=c*j 
(c  <  h)  considered  p.  43,  as  from  the  following  illustration  which 
Pliicker  gives  in  order  to  show  that  the  28  tangents  which  a 
non-singular  quartic  can  have  may  be  all  real.  Consider 
the  curve  12  =  +  ^,  where 

a  =  {y'-x'){x-\){x-i)-2[y'  +  x{x-2)}\ 

Now  the  equation  12  =  0  represents  a 
quartic  having  three  double  points  as 
shown  in  the  dark  curve  in  the  annexed 
figure  ;  and  the  equation  il  =  k  denotes 
a  curve  not  meeting  12  in  any  finite 
point,  which  deviates  less  from  the 
form  of  the  curve  12  the  less  we 
suppose  hj  and  which  according  to 
the  sign  we  give  k  is  either  altogether 
within  or  altogether  without  the  curve 
12.  AVhen  it  is  altogether  without, 
the  curve  is  unipartite ;  when  it  is 
altogether  within,  the  curve  in  the  first  instance  consists  of  four 
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meniscus-shaped  ovals,  one  in  each  of  the  compartments  Into 
which  the  curve  Q.  is  divided.  Each  meniscus  has  one  tangent 
touching  it  doubly;  and,  besides,  it  will  be  seen  that  any  two 
ovals  have  four  common  tangents,  and  that  there  are  six  pairs  of 
ovals.  It  will  readily  be  conceived  that,  as  the  value  of  the 
constant  is  supposed  to  change,  first  one,  then  another  of  these 
ovals  becomes  imaginary,  so  that  non-singular  quartics  may  be 
either  unipartite,  bipartite,  tripartite,  or  quadripartite.  We  can 
in  like  manner  conclude  that  a  quartic  having  one  double  point 
may  be  either  unipartite,  bipartite,  or  tripartite ;  and  one  having 
two  double  points,  either  unipartite  or  bipartite.* 

248  (a).  Zeuthen  takes  as  the  basis  of  his  classification  of 
quartics  the  real  bitangents  of  the  curve,  which  he  divides  into 
two  classes.  When  a  quartic  has  a  pair  of  ovals  exterior  to  each 
other,  it  is  easy  to  see  that  (just  as  if  they  were  two  conies) 
these  ovals  have  four  common  tangents  and  cannot  have  more. 
These  common  tangents  are  Zeuthen's  bitangents  of  the  second 
kind.  If  the  quartic  have  two  ovals  exterior  to  each  other  the 
number  of  such  bitangents  is  4  ;  if  it  have  three  such  ovals  the 
number  of  such  bitangents  is  12 ;  if  it  have  four,  the  number 
is  24.     Zeuthen's  bitangents  of  the  first   kind   may   be  either 

(a)  lines   doubly   touching  a   single  branch  of   the   curve ;    or 

(b)  bitangents,  both  of  whose  points  of  contact  are  Imaginary. 
Zeuthen    has    proved    that    every    quartic    has    four    real 

bitangents  of  one  or  other  of  these  two  species,  which  four  we 
shall  call  the  Zeuthen  bitangents.  The  total  number  then  of 
real  bitangents  to  a  quartic  is  got  by  adding  to  these  four 
the  0,  4,  12,  or  24  bitangents  of  the  second  kind  ;  and  accordingly 
is  either  4,  8,  16  or  28.  Zeuthen's  method  of  proof  is  to  consider 
the  series  of  quartics,  S+\S'j  where  S  and  S'  are  any  two 
non-singular  quartics.  The  number  of  real  bitangents  of  a 
curve  of  the  series  will  only  alter  when  \  is  such  that  the  curve 
has  some  singularity.  Zeuthen  shows  that  as  \  passes  through 
the  value  for  which  the  curve  has  a  double  point,  only  real 
bitangents  of  the  second  kind  are  lost  or  come  into  existence ; 
a;id  that  for  no  ordinary  singularity  do  bitangents  of  the  first 

*  In  general  the  maximum  number  of  "  parts''  of  a  curve  is  one  more  than  the 
"  deficiency." 
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kind  change  Into  those  of  the  second,  or  vice  versd.  But 
consider  a  bitangent  of  the  first  kind  touched  by  a  branch  in 
two  real  points.  As  a  parameter  in  the  equation  alters,  these 
points  may  approach  each  other  and  the  intervening  arc  of  the 
curve  become  smaller.  At  last  the  points  coincide  and  the  curve 
has  a  point  of  undulation  •  after  that  the  bitangent  has  imaginary 
points  of  contact.  Thus  we  see  that  at  the  value  of  \,  for 
which  the  curve  has  a  point  of  undulation,  Zeuthen  bitangents 
of  the  form  (a)  may  change  into  the  form  (5),  or  vice  versd. 
The  only  change  then  that  affects  bitangents  of  the  first  kind 
being  an  interchange  of  these  two  forms,  the  total  number  of  such 
bitangents  is  the  same  for  the  whole  series  of  quartics  included  in 
the  form  S  +  \8\  and  therefore  is  the  same  for  every  quartic ; 
and  Plucker's  example  shows  that  the  number  is  four. 

248  (b).  When  a  branch  has  a  tangent  touching  It  In  two 
real  points,  it  is  obvious  that  the  arc  at  each  of  these  points 
turns  its  convexity  towards  the  tangent,  and  that  there  Is  an 
intermediate  part  of  the  arc  which  turns  Its  concavity  towards 
it,  this  concave  part  being  separated  by  a  point  of  inflexion  at 
each  end  from  the  convex  parts.  Every  such  bitangent  then 
implies  two  real  points  of  Inflexion;  and  It  is  not  difficult  to  see 
that  the  converse  of  this  Is  also  true.  Since  there  can  be  at 
most  four  such  tangents,  a  quartic  can  have  at  most  eight  real 
inflexions.  Zeuthen  confines  the  name  oval  to  a  branch,  having 
no  real  bitangent  or  inflexions :  one  with  a  single  real  bitangent 
he  calls  a  unifolium ;  one  with  2,  3,  or  4  such  bitangents,  a 
bifolium,  trifolium  or  quadrifolium.  Thus  the  external  curve  In 
Pliicker's  figure  Is  a  quadrifolium ;  the  four  Internal  curves  are 
unlfolia.  The  figure,  p.  45  (3),  represents  two  bifolla;  p.  46  (5), 
represents  an  annular  quartic,  quadrifolium  with  Internal  oval. 

248  (c).  Zeuthen  further  shows  by  the  method  of  Art.  125, 
Ex.  4,  that  the  points  of  contact  of  any  three  of  his  bitangents 
He  on  a  conic;  and  further,  that  It  Is  the  same  conic  which 
passes  through  the  contacts  of  all  four  bitangents.  If  then 
w^  Xj  ?/,  Zj  represent  four  lines,  and  Fa  conic,  the  equation  of  the 
quartic  must  be  of  the  form  wxyz  =  V'\  Zeuthen's  analysis  of 
the  possible  forms  of  quartics  Is  made  by  discussing  the  dlff*erent 
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positions  whlcli  the  intersections  of  the  four  lines  with  the  conic 
can  have  with  respect  to  the  quadrilateral  found  bj  them.  Thus 
when  V  meets  all  the  lines  in  real  points,  he  enumerates  the 
following  cases :  (1),  annular  quartic,  quadrifoHum  and  internal 
oval;  (2),  quadrifolium  and  2  ovals  ;  (3),  4  unifolia;  (4J,  trifolium, 
unifolium  and  oval ;  (5),  bifolium,  2  unifolia  and  oval ;  (6),  2 
bifolia  and  oval;  (7),  2  bifolia  and  2  ovals;  (8),  bifolium  and 
2  unifolia ;  (9),  trifolium,  unifolium  and  2  ovals.  He  enumerates 
thus  36  cases  in  all,  but  the  figures  which  he  gives  for  the  nine 
cases  just  mentioned  sufficiently  illustrate  the  rest,  a  very  slight 
modification  being  enough  to  turn  a  unifolium  into  an  oval,  &c. 
It  will  be  observed  that  the  classification  just  made  rests  solely 
on  projective  properties  and  has  no  reference  to  the  line  infinity. 
In  Art.  249  we  state  the  principles  on  which  these  classes  may 
be  subdivided  into  species  when  the  nature  of  the  infinite  branches 
is  taken  account  of. 

248  {d),  Zeuthen  also  applies  his  method  of  classification  to 
nodal  quartics  considered  as  limiting  cases  of  non-singular  quartics. 
He  enumerates  and  discusses  the  following  cases:  (a),  conjugate 
points  considered  as  limiting  cases  of  ovals;  (5),  nodes  which 
arise  when  in  limiting  cases  of  annular  quartics  the  inner  branch 
comes  to  meet  the  outer; — in  neither  of  these  cases  are  the 
Zeuthen  bitangents  affected ;  (c),  nodes  which  arise  when  two 
mutually  external  branches  come  to  meet ;  (c?j,  which  arise  when 
a  branch  of  even  order  breaks  up  into  the  intersection  of  two  of 
odd  order;  (^),  the  case  of  two  imaginary  double  points.  In  the 
cases  where  the  Zeuthen  bitangents  are  affected,  the  investigation 
is  carried  on  by  considering  the  forms  represented  by  the  equa- 
tion icxi/3  =  F^,  when  V  passes  through  the  Intersection  of  two 
of  the  lines,  or  when  two  of  the  lines  coincide  with  each  other. 

249.  In  order  to  see  how  quartics  might  be  classified  in 
respect  of  their  infinite  branches,  we  observe  that  the  line 
infinity  may  meet  a  quartic,  [a]  in  four  real  points,  (Z>)  in  two 
real  and  two  imaginary,  (c)  in  four  imaginary  points,  {d)  In 
two  coincident  and  two  real  points,  (e)  In  two  coincident  and 
two  imaginary  points,  (/)  twice  in  two  coincident  points,  these 
points  being  real,  or  [g)  these  points  being  imaginary,  {7i)  in 
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three  coincident  and  one  real  point,  {{)  in  four  coincident 
points.  Again,  the  cases  [d)j  (e),  (/),  {(/)  would  have  to  be 
further  distinguished  according  as  the  line  infinity  when  meeting 
the  curve  in  two  coincident  points  is  simply  a  tangent  or  a  line 
passing  through  a  double  point,  which  double  point  may  be 
either  crunode  or  acnode,  cusp,  or  one  of  the  special  kinds  above 
mentioned.  Similarly  in  the  case  (A),  the  line  Infinity  may  be 
either  an  ordinary  stationary  tangent,  or  a  tangent  at  a  double 
point  or  cusp,  or  it  may  pass  through  a  triple  point,  and  In 
the  case  [i)  it  may  be  either  a  tangent  at  a  point  of  undulation, 
a  tangent  at  a  double  point  of  the  special  kind,  or  a  tangent 
at  a  triple  point.  Lastly,  any  of  the  points  which  count  only  as 
single  intersections  of  the  line  infinity  with  the  curve  may  be 
on  the  curve  a  point  of  Inflexion  or  undulation,  and  where  this 
happens  a  difference  In  the  figure  will  result  which  would  have 
to  be  taken  Into  account  In  a  complete  classification  of  quartlcs. 

250.  We  have  already  shown  (Art.  70)  how  to  form  the 
equation  of  the  Hessian  of  a  quartic,  which  Is  a  curve  of  the 
sixth  degree,  Intersecting  the  quartic  in  the  twenty-four  points 
of  inflexion.  We  have  also  seen  (Art.  92)  that  the  equation  of 
the  reciprocal  of  a  quartic  Is  of  the  form  S'^  =  jT^,  where  S 
represents  a  curve  of  the  fourth  and  T  of  the  sixth  class, 
and  the  form  of  the  equation  shows  that  both  are  touched  by 
the  twenty-four  stationary  tangents.  We  have  postponed  to 
another  chapter  the  solution  of  the  problem  to  form  the  equation 
of  a  curve  passing  through  the  points  of  contact  of  double 
tangents  of  a  given  curve.  It  will  there  be  shown  that, 
in  the  case  of  the  quartic,  the  equation  of  such  a  bitangential 
curve  may  be  written  In  the  form  0  =  3^4>,  where  0  Is  the 
covarlant  AL''^-\-&c.^  as  In  Art.  231;  that  is  to  say,  L'  &c. 
represent  the  first  differential  coefficients  of  the  Hessian,  and  A 
denotes  hc—f^y  where  a,  &,  &c.  are  the  second  differential 
coefficients  of  U,  In  like  manner  ^  denotes  Aa  -f  &c.,  as  in 
Ex.  1,  Art.  230. 

THE  BITANGENTS. 

251.  It  is  convenient  to  commence  by  studying  a  more 
general  theory  in  which  that  of  the  bitangent  is  included. 
Let  us  then  consider  first  the  form  UW=  F^,  where  Z7,  Fj  W 
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represent  conies ;  a  form  containing  implicitly  sixteen  constants, 
and  therefore  one  to  which  the  equation  of  any  quartic 
may  be  reduced  in  a  variety  of  ways,  as  we  shall  after- 
wards more  fully  see.      The  form  of  the  equation  shows  that 

U  and  W  each  touch  the  quartic  in  four  points,  namely,  the 
points  where  they  respectively  meet  V.  Now  we  have  already 
discussed  (see  Conies^  Art.  270,  &c.)  the  equation  UW=  V"\  when 

Z7,  Vj  W  represent  right  lines,  and  the  results  hold  good  with 
the  proper  alterations  when  they  represent  conies.  It  is  merely 
necessary  to  remember,  that  two  conies  represented  by  equations 
of  the  form  X  Z7+ /a  K-h  v  1^=  0,  instead  of  intersecting  in  a 
single  point,  intersect  in  four  points ;  and  that  if  we  are  given 
one  point  on  a  conic  whose  equation  is  to  be  of  this  form, 
three  other  points  are  necessarily  given;  for  if  we  have 
XZ7'  +  /iF'  +  vT'r'  =  0,  the  conic  \U-\- ^iV-^  vW^O  will,  it  is 
clear,  pass  through  the  four  points  determined  by  the  equations 

U        V        W 
—,  —  -TT,^  -Tj/v  •     It  follows  then  from   the   discussion  in  the 

Conies  just  cited,  that  the  quartic  TJW=  F'"*  may  be  considered 
as  the  envelope  of  the  variable  conic  V^C74  2X-F+ TF=  0 
where  \  is  variable,  and  which  touches  the  given  quartic  in  the 
four  points  determined  by  X^-f  F=0,  XF+  IF=0.  The  two 
sets  of  four  points  in  which  any  two  of  the  enveloping  conies 
touch  the  quartic  lie  on  another  conic,  as  appears  by  writing 
the  given  equation  in  the  form 

(X*''  U-\-  2X  F+  W)  (/x'^  £r+  2/i  F+  TF)  =  {X/.  f7+  (X  +  /x)  F  -}-  W]\ 
In  like  manner,  the  properties  of  poles  and  polars  may  be 
extended  to  the  curve  under  consideration.  Through  any  point 
(or,  if  we  please,  we  may  say  through  any  set  of  four  points) 
may  be  drawn  two  conies  of  the  system  X''^  U-\-  2X  F+  TF,  the  two 
sets  of  four  points  of  contact  lying  on  a  conic  UW'-i-  WW— 2  VV\ 
which  may  be  called  the  polar  of  the  given  point  or  set  of 
points,  and  the  symmetry  of  the  equation  shows  that  the  polar, 
in  this  sense  of  the  word,  of  any  point  on  the  latter  conic 
will  pass  through  the  given  point.  Conversely,  any  conic 
aU+bV  +  cW  meets  the  quartic  in  two  sets  of  four  points, 
through  each  of  which  sets  a  quadruply  tangent  conic  may  be 
drawn,  the  two  intersecting  in  a  set  of  points  which  constitute 
in  this  sense  the  pole  of  a  U-]-  h  V-\-  c  TF. 
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252.  It  is  useful  now  to  recall  the  properties  established 
{Conies^  Art.  388,  &c.)  for  a  system  of  conies  included  in  the 
equation  a  U+  /3  V+  y  W=  0.  In  the  first  place,  if  this  equation 
represents  a  pair  of  right  lines,  their  intersection  lies  on  a 
fixed  cubic,  the  Jacobian  of  Z7,  F,  W;  a  curve  which  may 
also  be  defined  as  the  locus  of  a  point,  whose  polars  with 
respect  to  all  conies  of  the  system  aU-\- l3Vi-yW  meet  in 
a  point.  If  we  consider  two  conies  included  in  this  system, 
the  equation  of  any  conic  through  their  intersections  must 
be  of  similar  form;  and  hence,  the  intersection  of  each  of 
the  three  pairs  of  lines  joining  the  four  intersections  of 
the  two  conies  must  lie  on  the  Jacobian.  If  the  two  conies 
touch,  two  of  these  three  intersections  coincide  with  the 
point  of  contact;  and,  therefore,  if  two  conies  of  the  system 
a  U+  ^  V+  7  W  touch  each  other,  the  point  of  contact  lies  on 
the  Jacobian. 

Secondly,  the  system  a  U+  /3  F+  7  W  may  be  regarded  as 
a  system  of  polar  conies  of  the  variable  point  a^y  with  regard 
to  a  certain  fixed  cubic,  which  has  for  its  Hessian  the  Jacobian 
of  the  system,  and  the  equation  of  which  can  be  formed  when 
those  of  the  three  conies  are  given. 

Thirdly,  if  a  C/'+y8F+ 7  TF  represents  a  pair  of  right  lines, 
all  such  right  lines  touch  a  curve  of  the  third  class,  the  Cayleyan 
of  the  cubic  last  mentioned. 

253.  Hence  then,  in  particular,  since  any  enveloping 
conic  V  Z7+ 2\  F+  TF,  and  the  conic  through  the  four  points 
of  contact  are  each  included  in  the  form  aZ7+y3F-f  7TF, 
if  we  draw  the  three  pairs  of  lines  connecting  the  points  of 
contact  of  any  conic  enveloping  UW=  V'\  the  intersections 
of  each  pair  lie  on  a  certain  fixed  cubic,  viz.  the  Jacobian; 
and  the  lines  themselves  are  all  touched  by  a  fixed  curve  of 
the  third  class,  viz.  the  Cayleyan. 

Again,  if  the  two  conies  \  Z7+  F,  X  F+  W  touch  each  other, 
then  the  conic  X^CT'-f  2A,F+  TF,  instead  of  touching  the  quartic 
in  four  distinct  points,  has  ordinary  contact  with  it  twice  and 
meets  it  once  in  four  consecutive  points.  And  from  what  we 
have  just  seen,  this  point  of  contact  of  higher  order  lies  on  the 
Jacobian.     We  infer  then,  that  twelve  conies  of  the  system 

Ga 
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X^U-\-2\V+  W  have  this  higher  contact  with  the  quartic, 
namely,  the  twelve  passing  each  through  one  of  the  intersections 
of  the  Jacobian  with  the  quartic. 


254.  Six  conies  of  the  system  \^  U-\-  2\  V+  W  reduce  to  a 
pair  of  right  lines;  for  the  discriminant  of  this  form  being  a 
function  of  the  third  degree  in  its  coefficients  will  be  one  of 
the  sixth  degree  in  X,  and  therefore  six  values  of  \  can  be  found 
for  which  it  vanishes.  When  an  enveloping  conic  reduces  to 
a  pair  of  right  lines,  the  four  points  of  contact  lie  two  on  each 
line,  and  each  line  is  therefore  a  double  tangent  to  the  quartic. 
It  appears  from  Art.  249,  that  if  ah^  cd  be  any  two  of  these 
six  pairs  of  bitangents,  the  equation  of  the  quartic  may  be 
transformed  to  abcd=  F^,  the  eight  points  of  contact  lying  on  a 
conic  V.  Thus  we  see  that  the  form  VZ7+2XF+  W  includes 
six  pairs  of  the  bitangents  of  the  quartic,  these  twelve  bitangents 
all  touching  a  curve  of  the  third  class,  viz.  the  Cayleyan  of 
the  system,  and  the  intersections  of  each  pair  lying  on  the 
Jacobian.  So  again,  if  the  points  of  contact  of  any  of  these 
pairs  of  bitangents  be  joined  directly  or  transversely,  the  joining 
lines  also  touch  the  Cayleyan,  and  the  intersection  of  each  pair 
lies  on  the  Jacobian.  This  may  be  stated  in  a  slightly 
different  form  by  considering  the  cubic  /S,  of  which  Z7,  F,  W 
are  polar  conies.  Then  if  the  equation  of  a  quartic  is  a  function 
of  the  second  degree  in  ZJ,  F,  IF,  since  the  vanishing  of  such  a 
function  expresses  the  condition  that  the  line  x  U+  y  F+  z  W=  0 
should  touch  a  fixed  conic,  it  is  easy  to  see  that  the  quartic 
may  be  defined  as  the  locus  of  a  point  whose  polar  with 
respect  to  S  touches  a  fixed  conic,  or,  in  other  words,  the  locus 
of  the  poles  with  respect  to  S  of  the  tangents  of  that  fixed 
conic;  or,  it  will  come  to  the  same  thing  if  it  be  defined 
as  the  envelope  of  the  polar  conies  of  the  points  of  that  conic. 
The  double  tangents  of  the  quartic  correspond  to  the  points 
where  the  conic  meets  the  Hessian  of  S. 

255.  Let  us  now  consider  any  two  of  the  bitangents  of  a 
quartic,  which  we  take  for  the  lines  x,  y ;  then  if  we  make 
a;  =  0,  the  equation  of  the   quartic  is  to  reduce  to  a  perfect 
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square,  say  {z^  -\-  ayz  +  hy^^  and  if  we  make  ^  =  0,  the  equation 
is  to  reduce  to,  say  {z^  ^cxz-^-dxy.  Hence,  evidently  the 
equation  of  the  quartic  must  be  of  the  form 

xy  U=  {z^  +  ayz  +  hy^  +  cxz  +  dx^ ; 

that  is  to  say,  of  the  form  xy  U=  V'\  which  we  have  just  discussed ; 
an  equation  which  may  also  be  written 

xy  {\^  U+  2\  F4  xy)  =  {xy  +  \  V)\ 
There  are,  as  we  have  seen,  beside  the  value  X  =  0,  corresponding 
to  the  pair  of  lines  xy,  five  other  values  of  \  for  which 
'\^U+2\V-{-xy  will  represent  a  pair  of  lines;  and  thus  in 
five  different  ways  the  equation  can  be  reduced  to  the  form 
wxyz  =  F^.  Hence,  through  the  four  points  of  contact  of  any 
two  hiiangents  we  can  describe  five  conies^  each  of  which  passes, 
through  the  four  points  of  contact  of  two  other  hitangents. 

A  non-singular  quartic  has  28  bitangents;  and  there  are 
therefore  ^(28.27),  or  378  pairs  of  bitangents;  each  of  these 
pairs  gives  rise  to  five  different  conies,  but  each  conic  may  arise 
from  any  one  of  the  six  different  pairs  formed  by  the  four 
bitangents  which  correspond  to  that  conic,  hence  there  are  in 
all  f  (378)  or  315  conies^  each  of  which  passes  through  the  points 
of  contact  of  four  bitangents  of  a  quartic.'^ 

256.  We  have  seen  that  each  pair  of  bitangents  combines 
with  five  other  pairs  to  form  a  group  of  six  pairs,  the  points  of 
contact  of  any  two  of  which  pairs  lie  on  a  conic.  It  follows 
that  the  378  pairs  may  be  distributed  into  63  such  groups  of  six. 
The  twelve  bitangents  of  each  group  touch  the  same  curve  of 
the  third  class ;  and  this  is  touched  also  by  the  lines  joining 
directly  and  transversely  the  points  of  contact  of  each  pair. 
The  intersections  of  each  pair  of  bitangents,  and  also  those  of 
each  pair  of  joining  lines,  lie  on  a  cubic.  Corresponding  to  each 
group  there  are  twelve  conies,  each  of  which  touches  the  quartic 
twice  with  ordinary  contact,  and  once  so  as  to  meet  it  in  four 


*  Plucker  first  noticed  the  possibility  of  bringing  the  equation  of  any  quartic  to 
the  form  ^cxyz  =  K'^,  but  he  hastily  inferred  that  the  six  points  of  contact  of  any 
three  bitangents  lie  on  a  conic,  and  thence  drew  an  erroneous  conclusion  as  to  the 
total  number  of  conies  passing  through  eight  points  of  contact  of  bitangents  (see 
the  Theorie  der  Algebraischen  Curven,  p.  24G). 
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consecutive  points,  the  twelve  points  of  higher  contact  lying 
on  the  cubic  last  mentioned.  There  being  63  groups,  756  such 
conies  may  in  all  be  drawn. 

257.  We  shall  show  how  to  form  a  scheme  of  the  315 
conies,  and  for  that  purpose  we  denote  provisionally  the  first 
26  bitangents  by  the  letters  of  the  alphabet,  adding  the  symbols 
^  and  y]r  to  denote  the  other  two.  We  denote  by  ahcd  the 
conic  passing  through  the  eight  points  of  contact  of  the 
bitangents  a,  h,  c,  d.  If  now  abcdj  abefj  be  two  of  the  315 
conies,  the  pairs  a&,  cd^  ef  belong  to  the  same  group,  and  from 
what  we  have  seen,  cdef  will  be  another  of  the  conies.  This 
may  also  be  shown  directly  as  follows.  Let  the  equation  of 
the  quartic  be  abcd=  V'\  or 

ah  {cd-{-  2XF+  Va5)  =  (F+  \ah)\ 

and  we  can  determine  X  so  that  cd-\-  2\V+  \^ah  =  ef.  Solve 
for  Ffrom  this  equation,  and  substitute  in  the  equation  of  the 
quartic,  when  it  becomes 

XVZ>'  +  c'tf  -f  ey^  -  2X'ahcd  -  2Vahef-  2cdef=  0, 

or  4:cdef=  [cd  +  ef—  X^ahf^ 

a  form  which  proves  the  theorem  stated.  It  appears  thus,  that 
given  three  pairs  of  lines  which  are  to  be  pairs  of  bitangents 
of  the  same  group  of  a  quartic,  the  equation  of  the  quartic  will 
be  of  the  form  l\J[ah)-^m^[cd)-\- n'\J{ef)  =  0^  so  that  if 
two  points  were  given  in  addition,  a  single  quartic  could  be 
found  satisfying  the  prescribed  conditions.  Corresponding  to 
any  group  there  are  15  conies,  passing  respectively  through 
the  points  of  contact  of  each  two  of  the  six  pairs  of  which 
the  group  consists.  There  would  thus  seem  to  be  63  x  15  =  945 
conies ;  but  then  every  conic  ahcd  is  counted  three  times  over, 
as  belonging  to  the  three  groups  a&,  cd^  &c.,  ac,  hd^  &c., 
ad,  hc^  &c. ;  the  total  number  is  therefore  315  as  before. 

258.  Consider  any  conic  ahcd,  then  the  group  ah,  cd^  &c., 
and  the  group  ac,  hd,  &c.,  can  have  no  other  bitangent  common, 
the  quartic  being  supposed  to  be  non-singular.     For  example, 
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if  ahef  be  a  conic  of  the  first  group,  aceg  cannot  be  a  conic  of 
the  second.  For  (Art.  257)  the  equation  of  the  conic  through 
the  points  of  contact  of  a,  J,  c,  d  may  be  written  in  the  form 

\a5-h  -  (cJ-e/)  =  0, 

A. 

and  if  aceg  be  another  conic,  this  must  be  identical  with  the  form 

\iac  +  -  {})d  —  eg)  =  0. 
From  this  identity  we  at  once  infer 

It  follows  that  e,  being  identical  with  one  of  the  factors  into 
which  the  left-hand  side  breaks  up,  passes  through  the  inter- 
section either  of  b  and  c  or  of  a  and  d.  But  in  either  case  the 
point  through  which  e  is  thus  proved  to  pass  will  be  a  double 
point  on 

4\^ahcd=  iX'ah  +  cd-  efY, 

and  therefore  the  quartic  could  not  be  non-singular. 

In  precisely  the  same  way  we  see  that  if  ahef^  acmn  be  two 
conies,  there  is  an  identity 


(X5-/.c)(a-l<^)  =  ie/-i 


A, 

and  hence  the  diagonals  of  the  quadrilateral  efmn  pass  one 
through  ad  J  the  other  through  he,  or,  in  other  words,  the  inter- 
sections of  each  pair  of  bitangents  lie,  according  to  a  certain 
rule,  three  by  three  on  right  lines.  When  once  a  scheme  of 
the  315  conies  has  been  made,  there  is  no  difficulty  in  discri- 
minating which  diagonal  passes  through  ad  and  which  through 
be.  For  example,  if  it  appears  that  aemu,  afnv,  aduv  are  conies 
of  the  system,  we  infer  in  like  manner  that  the  diagonals  of 
the  quadrilateral  emfn  pass  through  ad  and  uv ;  and  thence  we 
infer  that  ad  lies  on  the  line  joining  en,fm.  Thus  then  consider 
any  conic  abed,  this  belongs  to  the  three  groups  ab,  cd,  &c., 
ac,  bdj  &c.,  and  ad,  be,  &c.,  and  it  appears  now  that  each  of 
the  sixteen  quadrilaterals  formed  by  combining  one  of  the  four 
other  pairs  belonging  to  the  group  ac,  bd  with  a  pair  from 
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the  group  ad^  he,  will  have  a  diagonal  passing  through  ah. 
Now  the  pair  ah  belongs  to  five  different  conies,  and  therefore 
there  are  eighty  quadrilaterals  having  a  diagonal  passing 
through  ah.  But  it  will  be  found,  as  we  have  intimated,  that 
these  quadrilaterals  may  be  distributed  into  pairs  having  a 
common  diagonal;  hence,  through  each  of  the  378  points  ah 
can  be  drawn  40  lines,  each  passing  through  two  others  of 
these  points,  and  there  are  in  all  5040  such  lines. 

259.  We  are  now  in  a  position  to  form  a  scheme  of  the 
315  tangents,  in  which  nothing  but  the  notation  shall  be 
arbitrary.  Commence  by  writing  down  the  group  ah,  cdj  e/",  gh, 
y\  kl',  then  since  the  groups  ac,  hd]  ad,  he  can  have  no 
bitangent  common  with  the  preceding  nor  with  each  other, 
these  groups  may  be  written,  ac,  hd,  mn,  op,  qr,  st ;  ad,  he,  uv, 
wx,  yz,  (l>\jr.  Proceed  now  to  write  down  the  group  ae,  hf] 
this  must  include  no  bitangent  from  the  group  ah  ;  but  in  each 
term  one  of  the  bitangents  from  the  group  ac  will  be  combined 
with  one  from  the  group  ad.  Now  since  it  was  free  to  us 
to  write  down  the  pairs  of  each  group  in  any  order  we  pleased, 
it  is  a  mere  matter  of  notation,  and  does  not  introduce  any 
geometrical  condition,  if  we  take  this  group  to  be  ae,  hf,  mu, 
ow,  qy,  s(f).  In  like  manner,  it  is  a  mere  matter  of  notation  to 
suppose  that  the  bitangents  have  been  so  lettered,  that  ag  and 
mx,  ai  and  mz,  ak  and  m-^  shall  respectively  belong  to  the 
same  group.  This  being  assumed,  it  will  be  found  that  the 
group  af,  he  is  necessarily  nv,  px,  rz,  t\jr,  and  we  can  thus 
proceed,  step  by  step,  to  write  out  the  whole  system.  A  table 
of  the  315  conies  was  accordingly  given  in  the  first  edition, 
but  I  do  not  occupy  space  with  it  now,  because  an  algorithm 
has  been  given  by  Hesse  (Crelle,  1855,  XLix,  243),  and  more 
minutely  discussed  by  Professor  Cayley  {Crelle,  1868,  LXVIII, 
176),  which  exhibits  in  an  easily  recognizable  form  the  mutual 
relations  of  the  28  tangents.  Hesse's  method  introduces 
considerations  from  the  geometry  of  three  dimensions.  He 
equates  to  zero  the  discriminant  of  a  U-\-  ^  F+  7  W  where 
U,  V,  W  denote  quadric  surfaces.  This  discriminant  being  a 
function  of  the  fourth  degree  in  a,  /3,  7,  if  these  quantities 
be  regarded  as  variables,  the  equation  denotes  a  plane  quartic. 
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But  for  any  value  of  a,  yS,  7  for  which  the  discriminant  vanishes, 
aU-\-^V-{-yW  denotes  a  cone,  so  that  to  every  point  on  the 
plane  quartic  corresponds  a  point  in  space,  namely,  the  vertex 
of  this  cone ;  and  Hesse's  method  connects  the  double  tangents 
of  the  plane  quartic  with  the  lines  connecting  each  pair  of  8 
points  in  space  which  are  the  intersections  of  three  quadric 
surfaces.  We  make  no  use  here  of  any  principles  of  solid 
geometry,  but  merely  borrow  the  notation  which  Hesse's 
method  suggests.* 

260.  Take  then  eight  symbols  1,  2,  3,  4,  5,  6,  7,  8.  Their 
combination  in  pairs  gives  us  28  symbols  12,  13... 7 8,  which 
we  use  to  denote  the  28  bitangents.  This  notation,  the  symbols 
being  properly  applied  to  the  28  bitangents,  enables  us  correctly 
to  represent  their  geometrical  relations,  though  it  fails  com- 
pletely to  exhibit  the  symmetry  of  the  system.  In  fact,  the 
notation  might  suggest  that  the  bitangent  12  was  related  in  a 
different  manner  to  the  bitangents  13,  14,  &c.,  and  to  the 
bitangents  34,  56,  &c.,  whereas  actually  there  is  no  geometric 
difference  between  the  relations  of  any  pair  of  bitangents. 
So  again  we  suppose  the  symbols  so  applied,  that  12,  34,  56,  78 
shall  denote  bitangents  whose  8  points  of  contact  lie  on  a 
conic.  The  same  property  will  then  belong  to  every  tetrad 
of  bitangents  represented  by  a  like  set  of  duads ;  that  is, 
by  any  four  duads  containing  all  the  eight  symbols.  But 
if  we  count,  we  shall  find  that  we  can  only  make  105  arrange- 
ments of  the  8  symbols  into  sets,  such  as  12,  34,  56,  78. 
The  remaining  210  conies  correspond  to  four  bitangents, 
whose  symbols  are  such  as  12,  23,  34,  41 ;  that  is  to  say, 
the  duads  are  formed  cyclically  from  any  arrangement  of 
four   of  the    eight    symbols,    and  it   will    be   found   that   we 


♦  Another  mode  of  connecting  the  theory  of  28  bitangents  with  Solid  Geometry 
is  used  by  Gei5er,  Mathematische  Annalen  I.  129,  as  follows :  From  any  point  on  a 
cubic  surface  can  be  drawn  a  quartic  cone  touching  the  surface.  This  will  be  non- 
singular,  its  bitangent  planes  being  the  tangent  plane  to  the  cubic  at  the  vertex,  and 
the  planes  joining  the  vertex  to  the  27  lines  on  the  surface.  Zeuthen  shows  that  his 
classification  of  quartics  with  regard  to  the  reality  of  their  bitangents  leads  by  a 
different  process  to  the  results  obtained  by  Schliifli  in  classifying  cubic  surfaces  with 
respect  to  the  reality  of  their  right  lines. 
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can  have  210  sucli  tetrads.  Thus  then  the  group  belonging 
to  the  pair  12,  34,  consists  of  56,  78  ;  57,  68 ;  58,  67 ;  13,  24 ; 
14,  23  ;  and  the  group  belonging  to  a  pair  such  as  12,  13,  is 
24,  34;  25,  35;  26,  36;  27,  37;  28,  38.  Thus  the  notation 
shows  completely  how  the  bitangents  are  to  be  combined 
in  groups.  It  suggests,  however,  that  the  105  conies  of  the 
form  12,  34,  56,  78  differ  in  their  properties  from  the  210 
of  the  form  12,  23,  34,  41.  This  is  not  the  case,  the  whole 
315  tetrads  forming  an  indissoluble  system. 

261.  Professor  Cayley  remarks  that  Hesse's  researches 
establish  the  following  general  rule:  A  bifid  substitution 
makes  no  alteration  in  the  geometrical  relations  of  the  bitangents 
denoted  by  any  set  of  symbols.  What  is  meant  by  a  bifid 
substitution  is,  that  writing  down  such  a  symbol  of  substitution 
as  1234*5678,  we  interchange  everywhere  the  duads  12,  34;  13, 
24;  14,  23;  and  again,  56,  78;  57,  68;  58,  67;  but  leave 
unchanged  such  duads  as  15,  36,  where  one  of  the  first  set 
of  symbols  is  combined  with  one  of  the  second.  The  number 
of  possible  bifid  substitutions  is  35,  or,  if  we  add  unity  (viz. 
no  alteration  of  any  duad)  the  number  is  36. 

For  example,  now  if  we  apply  the  bifid  substitution 
1234*5678  to  the  pair  12,  34,  we  get  the  same  pair  in  opposite 
order;  if  we  apply  it  to  12,  13,  we  get  34,  24,  a  pair  of 
the  same  type  as  12,  13 ;  if  we  apply  it  to  12,  15,  we 
get  34,  15,  a  pair  of  apparently  a  different  type,  but  not 
different  in  geometrical  relations.  Thus,  then,  if  we  apply 
the  same  bifid  substitution  as  before  to  the  tetrad  15,  67, 
28,  34,  which  is  one  of  the  set  of  105  already  referred  to, 
we  get  15,  58,  82,  21,  which  is  one  of  the  set  of  210, 
and  which,  according  to  the  rule,  possesses  the  same  geometrical 
properties. 

262.  Professor  Cayley  has  exhibited  in  the  following  table 
the  geometrical  relations  of  the  bitangents,  taken  singly  in 
twos,  threes,  or  fours,  and  the  number  of  terms  belonging  to 
each  type  of  arrangement  of  the  symbols. 
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Representattive 

term. 

m 

.  of  terms.                           Qeometrieal  character. 

1 

12 

28 

28 

BItangents. 

V 
II 

12.13 
12.34 

168| 
210J 

378 

Pairs  of  bitangents. 

u 

12.23.34 

420) 

1260 

Triads  of  bitangents  such  that 

III 

12.34.56 

840J 

6  points  of  contact  are  on  conic. 

A 

]2.23.31 

56-| 

VI 

12.23.45 

1680 

2016 

Triads  such  that  6  points  of  con- 

y 

12.13.14 

280. 

3276 

contact  are  not  on  conic. 

111! 

12.34.56.78 

105 
210 

315 

Tetrads  of  bitangents  such  that  the 

D 

12.23.34.41 

8  points  of  contact  are  on  conic. 

IIV 

12.34.56.67 

2520 

iU 

ir 

12.34.45.56 

'',5040 

Tetrads  such  that  6  out  of  the 

12.23.34.45 

3360 

15120 

N 

8  points  of  contact  are  on  conic. 

12.23.31.14 

840 

^^ 

12.13.14.45 

3360 

I 

lA 

12.34.45.53 

5601 

Vi 

12.13.14.15 

280 

,     5040 

Tetrads  such  that  no  6  points  of 

IM/ 

12.34.35.36 
12.13.45.46 

1680 
2520 

contact  are  on  conic. 

vv 

20475 

In  the  above,  for  greater  clearness,  a  geometrical  symbol 
has  been  attached  to  each  term,  viz.  the  symbols  1,  2,  3,  4, 
5,  6,  7,  8  being  regarded  as  points,  when  any  two  of  these 
are  combined  into  a  duad,  this  is  indicated  by  a  line  being 
drawn  to  join  the  two  points ;  thus  a  is  the  symbol  of  the  term 
12.23.31.  This  is  very  convenient;  we  can  for  instance,  by 
mere  inspection,  see  that  the  symbol  of  any  partial  set  in  the 
set  of  15120  terms,  contains  as  part  of  itself  one  of  the 
symbols  |||,  y,  viz.  that  there  are  among  the  8  bitangents 
six  such  that  their  points  of  contact  lie  in  a  conic;  whereas, 
contrariwise  in  the  symbols  of  the  partial  sets  belonging  to  the 
set  of  5040,  no  one  of  these  symbols  contains  as  part  of  itself 
either  of  the  symbols  |||,  U. 

H  H 
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To  the  foregoing  may  be  joined  the  following  two  groups 
of  hexads  of  bitangents : 


AA 
^  I 

o 

VVI 


Representative  term 

12.23.31.45.56.64 
12.34.35.36.37.38 
12.13.14.56.57.58 


12.23.31.14.45.51        140^ 
12.23.34.45.56.61     1 680  \  5040 
12  34  35  36  67.68     252o) 


These  1008  and  5040  hexads  have  been  studied  by  Hesse 
and  Steiner  as  bitangents  whose  twelve  points  of  contact  lie 
on  a  proper  cubic,  the  former  set  having  no  six  contacts 
on  a  conic,  but  the  twelve  points  of  contact  in  the  latter 
case  being  divisible  into  two  sets  of  six  lying  each  on  a 
conic.  It  may  be  added,  that  the  six  tangents  of  each  of 
the  1008  hexads  all  touch  the  same  conic,  as  will  appear 
from  Aronhold's  investigations,  which  will  be  presently  given. 
The  six  tangents  of  each  of  the  5040  hexads  may  be  dis- 
tributed into  three  pairs,  whose  points  of  intersection  lie  on 
a  right  line  (see  Art.  258). 

263.  We  conclude  this  discussion  of  the  bitangents  with 
an  account  of  the  method  by  which  Aronhold  has  shewn 
(see  Berlin  Manatsberichte^  1864,  p.  499),  that  when  seven 
arbitrary  lines  are  given,  a  quartic  can  be  found  having  these 
lines  as  bitangents,  and  of  which  the  other  bitangents  can  be 
found  by  linear  constructions.  The  method  depends  on  pro- 
perties of  a  system  of  curves  of  the  third  class  having  seven 
common  tangents,  but  it  seems  convenient  to  state  them  first 
in  the  reciprocal  form  with  which  the  reader  is  more  familiar, 
viz.  as  properties  of  a  system  of  cubics  passing  through  seven 
given  points.  (1)  Consider  any  one  cubic  of  the  system,  then 
if  the  eighth  and  ninth  points  in  which  it  is  intersected  by  any 
other  cubic  of  the  system  be  joined,  the  joining  line  passes 
through  a  fixed  point  on  the  assumed  cubic,  viz.  the  coresidual 
of  the  seven  given  points  (Art.  160).  (2)  Through  any  assumed 
point  8   can  be  described  one  and  but  one  cubic  on  which 


THE   BITANGENTS.  235 

this  point  shall  be  the  coresidual  of  the  seven  given  points. 
For  all  cubics  of  the  system  through  the  point  8  pass  through 
another  fixed  point  9,  and,  by  definition,  the  coresidual  is  the 
point  where  the  line  joining  these  points  meets  the  curve  again. 
If,  therefore,  the  coresidual  is  to  coincide  with  the  point  8, 
the  cubic  must  be  that  one  which  is  determined  by  having  the 
line  89  as  its  tangent  at  the  point  8.  (3)  Four  cubics  of  the 
system  can  be  described  to  touch  a  given  cubic  of  the  system, 
the  points  of  contact  being  obviously  the  points  of  contact  of 
tangents  drawn  to  the  given  cubic  from  the  coresidual  point 
on  it.  (4)  If  the  points  8,  9  coincide,  that  is  to  say,  if  cubics 
of  the  system  touch,  the  envelope  of  the  common  tangent  89 
is  a  curve  of  the  fourth  class.  For  consider  how  many  such 
lines  can  pass  through  any  assumed  point  P.  Suppose  a  cubic 
described  through  P,  and  through  the  points  8,  9,  then,  by 
definition,  P  is  the  coresidual  point  on  that  cubic,  and  by  (2) 
this  cubic  having  P  for  the  coresidual  is  a  determinate  known 
cubic.  We  see  then,  from  (3)^  that  the  envelope  in  question 
is  of  the  fourth  class,  the  four  tangents  from  any  point  P  being 
constructed  by  finding  the  cubic  which  has  P  for  its  coresidual, 
and  drawing  the  four  tangents  from  P  to  that  cubic.  (5)  The 
point  P  will  be  a  point  on  the  envelope  curve,  if  two  of  the 
tangents  drawn  from  it  coincide ;  but  from  the  construction 
just  given,  it  appears  that  this  can  only  happen  when  the 
curve  having  P  for  its  coresidual  has  a  node ;  for  in  this  case 
two  tangents  coincide  with  the  line  joining  P  to  the  node. 
Hence  the  envelope  we  are  considering  may  also  be  defined  as 
the  locus  of  the  coresidual  of  the  given  system  of  points  on  all 
the  nodal  cubics  of  the  system.  (6)  If  the  cubic  through  the 
seven  points  break  up  into  a  conic  through  five  of  them,  and  a 
line  joining  the  other  two,  it  has  two  nodes,  namely,  the  inter- 
section of  the  line  and  conic.  Any  other  cubic  of  the  system 
meets  this  complex  cubic  in  .two  other  points,  one  on  the  line, 
one  on  the  conic,  and  the  coresidual  is  the  point  P  where  the 
line  joining  these  two  meets  the  conic  again.  In  this  case, 
then,  P  is  a  double  point,  the  two  tangents  at  it  being  the  lines 
joining  it  to  the  intersections  of  line  and  conic.  Now  seven 
points  can  be  divided  in  21  difi'erent  ways  into  a  system  of 
two  and  of  five.     The  curve  we  are  considering  has,  therefore, 
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21  double  points,  one  on  each  of  the  21  conies  determined 
by  any  five  of  the  given  points.  (7)  In  addition,  the  seven 
given  points  themselves  are  double  points  on  the  same  curve. 
For  a  cubic  can  be  described  through  six  of  the  given  points 
and  having  the  remaining  point  for  a  double  point,  and  it  is 
easy  to  see  that  the  double  point  is  the  coresidual  for  that 
cubic.  The  four  tangents  from  it  to  the  cubic  reduce  to  two 
pairs  of  coincident  tangents,  namely,  the  tangents  to  the  cubic 
at  the  double  point.  The  envelope  curve,  therefore,  has  28 
double  points,  7  of  them  being  the  seven  given  points,  and 
the  pair  of  tangents  at  each  of  these  seven  points  being  the 
same  as  those  of  the  cubic  of  the  system  having  that  point 
for  a  double  point. 

264.  Eeciprocally,  then,  if  we  have  a  system  of  curves  of 
the  third  class  touching  seven  given  lines,  and  consider  any 
one  curve  of  the  system,  the  eighth  and  ninth  tangents  common 
to  it  with  any  other  curve  of  the  system,  intersect  on  a  fixed 
tangent  of  the  selected  curve,  which  may  be  called  the  core- 
sidual, for  that  curve,  of  the  seven  given  tangents.  (2)  Cor- 
responding to  any  arbitrary  line,  there  is  a  curve  of  the  system 
having  that  line  as  the  coresidual  for  it  of  the  given  tangents. 
(3)  Any  fixed  curve  of  the  system  is  touched  by  four  others^ 
the  points  of  contact  being  the  points  where  the  coresidual 
tangent  again  meets  the  curve,  which,  being  a  general  curve 
of  the  third  class,  is  of  the  sixth  degree.  (4)  The  locus  of 
points  where  two  curves  of  the  system  touch  is  a  curve  of 
the  fourth  degree,  the  points  where  any  line  meets  that  locus 
being  the  four  points  where  it  meets  the  curve  for  which  it  is 
a  coresidual  tangent.  (5)  If  the  curve  of  the  third  class  have 
a  bitangent,  the  coresidual  for  that  curve  touches  the  locus, 
the  point  of  contact  being  the  intersection  of  the  coresidual  with 
the  bitangent.  (6)  If  the  curve  consists  of  a  conic  touching 
five  of  the  given  tangents  together  with  a  point,  the  intersec- 
tion of  the  other  two  tangents ;  the  coresidual  for  that  system 
will  then  be  a  bitangent  to  the  locus.  There  will  be  21  such 
bitangents.  (7)  In  addition,  the  seven  given  lines  themselves 
are  bitangents,  the  points  of  contact  being  the  same  as  those 
in  which  any  .of  them  is  touched  by  the  curve  of  the  third 
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class  having  that  line  for  a  bitangent  and  the  six  other  given 
lines  as  ordinary  tangents.* 

265.  We  can  now,  as  has  been  stated,  from  the  seven 
given  bitangents  find  the  rest  by  linear  constructions.  We 
have  in  fact  to  construct  the  coresidual  tangents  for  the  several 
systems  12345, 67,  &c.,  where  12345  denotes  the  conic  touching  the 
first  5  lines,  and  67  is  the  point  of  intersection  of  the  other  two. 
Now  the  two  systems  12345,  67  and  12346,  57  have  obviously 
seven  common  tangents,  and  the  remaining  common  tangents 
are  the  tangents  to  12345  from  the  point  57,  and  to  12346  from 
67.  But  Brianchon's  theorem  enables  us,  when  one  point  on  a 
tangent  to  a  conic  is  given,  to  find  by  linear  constructions 
the  remaining  tangent.  These  two  tangents,  then,  having 
been  constructed,  and  their  intersection  found,  the  remaining 
tangents  drawn  from  it  to  each  of  the  two  conies  in  ques- 
tion will  be  the  two  required  coresiduals,  and  therefore  two 
of  the  bitangents.  Or  otherwise,  if  we  consider  the  three 
systems  12345,  67;  12346,  57;  12347,  56,  and  determine 
in  the  manner  just  described  the  remaining  eighth  and  ninth 
tangent  common  to  each  pair  of  systems,  the  three  intersec- 
tions of  these  pairs  of  tangents  will,  when  joined,  give  three 
of  the  required  bitangents.  The  bitangent  which  is  the  core- 
sidual for  the  system  12345,  67  may  be  called  the  bitangent 
(67) ;  and  thus  the  twenty-one  bitangents  may  be  denoted  by 
combinations  of  the  symbols  1,  2,  3,  4,  5,  6,  7.  In  addition  we 
have  the  seven  given  lines;  and  if  introducing  for  symmetry 
a  new  symbol  8,  we  denote  these  (18),  (28),  (38),  (48),  (58),  (68), 
(78),  ^e  are  led  by  Aronhold's  method  to  an  algorithm  identical 
with  that  of  Hesse. 

266.  The  intersection  of  the  eighth  and  ninth  tangents 
common  to  any  two  curves  of  the  system  is  a  point  through 


*  The  point  of  contact  of  each  of  the  seven  given  lines  with  the  locus  being  thus 
given,  we  have  fourteen  points  on  the  quartic,  which  is  thus  completely  determined, 
and  there  is  but  one  quartic  satisfying  the  prescribed  conditions.  There  may,  however, 
be  several  quartics  having  the  seven  given  lines  as  bitangents  j  but  the  one  deter- 
mined by  Aronhold's  method  has  them  as  unrelated  bitangents,  viz.  such  that  no 
three  of  them  belong  to  the  same  group. 
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which  passes  the  coresidual  tangent  for  each  of  these  curves. 
Consider,  then,  the  complex  cubic  systems  12,  34567  ;  34,  12567, 
and  one  of  the  common  tangents  is  the  line  joining  the  points 
12,  34 ;  that  is  to  say,  in  the  algorithm  just  referred  to,  the  line 
joining  the  intersections  of  the  lines  (18),  (28);  (38),  (48);  and 
we  now  see  that  this  line  passes  through  the  intersection  of  the 
coresiduals  of  the  two  systems  under  consideration,  that  is  to  say, 
through  the  point  (12),  (34).  In  this  way  we  get  the  theorem 
already  proved  (Art.  258),  that  the  intersections  of  the  lines 
(18),  (28);  (38),  (48);  (12),  (34),  are  in  a  right  line;  and 
Art.  262  shows  that  by  an  ordinary  or  bifid  substitution  we 
can  find  5040  lines  possessing  the  same  property. 

267.  We  conclude  with  Aronhold's  algebraic  investigation 
of  the  equation  of  the  quartic  generated  according  to  his  method. 
Let  us  use  tangential  coordinates  a,  /3,  7 ;  and  let  w,  v,  w  be 
any  linear  functions  of  them,  aa  -}-  Z>y8  +  07,  &c.,  then  the  equations 

Pv  —  f^u  =  0,  71^?  -  aw  =  0,  au  —  Pv  =  0, 

denote  three  conies  having  four  tangents  common,  and  of  which 
each  touches  one  of  the  sides  of  the  triangle  of  reference.     And 

a  (/3v  —  7?^)  =  0,  /3  (710  —  oLu)  =  0,  7  {au  —  0v)  =  0, ' 

denote  three  curves  of  the  third  class  having  seven  common 
tangents,  viz.  the  four  common  to  the  two  conies,  and  the  sides 
of  the  triangle  of  reference.  Any  other  cubic  having  the  same 
7  common  tangents  will  be  of  the  form 

ua  [ffv  —  yw)  +  v^  [yw  —  au)  +  w'y  (aw  —  ^v)  =  0, 

where  w',  v\  w'  are  arbitrary  constants,  which  are  supposed 
to  be  of  the  form  aa!  -f  h^'  +  C7',  &c.,  where  a',  /3',  7'  are  the 
coordinates  of  an  arbitrary  line.  Writing  the  above  equation 
in  the  form 

w,   w ,  ^7 

v^  v\    7a    =  0, 

it  is  evidently  satisfied  by  the  coordinates  a'/3V,  which  therefore 
are  those  of  a  tangent  to  this  curve.  And  further,  this  tangent 
is  the  coresidual  for  that  curve  ;  for  we  shall  find  the  other  two 
tangents  through  any  point  in  that  line,  by  substituting  in  the 
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above  Xa '+  yita"  for  a,  &c.     The  equation  then  is  divisible  by  /*, 
and  after  division  becomes 


X' 


u,u  ,  ^y 


V.   V 


fyoL 


■i-Xfi 


^f^' 


v\  v'\  7"a" 
w\  w",  a"yS" 


=0, 


and  the  symmetry  of  the  equation  shows  that  the  pairs  of 
tangents  are  the  same  which  can  be  drawn  from  the  intersection 
of  the  lines  a  ;S Y,  a''/3'V'  to  the  curves 


w,  u\  ^y 

Wj  w\  CL^ 


=  0, 


«^j  ""j  /57 


V.    V 


yoL 


Wj  w\  ay8 


=  0. 


Thus  then  the  tangents  o!^'y\  oi^^"y'  being  respectively 
the  third  tangents  drawn  to  each  curve  from  the  intersection 
of  the  eighth  and  ninth  tangents  common  to  both,  are,  by 
definition,  the  coresidual  tangents.  The  two  curves  will 
touch  provided  that  the  quadratic  equation  in  X,  )Lt,  has 
equal  roots;  or  if  we  write  the  coefficients  of  that  quad- 
ratic P,  §,  i?,  provided  we  have  Q'  —  ^PR.  If  we  denote  by 
X,  Y^  Z  the  minor  determinants  vw'' ^v'w\  wvb'  —  w'u\ 
uv^  —  y!'v\  we  have 

P=  )8YX+  Ya'^+  a'yS'^, 

Q  =  (^V  +  ^V)  ^+  (7  a"  +  7V)  r+  (a'^"  +  a'W  Z, 

P==  /3V-^+  7  V  r+  a"^"Z 

ISIow  for  /3V'  -  )SV,  7a'  -  Y'a',  a'yS''  -  a''  -  a''/3'  we  may  write 
£c,  y,  s,  these  being  the  point-coordinates  of  the  point  of  inter- 
section of  the  two  lines  a'ySY'j  a''/3V'-  The  equation  Q-  =  4PS 
is  then  equivalent  to 

x^X^  +  /  F'  +  z'Z'  -  2yz  YZ-  2zxZX-  2xyXY=  0, 

or  >^[xX)  +  V(«/  i^)  +  V(2J^)  =  0. 

It  will  be  remembered  that  X  stands  for  vw''  —  v^w\  and  if  we 
put  for  these  their  values 

v'  =  a' a!  +  VP'  +  c Y,    w'  =  a V  -f  5''yS'  +  c V, 

v''  =  a'a"  +  5'^"  +  c Y",   ^^"  =  «"« '  +  &";Q"  +  c V, 

we  have  X=  (&V'  -  &'V)  x  +  (cV  -  cV)  y  +  (a'J''  -  a'T)  z. 
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Similarly    F=  {h"c  -  Jc")  x  +  (c"a  -  cd')  y  +  {o!%  -  aW)  z, 

Z—  (Jbc   -¥c)x-\-  [ca'  —c'a)y-\  [aV  —  ah  )  z. 

Thus  X,  F,  Z  represent  known  lines.  They  are  in  fact  the 
sides  of  the  triangle  whose  vertices  are  represented  by  w,  v,  w. 
It  will  be  observed  that  the  coefficients  in  X,  F,  Z  are  the 
constituents  of  the  determinant  reciprocal  to  that  formed  by 
the  coefficients  of  u,  v,  w;  so  that  if  X,  F,  Z had  been  originally 
given,  u,  V,  w  would  be  found  by  similar  formulas. 

268.  The  same  investigation  would  hold  if  the  equations 
of  the  three  conies  had  been  Iolu  —  m^v  =  n^w.  The  values 
of  X,  F,  Z  would  remain  as  before,  but  we  should  have 

P=  mn^yX->r  nlry'a!  F+  Imd^'Z,  &c., 

and  the  equation  would  be 

V  {mnxX)  +  V  (nly  F)  +  V  {ImzZ)  =  0. 

This  is  the  most  general  equation  of  a  quartic  having  three 
given  pairs  of  lines  £c,  X,  &c.,  as  pairs  of  bitangents  of  the  same 
group.  If  we  were  given  a  seventh  bitangent,  then  Z,  m^  n 
would  be  completely  determined  by  the  equations  supposed 
to  be  satisfied  by  the  coordinates  of  that  bitangent,  viz., 
Iolu  =mfi'v' =  nyw\  whence  mn^  nl^  Im  are  respectively  pro- 
portional to  aV,  ySV,  yw\  Thus,  then,  if  we  are  required 
to  describe  a  quartic  having  seven  given  lines  as  bitangents, 
besides  the  one  quartic  determined  (Art.  265)  on  the  supposition 
that  no  two  of  the  tangents  belong  to  the  same  group,  we 
can  describe  (7  x  15  =)  105  others  according  to  the  method  of 
this  article,  by  leaving  out  any  one  of  the  seven  and  dividing 
the  six  remaining  into  three  pairs,  which  can  be  done  in  fifteen 
different  ways. 

BINODAL  AND  BICIECULAR  QUARTICS. 

269.  Except  in  connection  with  the  bitangents,  the  theory 
of  non-singular  quartics  has  been  little  studied,  and  what  else 
we  have  to  state  on  this  subject  will  be  given  in  the  concluding 
section  of  this  chapter,  that  on  the  Invariants  and  Covariants. 
In  order  to  complete  the  theory  of  the  bitangents,  we  ought 
to  consider  the  modifications  which  that  theory  receives  when 
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the  curve  lias  one  or  more  double  points.  The  case,  however, 
where  the  quartic  has  but  one  node  has  received  no  attention, 
and  will  not  be  here  discussed.  Quartics  with  two  nodes,  in 
the  case  where  these  are  the  circular  points  at  infinity,  have 
been  extensively  studied  under  the  name  of  bicircular  quartics,* 
and  some  of  the  principal  results  obtained  will  be  here  given. 
All  the  projective  properties  obtained  for  bicircular  quartics  may 
of  course  be  stated  and  proved  as  properties  of  binodal  quartics, 
but  we  shall  find  it  convenient  to  give  several  of  them  in  their 
original  form,  as  the  reader  will  have  no  diflSculty  in  making 
the  proper  generalization.  Quartics  having  the  two  circular 
points  as  cusps  have  also  been  much  studied  under  the  name  of 
CartesianSjt  the  properties  of  which  may  similarly  be  gene- 
ralized and  stated  as  properties  of  bicuspidal  quartics.  If  a 
quartic  have  one  of  the  circular  points  as  a  cusp  and  the  other 
as  a  node,  it  cannot  be  real ;  consequently  this  case  has  been 
little  studied,  and  therefore  we  have  little  to  state  as  to  the 
properties  of  quartics  having  one  node  and  one  cusp. 

270.  From  each  of  the  two  nodes  of  a  binodal  quartic  may 
be  drawn  four  tangents  to  the  curve  (Art.  79),  and  we  shall 
now  prove  that  the  anharmonic  ratios  of  these  two  pencils  are 
equal.  The  general  equation  of  a  quartic  having  for  nodes 
the  intersections  of  the  line  z  with  the  lines  x  and  y  is 

ajy-1-  2xyz  [Ix  +  my)  +  z'  (aicV  hf+  cz'+  2fyz  +  2gzx  +  2hxy)  =  0. 

The  pairs  of  tangents  at  the  nodes  are  given  by  the  equations 

x""  +  2mxz  +  bz'  =  0,  y^  +  2lyz  +  az'  =  0, 

and  we  lose  nothing  in  generality  by  supposing  I  and  m  to  be 
both  =  0,  which  is  equivalent  to  assuming  that  for  the  lines  x 
and  y  have  been  taken  the  harmonic  conjugate,  with  respect  to 
the  pair  of  tangents  at  each  node,  of  the  line  z  which  joins  the 
nodes.     Arranging  now  the  equation  of  the  quartic 

y""  [x^  +  hz')  -h  2yz''  {fz  +  Jix)  -f  z"  {ax^  +  2gzx  +  cz')  =  0, 

♦  See,  in  particular,  Dr.  Casey's  paper,  Transactions  of  the  Royal  Irish  Academy y 
vol.  XXIV.  p.  457,  1869. 

t  See  Chasles'  Apergu  Historique,  p.  360;  Quetelet,  Nouveanx  Memoires  de 
Bruxelles,  torn.  v. ;  Cayley,  Liouville,  vol.  xv.  p.  364. 

II 
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we  see  immediately  that  the  four  tangents  from  the  node  zx  are 
given  by  the  equation 

(a;^  -F  hz^)  (aic'  +  2gzx  +  cz^)  =  z'  [fz  +  lix)\ 
or  ax^^  2gx^z  +  (c  4-  a5  -  h^)  x^z'^  2  ^g  -  hf)  z^x  +  [he  -f)  2^=0. 
The  invariants  of  this  quartic  are 
/=  ahc  -  af  -  hf  ^-fgh  +  yV  [c  +  ah-  ¥)\ 
6/=  [ahc  -  a/  -  hg^  -  \fgh)  [c  +  ah-  h')  -  %h^  [af  +  5/) 

+  Mhfgh  +  l/y  ^^[c  +  ah-  ¥)\ 

Now  these  values  are  symmetrical  between  a  and  5, /and  ^,  and 
we  see  therefore  that  they  are  the  same  as  the  invariants  of  the 
quartic  which  corresponds  to  the  pencil  of  tangents  from  the 
node  yz^  and  that  therefore  the  two  pencils  are  homographic. 

271.  It  follows  at  once,  as  in  Art.  168,  that  a  conic  can  be 
drawn  passing  through  the  two  nodes,  and  through  the  four 
points  where  each  of  the  tangents  from  one  node  meets  the 
corresponding  tangent  from  the  other ;  and  further,  since  there 
are  four  orders  in  which  the  legs  of  the  second  pencil  can  be 
taken  without  altering  the  anharmonic  ratio,  that  the  sixteen 
points  of  intersection  of  the  first  set  of  tangents  with  the  second 
lie  on  four  conies,  each  passing  through  the  two  nodes.  When 
the  quartic  is  bicircular,  that  is  to  say,  when  the  two  nodes 
are  the  circular  points  at  infinity,  the  theorem  becomes  that  the 
sixteen  foci  of  a  hicircular  quartic  lie  on  four  circles^  four  on  each 
circle.^  It  is  to  be  noted  that  any  one  of  the  conies  through 
the  two  nodes  may  degenerate  into  a  right  line  together  with 
the  line  joining  the  nodes,  so  that  four  of  the  foci  of  a  bicir- 
cular quartic  may  lie  on  a  right  line. 

272.  We  have  already  stated  that  the  equation  of  any 
quartic  may,  in  an  infinity  of  ways,  be  thrown  into  the  form 

aW-^h V -\-cW'-i-  2fVW+  2g WU+  2h UV=  0, 

where  Z7,  F,  W  represent  three  conies.  If  the  quartic  is  non- 
singular,  the  three  conies  cannot  have  a  common  point,  since  it 

*  In  point  of  fact,  this  theorem,  which  is  due  to  Dr.  Hart,  was  first  obtained,  and 
the  theorem  of  Art.  270  thence  inferred.  The  proof  given  in  Art.  270  is  in  substance 
the  same  as  Professor  Cayley's,  See  his  Memoir  on  Polyzomal  Curves,  Edinburgh 
Trans.,  1869. 
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Is  obvious  that  any  point  common  to  J/",  F,  W  must  be  a  double 
point  on  the  quartic  whose  equation  we  have  written.  In  the 
case  of  binodal  quartics,  U^  F,  W  may  be  taken  as  three  conies 
passing  each  through  the  two  nodes,  and  when  these  nodes  are 
the  circular  points  at  infinity,  U,  F,  W  are  three  circles.  We 
lose  nothing  in  generality  by  confining  our  attention  to  the 
equation  UW=  F^,  to  which,  as  in  the  theory  of  conies,  the 
preceding  equation  may  in  a  variety  of  ways  be  reduced.  It 
may,  for  instance,  be  written 

(a  U+gW+h  Vy  =  {h'  -  ah)  V  +  2  (;^^  -  af)  VW+  {g'  -  ac)  W% 
where  the  right-hand  side  of  the  equation  breaks  up  into  factors. 
Bicircular,  therefore,  and  binodal  quartics  may  be  discussed 
by  considering  the  form  UW=  F^,  and  by  regarding  the  quartic 
as  the  envelope  of  X' ^+ 2\  F+ )F=  0,  where  U^  F,  W  are  in 
the  former  case  circles,  and  in  the  latter  case  conies  passing 
through  the  two  nodes;  and  it  is  only  necessary  to  examine 
how  this  limitation  modifies  the  results  already  obtained, 
Arts.  251,  &c. 

273.  When  three  conies  have  two  points  common,  their 
Jacobian  breaks  up  into  the  line  joining  them,  together  with  a 
conic  passing  through  the  two  points ;  and  when  the  three 
conies  are  circles,  the  Jacobian  conic  is  the  circle  which  cuts 
them  at  right  angles  [Conies^  Art.  388,  Ex.  3).  The  Jacobian 
being  a  determinant,  the  Jacobian  of  three  conies  whose  equations 
are  of  the  form  a  U+  ^  V+  y  W=  0  is  the  same  as  that  of  Z7,  F, 
(F;  and  when  ZJ,  F,  W  are  circles,  all  circles  included  in  this 
form  have  a  common  orthogonal  circle. 

If  Z7,  F,  W  are  circles,  the  coordinates  of  whose  centres 
are  x^y^z^,  ^22^2^2?  ^a^a^s?  ^^^  coordinates  of  the  centre  of 
V£7-i-  2\F+  W  will  be  proportional  to 

and  the  locus  of  the  centre,  as  A.  varies,  is  evidently  a  conic. 
Hence  the  quartic  UW=  V'^  may  be  regarded  as  the  envelope 
of  a  circle  whose  centre  moves  on  a  fixed  conic*  jF,  and  which 

*  Dr.  Casey  has  shown  that  the  foci  of  this  fixed  conic  are  the  same  as  the  double 
foci  of  the  quartic.  In  fact,  if  a  tangent  from  a  point  /  meets  the  conic  F  in  two 
consecutive  points  P,  P',  the  line  IP  will  be  a  common  normal  to  the  two  circles  whose 
centres  are  P,  P',  and  which  pass  through  /.    If  then  /  be  one  of  the  circular  points  at 


244  BINODAL  AND  BICIRCULAR  QUARTICS. 

cuts  a  fixed  circle  /  orthogonally.  And  in  the  more  general 
case  of  the  binodal  quartic,  where  ?7,  F,  W  are  conies  through 
the  fixed  points,  UW—  V^  is  the  envelope  of  the  variable  conic 
X' U -{■  2\V ■]- Wj  passing  through  the  fixed  points;  all  the 
variable  conies  having  a  common  Jacobian  conic,  and  the  pole, 
with  regard  to  any,  of  the  line  joining  the  fixed  points  moving 
on  a  fixed  conic  F, 

274.  The  nature  of  the  quartic  will  be  modified  if  any 
special  relations  exist  between  the  conic  F  and  the  Jacobian. 
Thus,  if  F  touch  the  Jacobian,  the  point  of  contact  will  be  an 
additional  node  on  the  quartic,  and  if  F  touches  the  Jacobian 
twice,  then  each  point  of  contact  will  be  a  node;  that  is,  the 
quartic  will  break  up  into  two  conies,  each  passing  through  the 
fixed  points.  80  if  F  pass  through  one  of  the  fixed  points,  that 
point  instead  of  being  a  node  of  the  quartic  will  be  a  cusp,  and  if 
F  pass  through  both  of  the  points  both  will  be  cusps,  and  we 
have  a  bicuspidal  quartic.  Thus,  in  the  case  of  bicircular  quartics, 
if  the  conic  i*^  which  is  the  locus  of  centres  be  a  circle,  the  quartic, 
having  the  points  at  infinity  as  cusps,  will  be  a  Cartesian. 

If  the  conic  F  touch  the  line  joining  the  points,  that  line 
becomes  part  of  the  quartic.  Thus,  in  the  case  of  bicircular 
quartics,  if  the  conic  jP  be  a  parabola,  the  quartic  will  degenerate 
into  a  circular  cubic,  together  with  the  line  at  infinity. 

If  the  centres  of  U,  F,  W  lie  on  a  right  line,  the  Jacobian 
reduces  to  the  line  joining  the  centres. 

275.  Let  us  now  return  to  the  equation  UW=  F^  We 
have  seen  that  there  are  in  general  six  values  of  X,  for  which 
X^U-\-2\V+W  breaks  up  into  factors,  and  that  the  right  lines 
represented  by  the  several  factors  are  bitangents  to  the  quartic 
UW=  F^  Now  when  Z7,  F,  TF  all  pass  through  fixed  points, 
X'^U+2\V+Wj  which  denotes  a  curve  passing  through  the 
same  points,  must,  if  it  denote  right  lines,  denote  two  lines 
passing  one  through  each  of  the  points,  or  else  the  line  joining  the 
points  together  with  another  line.     In  the  former  case  the  two 

infinity,  it  follows  that  the  tangents  from  /  to  i^  are  normals,  and  therefore  tangents 
to  the  quartic  at  /.  The  sam?  argument  holds,  whatever  be  the  curve  F,  or  whatever 
the  law  according  to  which  the  circles  are  described.  Thus,  the  single  foci  of  any 
curve  ai-e  double  foci  of  any  parallel  curve. 
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lines  are  not  proper  bitangents  to  tlie  quartic  UW=  F*,  but 
ordinary  tangents  passing  through  a  node  (any  line  passing 
through  a  node  being  improperly  a  tangent) ;  in  the  latter  case 
one  of  the  two  lines  is  a  proper  bitangent,  the  other  is  the  line 
joining  the  nodes.  Of  the  six  values  of  X,  only  two  correspond 
to  the  case  of  proper  bitangents  ;  for  if  L  be  the  chord  common 
to  Uy  Vj  Wj  then  V  and  W  will  be  of  the  forms  respectively 
aU^LM,  hU-hLN',  and  X'U-{-2\V+  W  will  have  L  for  a 
factor  if  \  be  one  of  the  roots  of  V  +  2\a  +  &  =  0.  Thus,  in  the 
case  of  bicircular  quartics,  when  U^  F,  W  all  represent  circles, 
there  are  evidently  two  values  of  A,  for  which  the  coefficient  of 
x^^-y^  vanishes  in  VZ7-I-2XF+  T^=0,  and  for  each  of  these 
values  the  equation  denotes  a  right  line  bitangent  to  the  quartic 
VW=  F^.  Or  we  may  see  the  same  thing  geometrically 
from  the  construction  in  Art.  273.  If  the  circle  X'U-\-  2\V+  W 
becomes  a  right  line,  its  centre  passes  to  infinity,  and  must  there- 
fore be  the  point  at  infinity  on  one  of  the  two  asymptotes  of  the 
conic  F;  and  the  two  bitangents  are  therefore  the  perpendiculars 
let  fall  from  the  centre  of  the  Jacobian  on  these  asymptotes. 

In  each  of  the  four  other  cases  where  the  discriminant  of 
X'^U+2W-{-  IF=0  vanishes,  the  equation  denotes  a  pair  of 
tangents  to  the  quartic,  passing  each  through  one  of  the  circular 
points  at  infinity,  and  whose  intersection  therefore  is  a  focus  of 
the  quartic;  or,  what  comes  to  the  same  thing,  X^U+2XV+Wi3 
an  infinitely  small  circle  whose  centre  is  the  focus^  and  which 
has  double  contact  with  the  quartic.  If  one  of  two  orthogonal 
circles  reduce  to  a  point,  that  point  must  lie  on  the  other  circle ; 
hence  if  XU-\-2W-\-  TF  reduce  to  a  point,  that  point  must  be 
on  the  Jacobian  circle  of  Uj  F,  W.  We  have,  therefore,  obvi- 
ously four  foci,  viz.  the  intersections  of  this  Jacobian  circle  with 
the  conic  jP,  which  is  the  locus  of  centres  of  circles  included  in 
the  equation  X^U+2XV+  TF=0,  and  which  may,  therefore,  be 
called  a  focal  conic. 

The  four  points  in  which  the  Jacobian  circle  meets  the  quartic 
will  be  points  in  which  circles  of  the  system  VC/'+2XF+  TF 
meet  the  quartic  in  four  consecutive  points  (Art.  251). 

There  are  four  ways  in  which  the  equation  of  a  given 
bicircular  quartic  can  be  reduced  to  the  form  UW=  F''^;  cor- 
responding to  each  there  are  four  foci,  two  bitangents  and  four 
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cyclic  points,  or  points  on  the  curve  where  four  consecutive 
points  lie  on  a  circle  (see  Art.  114) ;  the  quartic  having  in  all 
16  foci,  8  bitangents,  and  16  cyclic  points. 

276.  If  one  of  the  foci  of  the  quartic  be  taken  as  origin, 
the  equation  of  the  quartic  must  be  of  the  form  {x^  +  y^)  W—  F*, 
where  V  and  W  represent  circles;  and  the  quartic  is  the 
envelope  of  x^  +  y^  +  2\  F-f  \^  TF=  0.  Besides  the  value  A,  =  0, 
there  are  three  other  values  of  \  for  which  this  variable  circle 
reduces  to  a  point ;  and  one  of  these  values  must  be  real.  We 
can  then  write  the  equation 

or,  in  other  words,  when  we  have  a  focus  we  can  at  once  bring 
the  equation  of  the  quartic  to  the  form  AB  =  F'^,  where  A  and 
B  are  point-circles.  Biclrcular  quartics  may  be  divided  into 
two  classes,  according  as  the  other  two  values  of  X,  for  which 
-4  +  2XF-i-  }CB  reduces  to  a  point-circle,  are  real  or  imaginary, 
or,  in  other  words,  according  as  the  four  real  foci  do  or  do  not 
lie  on  a  circle.  In  the  former  case  let  G  denote  one  of  the  two 
point-circles,  and,  as  in  Art.  257,  eliminate  F  between  the 
equations  AB=V^^  A -\-2\V+X^B=  C,  and  we  see  that 
the  equation  of  the  quartic  may  be  written  in  the  form 
I  VM)  +*'*  V(^)  +  w  V(^)  =  0)  that  is  to  say,  that  the  quartic  is 
the  locus  of  a  point  whose  distances  from  three  fixed  points 
are  connected  by  the  relation  Ip  +  mp^  +  np^^  =  0. 

The  condition  that  I \/ {A) ^ m  \/[B)-\-  n \/ [C)  shall  be  touched 

by  \A  +  fiB-{-  vC  is  {Conies^  Art.  130)  ^  +  —  +  —  =  ^5  and 

when  A^  B^  G  are  point-circles,  and  «,  b,  c  the  lengths  of 
the  lines  joining  the  points,  it  is  easy  to  verify  that  the  dis- 
criminant of  \A  +  fjuB  +vG  vanishes  if  —  H h  -  =  0.     The 

\         fJb  V 

two  equations  just  given  determine  \,  /a,  v,  and  therefore  the 
fourth  focus. 

We  have  seen  ( Gonics^  Art.  94)  that  if  ^,  B^  (7,  D  be  four  point- 
circles,  we  have  identically  hcd.A-^  cda.B  +  dab.G-\-  a5c.Z>  =  0, 
where  ahc  is  the  area  of  the  triangle  whose  vertices  are  a,  Z>,  c,  &c. 
Hence,  \,  /a,  v  are  proportional  to  the  areas  of  the  triangles  formed 
by  the  fourth  focus  and  each  pair  of  the  other  three  foci.   In  the 
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case  where  the  three  points  a,  5,  c  are  in  a  right  line,  it  can 
easily  be  proved  that  the  squares  of  the  distances  from  any  point 
of  four  points  on  a  right  line  are  connected  by  the  equation 

A  B  G  D        ^^ 

ah .ac. ad      ha, be, bd      ca,cb  ,  cd      da,db  ,dc 
Hence  we  see  that  the  reciprocals  of  X,  /x,  v  are  proportional 
to  ah,ac,ad^  ha.hc.hdj  ca,ch,cd^  and  that  we  have  the  equation 

l^ab  ,ac,ad  +  rn^ha  ,hc,hd  +  n^ca  ,ch,cd  =  0. 

If  we  had  Fab ,  ac  +  m^ha ,  he  +  n^ca .  cJ  =  0, 

the  fourth  focus  would  be  at  infinity,  and  the  curve  would  be  a 
Cartesian. 

277.    When  we  are  given  four  concyclic  foei  of  a  hicircular 

quartie^  two  such  quarties  can  be  described  through  any  pointy  and 

these  cut  each  other  at  right  angles.      If  we  are  given  the  fourth 

focus,  we  are  given  the  values  of  \,  /x,  v,  for  which  XA+^B-^-  vG 

reduces  to  a  point;   and  evidently  two  systems  of  values  of 

r      m^      n^ 
Z,  ?7i,  n  can  be  found  to  satisfy  the  equations  -  + H  —  =  0, 

Zp  +  Twp' +  Tip"  =  0,  where  p,  p',  p'  or  \I{A)^  V(^),  ^[G)  denote 
the  distances  from  the  three  foci  of  a  point  on  the  curve  sup- 
posed to  be  given. 
Two  quarties 

I  ^J{A)  4-  m  sl[B)  H-  n  ^/{G)  =  0,  Z'  ^{A)  +  m'  sJ[B)  +  n'  ./{G)=0 
will  be  confocal  if 

a'  {mV  -  m'V)  +  V"  {n'P  -  n'T)  +  c'  {TW'  -  fW)  =  0, 
as  appears  immediately  on  eliminating  \,  /*,  v  from  the  three 
equations 

4_+_=:0,    -  +  —  +  —  =0,   —  +  -+-=0. 

In  order  next  to  find  the  condition  that  the  quarties  should 
cut  at  right  angles,  we  first  premise,  and  the  reader  can  verify 
without  difficulty,  that  if  A,  B,  G  be  point-circles,  and  a,  5,  c  have 
the  same  meaning  as  before,  the  condition  that  XA-^  fiB+vG, 
XA  +  fJifB+  v'G  should  cut  each  other  at  right  angles  is 
a'  (At/  4-  /^V)  +  V  (vV  +  V\)  +  d'  (X/  +  \»  =  0. 
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We  observe  further  that,  as  at  Conies^  Art.  130,  the  qnartic 
I  \J{A)-\-m  sJ{B)-\-n  \/{G)  will  be  touched  at  any  point  for 
which  the  values  of  \I{A\  ^/[B)j  \/{G)  are  /o,  /,  p\  by  the  circle 

~A  +  -,B+  —,(7=0.    The  condition  that  this  circle  should  cut 

P  P  P 

orthogonally  the  tangent  circle  to  V  \/(A)  +  m'  ^/{B)+n'  /^{G)  is 

.,  mri  +  mfn     ^.,  nl^  +  7i7       „  Zm'  +  Fm 

a' 7-77 +  0   77 +c' J—  =0. 

PP  P  P  PP 

But,  solving  between  the  two  equations 

Ip H-  mp  +  np'  =  0,    Fp  +  mp  +  rip'  =  0, 

we  find  p,  p',  p"  respectively  proportional  to  mri  —  mn^  nV  —  ril^ 
In  —  V7n,  Substituting  in  the  preceding  equation,  we  find  that 
the  condition  that  the  quartics  should  be  mutually  orthogonal  is 

d'  {mV  -  mV)  +  y  {ri^r  -  r^'f)  +  ^  [IV  -  fV)  =  0, 

the  same  as  the  condition  already  found  that  the  quartics  should 
be  confocal;  and  the  theorem  stated  is  therefore  proved.  It 
does  not  appear  to  be  necessary  to  the  validity  of  this  proof 
that  G  should  be  real,  and  hence  the  theorem  is  true  that  con- 
focal  quartics  cut  at  right  angles,  even  though  the  four  real 
foci  should  not  lie  in  a  circle. 

278.  The  theorem  of  Art.  277  was  originally  obtained  from 
geometrical  considerations  by  Dr.  Hart  for  the  case  of  the 
circular  cubic.  If  we  seek  the  locus  of  a  point  whose  dis- 
tances from  three  fixed  points  are  connected  by  the  relation 
Ip  -f  mp'  +  np''  =  0,  the  coefficient  of  {x^  +  y^  will  be  found  to  be 

{I  -{■  m  -\-  n)  {m  +  n  —  T)  [n  -\- 1  —  m)  [l  +  m  —  n). 

Consequently,  the  locus,  which  is  ordinarily  a  bicircular  quartic, 
reduces  to  a  circular  cubic  if  l±m±n  =  0^  and  the  theorems 
already  here  proved  are  true  for  circular  cubics,  which  have  also 
sixteen  foci  lying  in  general  in  four  circles.  Dr.  Hart's  proof, 
which  was  given  at  length  in  the  first  edition,  shews  that  if 
0,  P,  Q  be  the  centres  of  the  quadrangle  formed  by  the  four  foci 
-4,  ^,  (7,  D,  the  cubic  must  pass  through  these  points,  the  tan- 
gents at  any  of  these  points  0  being  one  of  the  bisectors  of 
the  angle  made  by  the  intersecting  lines  AG,  BJD^  and  being 
parallel  to  the  real  asymptote  of  the  cubic ;  and  that  the  cubic 
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also  passes  through  R  the  centre  of  the  focal  circle,  the  tangent 
at  B  being  parallel  to 
the  same  asymptote.* 
Since  then  0^  P,  §,  R 
are  points  of  contact 
of  tangents  from  the 
same  point  of  the 
curve,  the  point  where 
OP  meets  QR  (or  the 
foot  of  the  perpendi- 
cular from  0  on  QR) 
is  also  a  point  on  the 
curve  (Art.  150),  and 
similarly  the  points 
where  OQ  meets  PP, 
and  OP,  PQ ;  and  it 
can  be  shewn  that  the 
tangents  at  each  of 
these  points  to  the 
two  cubics  which  pass 
through  them  cut  at  right  angles.  Thus  the  seven  points  common 
to  the  two  cubics  having  A^  P,  (7,  D  for  their  foci,  are  determined 
by  simple  constructions,  and  we  may  arrive  by  projection  at 
theorems,  some  of  which  have  been  already  stated ;  for  instance 
(see  Art.  152),  if  corresponding  tangents,  taken  in  any  order, 
from  two  points  /,  J  mutually  intersect  in  points  ^,  P,  0,  P, 
the  centres  of  the  quadrangle  formed  by  these  points  will  be 
also  points  on  the  cubic,  having  for  a  common  tangential  point 
the  point  where  //  meets  the  curve  again ;  and  the  point  of 
contact  of  the  fourth  tangent  from  this  point  will  be  the  pole  of 
7/ with  respect  to  the  conic  through  the  points  J.,  P,  (7,  P,  /,  /. 

279.  The  method  by  which  Dr.  Hart  proved  these  theorems 
was  by  shewing  that  when  the  foci  are  given,  the  relations 
established  Art.  276,  combined  with  the  condition  ?+w  =  ???, 
suffice  to   determine  Z,  wi,  t?,   and  that  actually,  denoting  tho 


*  Thus  the  centres  of  the  four  focal  circles  of  a  circular  cubic  are  the  points  oj 
contact  of  tangents  parallel  to  the  real  asymptote. 

KK 
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distances  of  0  from  the  four  foci  by  a,  J,  c,  d^  the  curve  must 
either  have  the  property 

{h  +  c)p±[a-'b)  p'=±[a+c)  p^  or  {c-h)  p  ±{a-{-'b)  p'=^±{a-\-c)  p. 

Each  coefficient  is  given  a  double  sign,  because,  when  the  equa- 
tion Ip  +  mp  +  np'  =  0  is  cleared  of  radicals,  it  only  contains 
the  squares  of  Z,  w,  n.  The  two  equations  answer  to  two  dif- 
ferent cubics  having  the  given  points  as  foci ;  the  different  signs 
answer  to  different  branches  of  the  same  cubic.  The  upper 
signs  belong  to  a  branch  extending  to  infinity;  for  then  the 
equation  is  satisfied  by  the  values  p  =  p^  =  p''^  which  are  true 
for  an  infinitely  distant  point.  The  centre  of  the  focal  circle 
obviously  lies  on  this  branch.  The  lower  signs  belong  to  an 
oval,  the  equations  then  not  being  satisfied  by  p  =  p'  =  p'\ 
The  equations  being  satisfied  by  the  values  a,  J,  c  for  p,  p\  p\ 
we  see  that  0  is  a  point  on  the  cubic. 
In  like  manner  we  have  the  relations 

(c-d)p±  {a^-d)p'^±  (a+c)p'''  or  (c+(^)/)±(a-aV'  =  ±  («+c)/d% 

whence,  combining  the  equations, 

a-\-G  h-^-d  ' 
or  the  two  cubics  make  up  the  locus  of  the  intersection  of  two 
similar  conies  whose  foci  are  respectively  A  and  C,  B  and  D. 
The  similar  conies  which  intersect  at  0  have  evidently  as  a 
common  tangent  one  of  the  bisectors  of  the  angles  at  0\ 
these  therefore  are,  as  has  been  stated,  the  tangents  to  the 
two  cubics  which  constitute  the  locus,  and  which  therefore  cut 
at  right  angles. 

280.  Bicuspidal  quartics  may  be  considered  as  a  limiting  case 
of  binodal  quartics.  In  the  case  where  the  two  cusps  are  the 
circular  points  /,  J  at  infinity,  the  curve  is  called  a  Cartesian. 
Des  Cartes  studied  this  curve  (thence  known  as  the  oval  of 
Des  Cartes),  as  the  locus  of  a  point  (9,  whose  distances  from 
two  fixed  points  A^  B  are  connected  by  the  relation  Ip  ±  mp'  =  c. 
Chasles  shewed,  and  it  can  be  verified  without  difficulty,  that 
whenever  this  relation  holds  good,  a  third  point  C  can  be 
found  on  the  line  AB^  whose  distance  from  0  satisfies  a 
relation    of  the   form  lp±np'  =  c;   in   other   words,   that  the 
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oval  possesses,  besides  the  two  foci  considered  by  Des  Cartes,  a 
third  possessing  the  same  property.  We  use  the  word  Cartesian 
here  in  a  somewhat  wider  sense.  We  shall  shew  that  when 
a  quartic  has  the  two  points  /,  J  for  cusps,  it  has  three  foci 
lying  on  a  right  line.  When  these  foci  are  real,  the  curve 
is  the  same  as  that  studied  by  Des  Cartes ;  when  two  are 
imaginary  we  still  call  the  curve  a  Cartesian,  though  Des  Cartes' 
mode  of  generation  is  no  longer  applicable. 

The  equation  of  the  Cartesian  may  generally  be  brought 
to  the  form  ^  =  l^L^  where  S  represents  a  circle  and  Xi  a  right 
line,  h  being  a  constant  (or,  what  is  the  same  thing,  Z;  =  0 
being  the  right  line  at  infinity),  from  which  form  it  is  evident 
that  the  intersections  of  B  and  h  are  cusps,  the  cuspidal 
tangents  meeting  in  the  centre  of  /S,  which  is  therefore  the 
triple  focus  of  the  Cartesian,  while  L  is  evidently  a  bitangent 
of  the  curve.*  The  curve  is  then  obviously  the  envelope 
of  the  variable  circle  l^kL  +  2A-/S'  +  Ti  =  0,  the  centre  of 
which  obviously  moves  along  a  right  line  perpendicular  to 
L\  and  equating  the  discriminant  to  zero,  there  are  easily 
seen  to  be  three  values  of  X,  for  which  the  circle  reduces 
to  a  point,  and  therefore  three  foci.  From  the  theory  already 
given,  if  -4,  ^,  (7  be  any  three  of  the  variable  circles, 
the  equation  of  the  envelope  may  be  written  in  the  form 
I  sl[A)-\-m  hJ{B)-\-n  V(C')=0 ;  and  therefore  we  have  the  property 
Ip  +  mp^  +  np'^  —  0,  where  p,  p\  p'  denote  the  distances  from  the 
three  foci;  or,  again,  since  k^  is  a  circle  of  the  system 
answering  to  the  value  \  =  0,  we  have  Ip  +  mp  =  nk. 

A  Cartesian  may  also  be  generated  as  the  locus  of  the 
vertex  of  a  triangle,  whose  base  angles  move  on  two  fixed 
circles,  while  the  two  sides  pass  through  the  centres  of  the 
circles,  and  the  base  passes  through  a  fixed  point  on  the  line 
joining  them. 

If  any  chord  meet  a  Cartesian  in  four  points.^  the  sum  of  their 
distances  from  any  focus  is  constant;  for  the  polar  equation, 
the  focus  being  pole,  is  easily  seen  to  be  of  the  form 

|0^  —  2  (a  +  &  cos  ft))  p  +  c^  =  0, 

♦  This  equation  has  been  studied  by  Prof.  Cayley  under  the  form 
(x2  +  ,f-  a2)2  +  16^  (x  -  m)  =  0. 
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and  if  we  eHminate  w  between  this  and  the  equation  of  an 
arbitrary  line,  we  get  for  p  a  biquadratic  of  which  —  4a  is  the 
coefficient  of  the  second  term. 

When,  in  the  preceding  c  =  0,  the  equation  becomes 
p  =  a  +  b  cos  0),  and  in  addition  to  the  two  cusps  7,  J,  the  curve 
has  the  origin  for  a  node.  It  is  then  called  Pascal's  Umagon, 
and  may  evidently  be  generated  by  taking  a  constant  length  on 
the  radii  vectores  to  a  circle  from  a  point  on  it.  If,  further, 
«  =  J,  the  curve  becomes  tricuspidal,  and  is  called  the  cardwide, 
a  curve  generated  by  adding  or  subtracting  a  portion  equal  to 
the  diameter,  on  the  radii  vectores  to  a  circle  from  a  point  on  it. 
The  equation  may  be  written  in  the  form  p*  =  m^  cos  Jo). 

281.  The  focal  properties  we  have  been  discussing  may 
be  investigated  by  the  method  of  inversion  (Art.  122).  It 
is  easy  to  shew,  that  to  a  focus  of  any  curve  corresponds 
a  focus  of  the  inverse  curve,  and  that  the  origin  or  centre 
of  inversion  will  be  a  focus  if  the  points  7,  /  at  infinity 
are  cusps.  Thus,  for  the  Cartesian  which  has  three  col- 
lluear  foci,  the  inverse  with  regard  to  any  point  is  a  bi- 
circular  quartic  having  three  foci  on  a  circle  passing  through 
the  origin,  which  is  also  a  focus.  In  inverting,  if  0  be  the 
origin,  -4,  B  any  two  points,  a,  b  the  inverse  points,  then  for 

the  distance  AB  we  are  to  substitute  -^ — 7^7 .     To  any  relation 

Oa.Ob  '' 

then  of  the  form  \AP-\-  fjbBP=  c  will  correspond  one  of  the  form 
\'ap-\-  fi'bj)=  c  Opj  and  thus  by  considering  the  bicircular  quartic 
as  the  inverse  of  a  Cartesian  we  arrive  at  the  fundamental  property 
of  bicircular  quartics ;  and,  in  like  manner,  from  any  relation  of 
the  form  \AP-\-  p.BP-\-vCP=()  may  be  deduced  a  relation 
Xap  +  ijfbp  +  vcp  —  0.  The  inverse  of  a  bicircular  quartic  from 
any  point  on  the  curve  is  a  circular  cubic  which,  therefore, 
possesses  the  same  focal  properties.  A  circular  cubic  or  bi- 
circular quartic  is  its  own  inverse  with  respect  to  any  of  the 
points  (9,  P,  Q^  B  (p.  249).  The  angle  at  which  two  curves  cut 
is  not  altered  by  inversion,  and  therefore  the  theorem  as  to 
confocal  curves  cutting  at  right  angles,  if  proved  for  cubics,  is 
proved  also  for  quartics.  The  inverse  of  a  conic  is  a  bicircular 
quartic   having  the  origin  for   an   additional  node,   and   from 
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the  focal  property  of  conies  may  be  inferred  that  such  quartics 
have  the  property 

where  a  and  h  are  two  foci  and  0  the  node.  In  like  manner, 
by  inverting  the  focus  and  directrix  property  of  conies,  we 
arrive  at  another  method,  given  by  Dr.  Hart,  for  generating 
this  kind  of  quartic.  If  the  radius  vector  from  a  fixed  point 
G  to  P  meet  a  fixed  circle  passing  through  G  in  E^  and  if 
A  be  another  fixed  point,  the  quartic  is  the  locus  of  the  point 
P,  for  which  PJ.  =  P^. 

282.  There  exists  for  the  binodal  quartic*  a  theory  of  the 
inscription  of  polygons,  analogous  to  Poncelet's  theory  in 
regard  to  conies.  Let  A^  B  be  the  nodes :  starting  from  a  point 
P  of  the  curve,  if  we  join  this  with  A^  the  line  AP  meets  the 
curve  in  one  other  point,  say  §;  joining  this  with  P,  the  line 
BQ  meets  the  curve  in  one  other  point,  say  P;  joining  this 
again  with  A^  the  line  AR  meets  the  curve  in  one  other  point, 
say  ;S^;  and  so  on.  We  have  thus,  in  general,  an  unclosed 
polygon  PQES.,.j  of  which  the  alternate  sides  PQ,  ES,  ... 
pass  through  A^  and  the  other  alternate  sides  QRj  ...  pass 
through  B.  For  a  binodal  quartic  taken  at  random,  it  is  not 
possible  to  find  the  point  P,  such  that  there  shall  be  a  closed 
polygon  of  a  given  even  number  of  sides;  for  instance,  a 
quadrilateral  PQRSP^  of  which  the  sides  PQ,  RS  pass  through 
A  and  the  sides  QR,  SP  pass  through  B.  But  the  quartic 
may  be  such  that  there  exists  a  polygon  of  the  kind  in  question 
(as  regards  the  quadrilateral  this  is  obviously  the  case,  since 
considering  a  quadrilateral  PQR8P  drawn  at  pleasure  and 
taking  A  for  the  intersection  of  P$,  P/S,  and  B  for  that  of 
QR^  SPj  we  can  describe  a  quartic  passing  through  the  points 
P,  Qj  P,  Sj  and  having  the  points  Aj  B  for  nodes),  and  when 
this  is  so,  that  is,  when  there  is  one  polygon,  there  are  an 
infinity  of  polygons ;  viz.  any  point  P  whatever  of  the  curve  may 
be  taken  as  the  first  summit,  and  the  polygon,  constructed  as 
above,  will  close  of  itself. 

*  Steiner,  Greometrische  Lehrsatze,  Crelle,  vol.  xxxii.  p.  186  (1846). 
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283.  Taking  the  nodes  to  be  at  the  angular  points  of  the 
triangle  of  reference,  the  equation  of  the  curve  must  be  of 
the  form 

ayV  +  hz'x^  +  cxY  +  2fx^yz  +  2gifzx  +  2hz^xy  =  0, 

which  may  be  written 

af-V  +  jf-V  +  c(iy  +  2/i+27i+2^-=0. 
\xj         \yj         \zj  yz       -^  zx  xy 

Thus  we  see  that  the  quartic  may  be  generated  from  a  conic  by 
writing,  in  the  equation  of  the  latter,  for  each  coordinate  its 
reciprocal;  a  process  which  may  be  called  "inversion,"  using 
the  word  in  a  wider  sense  than  that  in  which  we  have  already 
employed  it.  It  is  easy  to  express  this  transformation  by  a 
geometrical  construction.  Let  the  coordinates  be  proportional 
to  the  perpendicular  distances  from  the  sides  of  the  triangle  of 
reference,  and  let  P,  P'  be  two  points,  whose  coordinates  are 
connected  by  the  reciprocal  relations 

x  I  y  \  z=  yz' :  z'x' :  xy' ;  x' :  y'  \  z'  —  yz  \  zx  \  xy\ 
then  we  have  seen.  Conies^  Art.  55,  that  the  lines  joining  P,  P'  to 
the  vertices  of  the  triangle  make  equal  angles  with  the  sides ;  or 
otherwise.  Conies^  p.  263,  that  if  P  be  one  focus  of  a  conic  touch- 
ing x,  3/,  2,  then  P'  will  be  the  other  focus.  In  general,  in  this 
method  to  any  position  of  P  corresponds  a  single  definite  posi- 
tion of  P\  If,  however,  we  have  x'  =  0,  or  P'  anywhere  on 
the  line  P(7,  we  have  y  and  z  both  =  0,  and  P  coincides  with  A  5 
and  reciprocally  to  A  corresponds  any  point  on  BC.  It  is  to  be 
remarked,  however,  that  when  x'  ~  0,  the  corresponding  values 
of  y  and  2,  being  respectively  zx^  xy'^  though  evanescent,  have 
to  each  other  the  definite  ratio  z'  \  y'  \  and  therefore  to  any 
point  P'  on  BG  corresponds  a  definite  element  of  direction 
through  A.  We  have,  in  fact,  P  indefinitely  near  to  A^  but  in 
a  given  definite  direction,  viz.  such  that  (as  in  the  general  case) 
AP^  AP'  make  equal  angles  with  the  sides.  If  now  P  describe 
any  locus,  the  other  point  P'  will  describe  a  corresponding 
locus;  thus  if  the  locus  described  by  P  be  the  right  line 
ax-{-hy  +  cz  =  Oj  that  described  by  P'  will  be  the  conic 
ay'z'-\-hz'x'+cx'y'=Oj  and  vice  versd  (compare  Conies^  Art.  297, 
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Ex.  13) ;  If  a=0,  that  is  to  say,  if  the  line  pass  through  Aj  the  conic 
reduces  to  x'  {hz' +  ci/')  =  0,  and  leaving  out  the  line  x'  or  BG, 
we  may  say  that  to  the  line  hy  +  cz  corresponds  the  line  hz'  -f  cy' ; 
and,  as  already  mentioned,  if  the  one  locus  be  any  conic,  the 
other  will  be  a  trinodal  quartic. 


284.  The  correspondence  of  the  conic  and  quartic  may  be 
examined  in  detail ;  the  conic  meets  each  side  of  the  triangle, 
say  BC  In  two  points ;  corresponding  hereto  we  have  through 
A  two  elements  of  direction,  viz.  these  are  the  tangents  of  the 
quartic  at  its  node  A.  Hence,  according  as  the  conic  meets 
BG  in  two  imaginary  points,  touches  it,  or  meets  it  in  two 
real  points,  the  quartic  has  at  ^  an  acnode,  cusp,  or  crunode, 
and  the  like  for  the  other  sides.  Thus,  if  the  conic  be  an 
ellipse  or,  say,  a  circle,  situate  wholly  within  the  triangle,  the 
quartic  is  a  triacnodal  curve  composed  of  a  trigonoid  figure 
within  the  triangle  and  of  the  three  vertices  as  acnodes  (fig.  1) ; 
if  the  ellipse  is  inscribed  in  the  triangle,  the  quartic  is  tricus- 
pidal  (fig.  2) ;  if  the  ellipse  cuts  each  side  in  two  real  points, 
then  the  quartic  is  tricrunodal ;  viz.  if  on  each  side  the  inter- 
sections are  internal  we  have  the  fig.  3,  whereas  if  the  inter- 
sections are  external  we  have  the  fig.  4.     It  is  to  be  observed, 


Fig.  (1). 


Fig.  (2). 


Fig.  (3). 


rig.  (4). 
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that  in  the  transition  from  the  one  form  to  the  other  the 
ellipse  must  pass  successively  through  the  vertices  of  the  tri- 
angle; and  that  when  the  ellipse  passes  through  a  vertex 
the  corresponding  quartic  breaks  up  into  a  right  line  and  a 
cubic ;  the  transition  cannot  be  made  (as  at  first  sight  it  would 
appear  it  might)  through  a  quartic  having  a  triple  point. 

The  complete  discussion  of  the  different  forms  would  be 
interesting  and  not  difficult,  but  it  would  occupy  a  good  deal 
of  space;  it  would  be  necessary  (in  the  present  case  of  plane 
curves)  to  consider  the  conies  which  in  each  figure  correspond 
to  the  line  at  infinity  of  the  other  figure.  For  the  like  theory, 
as  regards  spherical  figures,  there  are  no  such  conies,  and  the 
theory  is  considerably  simplified. 

285.  The  foregoing  mode  of  generation  of  the  trinodal 
quartic  leads  at  once  to  various  properties  of  the  curve.  It 
is  well  known  that  if  a  conic  cuts  the  sides  BG^  CA,  AB  of 
a  triangle,  and  from  each  vertex  we  draw  lines  to  the  inter- 
sections on  the  opposite  sides,  these  six  lines  touch  a  conic ; 
and  it  is  easy  to  shew  further,  that  if  instead  of  the  two  lines 
through  each  vertex  we  consider  the  two  inverse  lines,  these 
meet  the  oppsite  sides  in  six  points  lying  on  a  conic;  and 
consequently  that  the  six  inverse  lines  also  touch  a  conic. 
In  fact,  if  the  lines  [x  =  a.y^  x  =  a!y\  {y  =  ^z^  y  =  P'z)^ 
[z  —  yx,  z  —  yx)  meet  the  sides  x  =  Oj  y  =  0,  ^  =  0  respec- 
tively in  six  points  lying  on  a  conic,  it  is  easily  seen  that 
aa  I3l3'yy  =  1,  a  relation  which  remains  unaltered  when  a,  /?,  7, 
a',  yS',  y  are  changed  into  their  reciprocals.  Now,  if  a  conic 
is  transformed  into  a  binodal  quartic,  then  by  what  precedes 
the  tangents  at  a  node  A  of  the  quartic  are  the  inverses  of 
the  lines  from  A  to  the  intersections  of  BG  with  the  conic; 
hence,  the  tangents  at  the  nodes  A,  B,  (7,  touch  one  and  the  same 
conic;  a  theorem  which  may  also  be  derived  directly  from 
the  equation  of  the  quartic. 

286.  Similarly,  if  from  the  points  ^,  -B,  (7  we  draw  tangents 
to  a  conic,  then  it  may  be  shewn  that  the  six  inverse  lines  are 
also  tangents  to  a  conic.  But  transforming  the  conic  into  a 
trinodal  quartic,  the  tangents  from  A  to  the  conic  are  trans- 
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formed  into  the  tangents  from  the  node  A  to  the  quartic  (for  a 
curve  of  class  w,  the  number  of  tangents  from  a  node  is  =  n  —  4, 
and  therefore  for  a  trinodal  quartic  it  is  =  2) ;  and  we  have  thus 
the  theorem,  that  the  six  tangents  from  the  three  nodes  to  the 
quartic  touch  one  and  the  same  conic. 

287.  To  the  bitangents  of  the  quartic  correspond  conica 
through  A  J  By  0,  having  double  contact  with  the  conic;  and 
to  the  stationary  tangents  of  the  quartic  correspond  conies 
through  Aj  B,  (7,  having  stationary  contact  with  the  conic. 
It  can  be  shewn,  that  the  numbers  of  such  conies  are  4  and  6 
respectively,  agreeing  with  t  =  4,  ^  =  6.  But  the  result  as  to 
the  bitangents  can  immediately  be  obtained  from  the  equation 
of  the  curve,  which  may  be  written  in  the  form 

{yz  \/(«)  +  zx  V(^)  4-  xi/  ^/{c)Y 

=  2X1/Z  [y(hc)  -/}  X  +  Wica)-g} y  +  y{ah)  -  h]z], 

where  the  factor  multiplying  '^xyz  evidently  denotes  a  bitangent, 
and  by  changing  the  signs  of  the  radicals,  we  have  in  all  four 
bitangents.  Write  for  a  moment  fx-{- gy-\-hz  =  s^  x  \/{hc)  =  Z, 
y>J{ca)  =  m^  z\/[ab)  =  n^  and  if  0  =  0  denote  the  equation  of 
the  four  bitangents,  we  have 

Q  =  {s  —  I  —  m  —  n)  {s  -  I  ^-  m  +  n)  [s  +  I  —  m  -^^  n)  [s  -{•  I  +  m  -  n) 
=  (5«  ^l^^  m'  -  riy  -  4  (mV  +  ri'P  +  ZW  +  2lmns) 
^^s^^r-m'-n'f-4.ahcU. 
In  other  words,  the  equation  of  the  curve  may  be  written 

{{fx  -f  gy  +  hzY  -  hex""  -  cay'  -  abz'Y  -0  =  0, 
shewing  that  the  eight  points  of  contact  of  the  bitangents  lie  on 
a  conic. 

If  the  four  bitangents  be  denoted  by  t,  u,  v,  w,  the  equation 
of  the  quartic  may  be  written 

t^  +  u^  +  v^  +  w^^O^ 

or  («'  4  u^+  u'^H-  w'-  2tu  -  2tv  -  2tw  -  2vw  -  2wu  -  2uvy  =  QUuvw, 

In  this  form  it  is  evident  that  f,  w,  v,  w  are  bitangents  whose 
points  of  contact  lie  on  a  conic,  and  it  can  be  verified  without 
much  difficulty,  that  [t-^u^  v—w)^  {t-VjU  —  w)j  {t-^WjU-^v) 
are  nodes. 

LL 
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288.  We  have  just  shewn  how  in  one  way  the  equation 
of  the  quartic  can  be  reduced  to  the  form  UW=  F^;  and 
generally  if  w,  w^  and  v  denote  any  two  tangents  to  the  conic 
and  their  chord  of  contact,  since  the  equation  of  the  conic  can 
be  written  in  the  form  uw  =  v\  that  of  the  quartic  is  thence 
immediately  given  in  the  form  UW=  V'\  where  Z7,  F,  W  are 
linear  functions  of  yz^  zx,  xy. 

In  connecting  the  trinodal  quartic  as  above  with  a  conic, 
we  have  also  verified  that  the  curve  is  unicursal.  Since  the 
coordinates  x\  y\  z  of  a  point  on  the  conic  can  be  expressed 
as  quadratic  functions  of  a  parameter  ^,  the  coordinates  yz\ 
zx\  xy  of  the  corresponding  point  on  the  quartic  are  imme- 
diately given  as  biquadratic  functions  of  the  same  parameter. 

The  preceding  theory  of  trinodal  quartics  extends  to  the 
case  when  any  or  all  of  the  singular  points  are  cusps.  If  all 
are  cusps  the  equation  of  the  curve  is  reducible  to  the  form 
a;-i4_^-i_l_2;-i=0,  and  the  tangents  at  the  cusps  are  x=y=z^  which 
meet  in  a  point;  as  we  may  also  see  by  reciprocation,  the  re- 
ciprocal being  a  cubic  whose  equation  may  be  written  in  the  form 
a^  +  y^  +  s*  =  0.  When  the  curve  has  two  cusps  and  a  node, 
the  line  joining  the  two  points  of  inflexion,  the  line  joining 
the  two  cusps,  and  the  bitangent  all  pass  through  the  same 
point.  The  cases  of  the  higher  singularities,  described  Art.  243, 
require  to  be  separately  treated. 

289.  The  equation  of  a  quartic  having  a  tacnode,  as  given 
Art.  244,  is 

y'^z^  +  hx^yz  4  cxy^z  +  dy^z  +  ex^  +fx^y  +g^^y'^  +  ^^/  +  «V*  =  ^« 

Let  it  also  have  a  node,  and  since,  in  Art.  244,  it  was  only 
assumed  that  the  point  xy  was  the  tacnode  and  the  line  y  the 
tangent  at  it,  we  may  take  the  point  zx  as  the  other  node. 
In  order  that  this  point  should  be  a  node  we  must  have  J,  7i, 
and  i  —  0,  and  the  equation  becomes 

{;jyzf  +  hx^,yz  +  cxy  .yz  +  ex^  ^-fx"^-  xy  +  gx^y^  =  0. 

We  have  written  the  equation  so  as  to  exhibit  that  it  is  a 
quadratic  function  of  xy^  x\  yz.  Hence,  if  in  the  general 
equation  of  a  conic  we  write  xy^  ic^,  yz  for  x^  y^  z  respectively, 
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we  shall  have  the  equation  of  a  quartic  with  node  and  tacnode. 
It  will  be  seen  that  the  relations 

x'  \  y  \  z'  —  xy  '.  a?  \  yz 

imply  reciprocally     x  \  y  \  z  —  xy' :  x^ :  yz\ 

so  that  we  have  a  like  theory  to  that  which  exists  for  a  quartic 
with  three  distinct  nodes.  The  constants  may  be  determined 
so  that  the  node  shall  become  a  cusp,  or  the  tacnode  a  node- 
cusp,  or  that  both  these  changes  should  take  place,  and  the 
theory  thus  extends  to  quartics  having  two  distinct  singular 
points,  one  of  them  a  node  or  cusp,  the  other  a  tacnode  or 
node-cusp. 

290.  The  equation  of  a  quartic  having  an  oscnode  has  been 
given,  Art.  244,  as 

[yz  —  Tnx^Y  +  ^^y  [y^  ~  '^^^^)  +  ^y^^  +  sf^^y^ + ^^y^  +  '^y*  =  o. 

It  is  obviously  a  quadratic  function  of  yz  —  mx^,  xy,  y^.  Now 
the  relations 

x'  \y'  \  z'  =  xy  :  y^ :  yz  —  ma;* 

will  be  found  to  imply 

X  \  y  \  z  =  xy  :  y"^ :  y'z'  +  maj"*, 

so  that  there  is  for  the  present  case  a  theory  analogous  to  that 
established  for  trinodal  quartics.  The  constants  may  be  parti- 
cularized, so  that  the  oscnode  becomes  a  tacnode-cusp,  and  the 
theory  thus  extends  to  the  case  of  quartics  having  a  tacnode 
cusp.  In  all  these  foregoing  cases  we  have  expressed  the 
coordinates  a;,  y^  z  of  any  point  on  the  quartic,  as  quadratic 
functions  of  x\  y\  z\  a  variable  point  on  a  conic;  and  since 
the  latter  coordinates  can  be  expressed  as  quadratic  functions 
of  a  parameter  ^,  the  former  coordinates  are  expressed  as 
quartic  functions  of  the  same  parameter. 

291.  In  the  remaining  case  of  a  quartic  curve  having  a 
triple  point  (general  or  of  any  special  form),  the  mode  of 
treatment  used  in  the  last  articles  is  not  applicable,  but  we  can 
otherwise  immediately  express  the  coordinates  as  rational  func- 
tions of  a  parameter.  Taking  the  point  xy  as  the  triple  point, 
the  equation  of  the  curve  is  of  the  form  zu^  —  w^,  where  Wg,  u^ 
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are  homogeneous  functions  of  the  third  and  fourth  degrees 
respectively  in  a;,  y.  If  we  now  substitute  y  =  6x^  we  get 
20,  =  2:0^,  where  0g,  0^  denote  cubic  and  quartic  functions  of 
6 ;  and  we  have  a;,  y,  z  respectively  proportional  to  03,  ^0g,  0^. 

The  method  here  employed  is  exactly  that  suggested  in 
Art.  44.  A  variable  line  y  =  6x  drawn  through  the  triple  point 
meets  the  curve  in  but  one  other  point,  the  coordinates  of  which 
are  therefore  rationally  expressible  in  terms  of  6,  And  we  should 
be  led  to  substantially  the  same  results  if  we  employed  the 
same  method  in  the  cases  previously  considered;  for  example, 
if  in  the  case  of  a  trinodal  quartic  we  determine  each  point 
of  the  quartic  as  the  intersection  of  the  curve  with  a  variable 
conic  passing  through  the  three  nodes,  and  through  another 
fixed  point  on  the  curve. 

The  special  case  of  a  quartic  with  a  triple  point  x^y  =  2;*  may 
be  particularly  noticed,  as  it  can  be  treated  by  exactly  the  same 
method  as  was  used  (Art.  212).  The  curve  has,  beside  the 
triple  point,  no  singular  point  but  a  point  of  undulation,  and 
its  reciprocal  is  a  curve  of  like  nature. 

291  (a).  [Jnicursal  quartics  may  also  be  treated  by  the 
method  of  Art.  216  (a).     We  may  express  the  coordinates 

ic  =  aV  +4:&\V   +6cXV   4-4(^\/x.'   +e/i.^, 

2/  =  aX'  +4y\V  +6c'XV  +4c?V'  +6/S 

z  =  a'\'  +  45"\V  +  Qd'X'iM^  +  4cf V'  +  e'fi% 

and  can  (Art.  44)  write  down  the  equation  of  the  corresponding 
quartic.  The  equation  determining  the  parameters  of  the  points 
of  inflexion,  and  the  relation  between  the  parameters  of  three 
points  which  lie  in  a  right  line,  may  be  found  as  in  the  articles 
referred  to,  or  else  as  follows.  Substituting  the  above  written 
values  for  the  coordinates  in  Ix  +  my  +  ws  =  0,  we  get  a  quartic 
determining  the  parameters  of  the  points  in  which  that  line 
meets  the  curve.*     The  theory  of  equations  then  enables  us 


♦  It  is  evident  that  by  forming  the   discriminant  of  that  quartic  we  get  the 
equation  of  tlie  reciprocal,  or  tangential  e(i nation,  in  the  form  *S''  =  T-. 
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to  write  down 

la  +  ma'  +  no!'  =  fjLfif/^fi^\ 

6  (2c  +  md  +  nc'')  =  \\  W"+  /u/X"  V''+  XV>V''4/^/' X'V" 

-  4  (2(^4-  TwcZ'  +  ric?")  =  /I WV"+  V W"+  \\y  V+  \V\V", 

Ze+W+we"   =X\W'. 

From  these  equations,  if  we  linearly  eliminate  7,  ?n,  rz,  V",  /a'", 
we  get  the  relation  connecting  the  parameters  of  three  points  on 
a  right  line,  viz. 

a   ^     a    ^      a     ^  -4, 

-45,  -45',  -45",  ^,  .4 

6c,      6c',      Qc'\  G,  B 

-4.d,  -'4.d\  -4c^",  i>,  a 


6   ,      e'   ,      e"    ,      ,  i> 


=  0, 


where  we  have  written 

A  =  fJ'fAfi^  B = Xfifjf'  +  \')Lfc"/*+  X^^fij/j 

G  =  /a\'\"  +  /\"\  +  /'XX',   i>  =  XX'X". 

If  we  make  X  :  /*  =  X' :  /i'  =  X"  :  /a",  we  find  that  the  para- 
meters of  the  points  of  inflexion  are  determined  by 

-45,  -45',  -45",  3/a'X,     /a' 

6c,  6c',  6c",  d/jX\  Zfji'X 

-4:d,  -4:d\  -4:d'\  X'  ,  SflX"" 

e  ,  c'    ,  e"    ,  X'       =0. 

The  first  determmant  expanded  may  be  written 
24  (a5'c")  B'  +  16  (ah'd'')  GB  +  4.  {abV')  ( G'  -  J?i>) 

+  24  (oc't^")  .BZ>  +  6  (ac'e")  {BG-  AD)  +  96  (5c'(^")  AD 
+  4  (a^'e")  (5'^ - ^ 0)  +  24  (5cV')  AG +16  [hd'e'')  AB 
+  24Ke")^'  =  0; 
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and  the  second  determinant  expanded  and  divided  by  24  gives, 

for  determining  the  inflexions,  the  sextic 

[aVc")  \«  +  2  {a¥d")  \'fi  +  {{ahV')  +  3  {ac'd'')}  \V 

+  {2  (acVO  +  4  (bc'r)]  \Y  +  {{adV)  +  3  (ScV)}  Xy 

+  2{bdY')\fju'  +  {cdV')fi'  =  0. 

If  in  the  preceding  relation  two  of  the  parameters  be  made 
equal,  we  get  the  relation  connecting  the  parameter  of  any  point 
A  with  that  of  one  of  the  points  B  where  the  tangent  at  A 
meets  the  curve  again,  viz.  writing  for  i>,  (7,  Bj  A  respectively 
W,  2\fi\f  +  X'V,  fi^X -f  2\yLt/i',  /LtV)  we  have 

-Xf'  [24  (a5'0  V  +  32  [ab'd'')  \>  +  {12  (a&V)  +  24  {ac'd'')}  \V 
+  12  (acV)  \fi'  -{■  4  (of^'O  /**] 

+  2\V[8(a5'0^* 

+  {4  (a2»'e")  +  24  {ac'd'')}  X'fi  +  {12  (acV)  +  48  (JcW")}  \V 
+  {'i'ad'e'  +  24  (Z>c'e"))  V  +  8  (5^'e'O  /a*} 

+  12  (acV)  \V  +  (12atZV  +  24  (5cV')}  \V  4-  32  (^^cfe")  V 

+  24(c(^VOAt.'}  =  0, 

from  which  equation  we  can  determine  the  parameters,  either  of 
the  two  points  B  answering  to  any  point  on  the  curve  Aj  or  of 
the  4  points  A  answering  to  any  point  B.  If  we  form  the 
condition  that  the  equation  in  V  :  fi'  should  have  equal  roots, 
we  get  an  octavic  in  \  :  /x,  determining  the,'  parameters  of  the 
8  points  of  contact  of  the  4  bitangents  of  the  quartic. 

When  it  has  been  proved  that  it  is  possible  to  find  four 
linear  functions  t^  w,  u,  w  of  ic,  ?/,  0,  which  expressed  in  terms  of 
X,  /jb  are  perfect  squares,  it  is  evident  by  extraction  of  roots  and 
linear  elimination  of  A,'^,  A,//.,  yu,^,  that  the  equation  of  the  curve 
can  be  written  in  the  form  At^  +  B>J  +  Gv^  +  Dw^  =  0. 

291  {b).  Conditions  to  be  satisfied  by  the  parameters  of  a 
node  are  obtained  as  in  Art.  216  (c),  from  the  consideration  that 
the  relation  connecting  the  parameters  of  three  collinear  points 
must  be  satisfied  when  two  of  these  parameters  correspond  to  the 
same  node,  and  the  third  to  any  point  whatever  on  the  curve. 
Write  fifjb'  =  a,  XV'+  X'/m'^^j  V\''=  7,  then  we  have  A  =  fia^ 
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B=\a-\-  /x/3,  (7=  X/3  +  /xy,  I)=^\y,  Substituting  these  values  in 
the  determinant  of  the  last  article,  and  equating  separately  to 
zero  the  coefficients  of  X^^  \/z-,  /^^  we  have  the  three  conditions 


I     a 


6c,      Go,     6c  \  7,  13 


a  J     a     J     a 
-4&, -4^,  -45'',  a 

6c,     Qg\      6c'',  /3,  a 
-  id,  -  id\  -  4c^",  7,  /3 

e    ,     e'    ,     e"    ,        7 


=  0, 


-4J,  -45',  -4^>",  /3, 
6c,      6c',      6c  \  7, 
-4c7,  -4^',  -4c?", 


0. 


Conditions  which  expanded  are 

24  (a&'c")  7'  -I-  16  (a^'cZ")  /37  +  4  [aVe")  {8'  -  ay)  +  24  {acd'')  ay 

+  6{acV')al3  +  4:{adV')a'=:0, 
4  {ab'e')  7^  +  6  (acV)  /37  -f  •  4  (at^'c")  (/3''  -  ay)  +  24  {bee')  ay 

+  16  {hd'e')  a0  +  24  {cd'e')  a'  =  0, 
16  (ah'd")  y'  +  4  (a&V)  jSy  +  24  (ac'c?")  ^7  +  6  [ac'e")  /3^ 

+  96  (JcW")  a7  +  4  {ad'e")  a/S  +  24  {hce")  a^  +  16  (5^'e")  a'  =  0. 

With  these  equations  we  combine  the  three  obtained  by  mul- 
tiplying the  equation  Va  —  fi\l3  +  fi^y  =  0  by  a,  y3,  7  respec- 
tively, and  linearly  eliminating  a''*,  /3^,  7*^,  /Sy,  7a,  a^S  we  get  a 
sextic  for  determining  the  parameters  of  the  three  nodes. 

There  is  no  difficulty  in  analysing,  as  in  Art.  216  (^),  the 
different  cases  where  the  sextic  of  the  last  article  can  have  equal 
roots,  and  so  arriving  at  the  different  special  cases  of  unicursal 
quartics  already  enunciated. 
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292.  When  we  have  occasion  to  write  the  equation  of  a 
quartic  at  length,  we  shall  write  it 

ax''  -t  If  +  cz"  +  6//2'  +  ^gz'x"-  4  ^hx'y' 

+  Vllx'yz  +  l^my^zx  +  l^nz'xy 

+  i%x^y  +  ia^x^z  +  45,/a;  +  ih^^z  +  ic/x  +  ic/y  =  0. 
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The  concomitant  of  lowest  order  in  the  coefficients  is  the  con* 
tra variant  (Art.  92)  of  the  second  order  in  the  coefficients, 
whose  symbolical  expression  is  (al2)*,  and  whose  vanishing 
expresses  that  the  line  ax  +  fy  +  yz  cuts  the  quartic  in  four 
points,  for  which  the  invariant  S  vanishes.  We  shall  call  this 
contra  variant  o-;  it  is  of  the  fourth  order  in  the  variables 
a,  /8,  7,  and  its  coefficients  are 

A  =hc-\-Sf^-4:h^c^,  B==ca  +  Sg^-ic^a^,  G  =  ah -{  ^h^ - ^%\, 

F  -af-\-gh-V2l'  - ^a^n - 2a^m^ 

G^hg-^hf-^ 2m' - 2h}  -  25^/?, 

5"  =  cA  ■\-fg  +  2w'  -  2c,m  -  2c}^ 

L  —2fl    —mn-g\  —  'hc^-\-\c^^ 

M  =  2gm  —nl—  hc^  -  fa^  +  c^a^, 

N  =  2Jin  —  hn  -fa^  -g\  +  aj)^^ 

A^  =  SwiCjj  -  3nf  -  c5j  +  JgCj,  -4g  =  Bn\  -  Zmf-  hc^  -f  h^c^ 

j?^  =  3wa,  -Slg  -  ac,  +  a^c^,  B^  =  3?c,    -  3ng  -  ca^  +  c^a^, 

G^  =  Slb^  -  Zmh  -  ha^  -f  h^a^^   G.^  =  Sma^  -  Blk  -  db^  +  aj)^, 

293.  The  contra  variant  just  mentioned  is  the  evectant  of 
the  simplest  invariant  -4,  which  is  of  the  third  order  in  the 
coefficients,  and  has  for  its  symbolical  expression  (123)*;  that 
is  to  say,  c7  is  found  by  performing  on  A  the  operation 

and  conversely  from  the  values  already  given  for  the  coefficients 
of  o-  the  value  of  A  can  be  inferred.     This  is 

^  =  a5c  +  3  {af  +  hf  +  cK')  -  4  {a\c^  +  hc^a^  +  caj)^ 

+  12  {fr  +  gm"-  +  hri')  +  Qfgh  -  Ulmn 

-  12  (a^w/+  a^mf-\-  h^ng  -f  hjg  +  c^mJi  +  cj,h) 

-f  12  {l\c^  +  7wc,a,  +  Tz^g^g)  4-  4  (a,&3C,  -f  a35^cj. 

If  we  use  the  same  notation  as  in  Art.  223,  the  value  of 
A  may  be  written 

r  ((f )  +  4  {dca)  +  3  [dU')  -  12  [c'h\ 
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where 

{dca)  =  a^  [d^c^  -  Zd^c^+  ^df^  -  d^c}  +  a,  {d^c^  -  Sd^c^  +  3c7,c,-  ^„cj, 

{db'^) = dj>:  -  H^K  +  ^<K + 2<^o^  -  ^dAK  +  <V, 

(c^^)  =  h^  {c^c^  -  c;')  -  h^  [c^c^  -  c^c^)  +  \  {c^c^  -  0.;), 

the  invariants  (cT^),   {dca),  &c.,  being  all  known  in  the  theory 
of  the  binary  quantics. 

294.  The  next  simplest  invariant  B  is  of  the  sixth  order 
in  the  coefficients.  It  may  be  formed  by  taking  the  six 
equations  obtained  by  twice  differentiating  the  given  equation 
with  respect  to  a-,  ?/  or  z,  and  from  these  six  equations  elimi- 
nating dialytically  x"^,  j/'^,  z^,  yz,  zx,  xy.  We  thus  have  B  in 
the  form  of  a  determinant 


a, 

\ 

9i     ^, 

^3^     «. 

h 

^ 

/,  K 

m,  b^ 

9^ 

/, 

^,  c., 

c,,  n 

I. 

K. 

<^.i  A 

n,  7/1 

«3. 

m, 

^n  «? 

ff,  I 

%-i  ^o 


t,    Z,  A 


We  shall  presently  give  the  developed  expresslan  for  B. 
Meanwhile,  we  remark  that  Clebsch  has  used  this  invariant 
to  shew  that  the  form 

/+2'+/  +  s'  +  ^*  =  0, 

where  />,  ^.  r,  5,  t  are  linear  functions  of  the  coordinates,  is  not 
one  to  which  the  equation  of  every  quartic  can  be  reduced. 
Since  p,  5',  &c.,  each  implicitly  contain  three  constants,  the 
form  just  written  Involves  fourteen  independent  constants,  and 
therefore,  at  first  sight,  seems  capable  of  being  used  as  a 
canonical  form  sufficiently  general  to  represent  any  quartic. 
But  on  forming  for  the  above  equation  the  invariant  B,  it  will 
be  found  to  vanish,  and  therefore  this  form  will  only  represent 
quartics  for  which  B  —  0.* 


*  This  class  of  quartics  has  been   studied  by  Liiroth,  Matkematische  Annalen, 
vol.  I.  p.  37  (1870). 

MM 
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295.  In  calculating  the  value  of  B^  it  is  convenient  to  use 
the  following  value  for  a  symmetrical  determinant  of  six  rows 
and  columns,  the  constituents  of  which  are  denoted  by  a^^  ab^  ac, 
&c.,  ba,  b^j  be  J  &c. 

d'bVdVf  -  ^a'bVd'  [efY  +  2^d'h'c\  de .  ef.fd-^  2a'b'  [cd )'  {eff 

-  21a'b\  cd .  de .  ef.fc  -i-  22a\  bc.cd.de,  ef.fb  -  22a'  [bcY  de .  ef.fd 
H-  22  [aby  cd.de.  ef.fc  -  S  {abf  {cdf  [eff  -  2^ab.bc.cd.de.ef.fa 
+  2Sa5  .bc.ca.de.  ef.fd. 

The  expanded  value  of  B  is  as  follows : 
abc  [fgh  —fF  —  gm^  —  hn^  -^  2lmn) 
+  be  {l'  -  fgh  +  2  [gm  -  nl)  aj.  +  2  (^n  -  772?)  a  J,  +  (n"  -fg)  a^ 

^.[m^-fh)a:  +  2[fl-mn)a^a:^ 
-f  ca  (?72*  -  myh  +  2[fl-  mn)  b^m  +  2{hn-  ml)  b^m  +  {n'  -fg)  b;' 

+  [r^gh)b:^2[gm-nl)bfi^] 
+  ab  [w*  -  nyg  +  2  (/Z  -  mn)  c^n  -f  2  [gm  -  In)  c^n  +  {m^  -fh)  c;' 

+  {f-gh)c^'-\-2{hn-hn)c^c^} 

+  3  (a/7wV  +  bgnT  +  chfrn') 

+  2a/^  [\gn  +  cjim)  +  25/  {cjd+ajn)  +  2cA'^  (^3./^  +  b^gl) 

-.2af(by  4  c,772')  -  2bg  (c/  +  a^ri')  -  2ch  [a^m'  +  Z^,?^) 

+  2afl  {by  +  cX)  +  ^hgm  {c/  +  a^)  +  2chn  [a^  +  5/) 

-  2afmn  [b^g  4-  c/i)  -  2bgln  [cji  +  a,/)  -  2chlm  {aJ-\-  b^g) 

-  2a  {b^mn''  +  c^n)  -  2b  [c^nF  +  a^ln^)  -  2c  [ajm^  +  b^ml') 
+  a  [b^gn^  -f  c^hm')  +  J  [c^hf  +  a3y7i*-')  +  c  [a^fm^  +  J^.^?'') 

+  2a/?  {mbf^  +  nZ^^cJ  -f  2?>^w  [nc^fL^  +  Zc^aJ  +  2c>^n  [Jiap^  +  T/za^Z^g) 
+  2ar/?n  [mbf^  +  wJjC.^)  +  2?>?z?  {nc^a^  +  Zc^aJ  +  2cZ77i  [Jiap^  +  ^«A) 

-  2af[}inb^c^-\  gmb^c^-2bg{f\a^^  hnc^a^)  -  2ch  [gmaj)^  ^fKK) 
+  2  [fgh+lm7i)[ab^c^^-bc^a^-^rcaj)^)-2afrb^c-2bgm:\a^-2chn'aj)^ 

-  2  (q/7?>,c,  +  ¥^c,«,  +  c7i^7za353) 

-  2« V2  (^1.9'^  +  c^^wi)  -  2?>c,a3  [cjil  +  ajn)  -  2cafi^  {ajm  +  b^qT) 
+  2a5^c,  (cX  +  53^*0  +  2bc^a^  {a^  +  c/^)  +  2ca35,  (5/^  +  a^) 

-  2a?  [mb^c^  +  720,^3'^)  -  2bm  [ncy^  +  ?a,c,')  -  2cn  [a^^  +  J3a;^) 
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+  a  {khX  +  9KO  +  ^  ( A V  +  KX)  +  c  [ga:h:  +  Aa;V) 

+  ^flx^i  +  ^9^i^i  +  <^^^^^z  +  ^aZ^gOgJjC,  +  2bmc^af^a^  +  2cnaJb^aJ}^ 

-  2ah^c^  [mcfi^  +  w5,cj  -  2&C2a2  (wa^c^  +  Ic^a^  -  2caJ)^  [Ih^a^^  +  w«3^,) 
+  2/V'A*''  -^^  ifl'+gm'  +  Aw'O  +  10/^A?rwn  -  (JT  +gm'  +  ^/i*)^ 
+  2lmn  [fl'  +  .^m'^  +  hn')  -  I'm'ri' 

+  2  (5  gn  +  Oj^w)  (^jw''  -h  hn^  —  2/^  — ^A  ~  Imn) 

+  2  («./w  +  cjil)  [Jin'  +fr  -  2gm^  -fgh  -  hm) 

+  2  (ajm  +  ^>3,9Q  (/Z'  +  gm'  -  2An'  -^A  -  Imn) 

+  (.^A  -  Z'^jt^  -  c^hr+  (hf-  m'O  (c.A  -  ajr  +  (/^  -  n^]{aj-  \gf 

+  2a2a^'  [2mn-fl)  +  2^^^'^  [2nl-gm)  +  2c,c^^'  (2Zwi  -  ^«) 

+  2?Z>,c,  {fgh  +  Zmw  +/Z"'^  -  gm'  -  Jin') 

4-  2wc2a2  [fgJi  +  Zmn  +,9'm''' -  Jin^ -fT) 

+  2wa353  ( j/^A  +  Imn  +  An'  -/Z'  -  gm'') 

-  2gJimnb^c^  —  2JifnIc^a^  —  2fghnap^ 

+  2  ^^c^,gm  -I-  JgCjAw)  (^A  +  2Z')  +  2  (c^a,An  +  c.ajl)  {kf+  2wi*) 

-  2  «c,/'772  4  V«y^  +  <V^  +  ^^/''i  +  ^  V^  +  cX^'^) 
+  2fmn  [a^  -f  a^)  +  2^?w  (J/'^c,  +  b^)  +  2AZw  (c^*6,  4  c\) 

-  2  {aj)^c^  +  aj)^c^)  [fP  4  gm'  +  hn'  4  Zww) 

-  2/a,a3  (c^T/i''  4  Z^a^^^j  -  2gbfi^  [cj'  4  a,w^)  -  2Jic^c^  {\P  4  a^) 
4  2  (/Z  -  win)  (.^'^jC^a,  4-  ^c^agftj  4-  2  (ym  -  nl)  [hc^aj?^  +  A^ A) 
4- 2  (Aw  - Zm)  {faj),c^+ gb^c^a^) 

^[rbX  +  rnXa:  +  n\\^) 

4-  2  (SgCj^jj  —  c^aj)^  (b^gl  4  CjAm  4  ajii  —  c^AZ  —  a^fm  —  5,^%) 

4  2  [b.c.a^aj^  4  c^a^^/  4  «A^,c,A^) 

-  2^A  (^^3 V.  +  <«,^)  -  W{<\^.  +  <^3^.)  -  ^f9  «^A  +  ^.'^»«s) 
4-  (4/Z  —  27?iw)  c^a^ap^  4  (4^m  —  2nZ)  app^c^  4  (4/4W  —  2Zw)  bf^c^a^ 
+  2  (a^c,  4  «8&iCj  (Z^jC^  4-  tncfL^  4  na^J,)  -  {ap^c^  +  a,5iCj''. 

296.   In  the  notation  of  Arts.  223,  293,  the  value  of  B  is 
r  [d')  {b')  -  r  {(^c'b)  4  r  {dc*)  -  [d')  (bd')  4  (ef  cV)  4  2  (cZWa) 

-  (5'^)  ((f  6^)  -  2  ((^c^6a)  4  [dc'b')  -  [c%)\ 
where  (c?')  =  d^d^d^  4  2<c7,^3  -  d,d:  -  d,d^  -  cZ/, 
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((f c'5)  =  J„  [c;  (rfX - <in  +  203C,  {d,d, - d/,)  +  2C.C, (dA- O 

+  c,"  (c?.rf.  -  rf/)  +  2c,o,  ( ^,^3  -  dA)  +  0.^  ('^A  -  d^)] 

+  *,  (".'  i'^A  -K)  +  2o„c,  («',<;,  -  d,d,)  +  2  V,  (c?,<^3  -  d;'] 

+  c.'  (<^„<^.  -  d./)  +  2c,c,  {d,d^  -  d^)  +  c:  {dA -  d;')} 

-  26,  Kc,  id,d,  -  d,')  +  c^c^  [d/.,  -  dA)  +  V,  {d^d,  -  d:) 

+  <  {dA  -  dA)  +  c.c,  [dA + d,d;-  2d;') 

+  Ci«3  {dA-  dA)  +  <'/  [dA  -  dA)  +  Vs  Ad-d;% 
(cfcV)  is  formed  from  {d^<?b)  by  writing  Oj",  a,'',  ajx^^  for  6„,  S^,  6, 
{dc*)  =  <  (c.c,  -  c,7  -  2(;„  {c/3  -  c^c^^  (c,<!,  -  O 
+  A  (k«3  -  «.«/+  2  (V, -  c,')(c,c, -  01  -  2<^,  (c„c, -  c,') (V3-c,oJ 

(<f  cS'^a)  =  { J„a.c,  -  5,  (a,c„  +  o„c,)  +  S^".!  ■? 
+  l^o",",  -  *,  (a.c,  +  Vj  +  W.l  ^ 
+  !  V.C,  -  *,  («,C,  +  "oCs)  +  * A«J  -S) 

where    P=  5,  (<?,<  -  rf.')  -  i,  (rf.i,  -  c?/,)  +  \  [dA  -  d,'), 

Q  =•*,  {dA,  -  <^/j  -  J.  (c?/  -  cf/j  +  A  (^.'^.  -  «. 
ij = i.  {dA,  -  d^)  -  J,  (dA,  -  dA)  +  K  [dA  -  d;'), 

(cf i-')  =  (<7X  -  d:)  V  +  id  A  -  d:)  K  +  id  A  -  '^Z)  *.' 

+  2  j,5,  (</.<?,  -  <;/,):+  26A  {dA.  -  d:)  +  2i/,  [dA,  -  dA\ 

[dc'ba)  =  a,  {P{c,c, -  O  +  Q  {c,c^  -  c^c,)  +  E  (c,c^  -  c^)] 

+  «,  (^'  (v.  -  «;)  +  Q'  (c,«,  -  c„c,)  +  E  (c,C3  -  c;)}, 
where    P  =  \  {c.A,  -  cA)  +  b,  {eA« '  <'A.)  +  K  («.<  -  <''Ao)^ 

Q=K  {oAs  -  <-A) + *,  {"A.  -  <'A)  +  K  («,<  - "./,), 

-'^  =  *o  M4  -  c/a)  +  h  i<'sd,  -  oA)  +  h  [''A  -  "A.h 

-P' = ^0  Ma  -  eA)  +  \  {«A.  -  ''A)  +  h  i'^A,  -  c„<\ 
Q' = *o  M,  -  <'A)  +  *■  ("0^3  -  e.<^,) + K  («■<  -  «'„'?«), 
B' = 5„  (c^rf,  -  cA,) + ^-1  (Co<  -  cA„) + K  Mo  -  <^A,)j 
(dcV)  =  <  (c;v/  -  2C3C,  {b^K  +  b:')  +  2c,cA\ 

-  2^,  «V',  -  «3''.  (Jo''*.  +  ^bj>;')  +  c,e,h,\  +  2c:bJ>A  +  V,6/&, 
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-  c:  [bx + 2h^b:) + 2C.C,  (&,' + 5bj,,\) 

-  2c,c,  (W  +  2&A')  -  c,"  ( W  +  2J..*;0  +  CoV] 
-  U,  {c:VX  -  o„c,  ( W  +  2i/.^)  +  c^'^hK  +  2c,V.*.  +  c,c,*/;' 

-2c,03V6.-cAV  +  <'AV! 

+  J,  [c;*,j;'  -  2  V.  (5,i.j, + *;)  +  2  v,j;j„ + c,'  (s;*,  4  sj/.') 

(c'i)  =  6,  ( V,  -  c/)  -  i,  (c„o.  -  c,«J  +  ft,  (c,C3  -  c/). 

297.  We  have  seen  (Art.  221)  that  If  we  had  a  covariant 
quartic,  we  could,  from  the  invariants  already  obtained,  derive 
a  series  of  others.  One  such  covariant  can  be  at  once  obtained 
by  forming  the  equation  of  the  locus  of  a  point  whose  tirst 
polar  is  a  cubic  for  which  the  invariant  B  vanishes;  in  other 
words,  by  equating  to  nothing  the  8  of  the  polar  cubic.  The 
symbolical  expression  for  this  covariant  is  (123)  (234)  (314)  (124). 
The  covariant  S  of  the  quartic 

IS  of  the  form  -  +  -  +  -  +  -+-=0. 

X      y      z      u      V 

Hence,  as  we  have  already  seen,  that  the  first  form,  though 
apparently  containing  a  sufficient  number  of  constants,  is  a 
special  one  to  which  the  equation  of  a  quartic  cannot  in  general 
be  reduced;  so  is  the  second  form  also  one  to  which  the  equa- 
tion of  a  quartic  cannot  be  brought  unless  a  certain  relation 
between  its  invariants  be  satisfied. 

There  are  other  covariant  quartlcs,  but  that  just  described  is 
of  the  lowest  order  In  the  coefficients.  Any  other  covariant 
quartic  of  the  fourth  order  in  the  coefficients  must  be  of  the  form 
S-\-kAUj  where  ^  is  a  numerical  constant  and  A  the  first 
invariant.  This  may  easily  be  verified  with  respect  to  the 
covariant  obtained  by  forming  the  contravariant  of  the  contra- 
variant  of  Art.  292. 

298.  The  general  values  of  the  coefficients  of  S  have  not 
been  calculated,  nor  have  any  of  the  higher  Invariants.  I  have 
thought  it  worth  while,  however,  to  examine  the  special  case 

ax'  +  />/  +  cz*  -f  6f?/''z'  +  G^^V  +  ehxY  =  0. 
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This  form  only  implicitly  contains  eleven  constants,  and  there- 
fore is  a  very  particular  case  of  the  general  equation  of  the 
quartic;  but  it  lends  itself  easily  to  calculation,  because  the 
covariant  S  is  of  the  same  form 

ax*  +  b/  +  cz*  +  6f/2'  4-  Qgz'x''  -j-  6h;ry  =  0 ; 

and,  therefore  (Art.  221),  from  any   invariant   can  be  derived 

another  by  performing  on  it  the  operation  ^  ;t-  +  ^  -^  4  &c.,  an 

operation  which  we  shall  denote  by  the  symbol  <^.  Although 
invariants  which  exist  in  general  may  vanish  for  the  special  case 
here  considered,  yet  invariants,  which  in  this  case  are  distinct, 
will  be  distinct  in  general.  By  calculating  the  invariants  for 
the  special  case,  we  obtain  all  the  terms  of  the  general  in- 
variants which  contain  only  the  coefficients  a,  J,  c,/,  g,  h. 

The  values  of  the  coefficients  of  S,  for  the  form  in  question, 
are 

a=6/A^b  =  6^y^  c  =  6/y, 

i^hcgh-f[hf+cK']-fgh, 

g^cahf-^gi^cK'+aD-fg-'h, 

h  =  ahfg  -  h  [af  +  hf)  -fgK\ 

It  is  convenient  to  remember,  that  for  the  same  form  the 
values  of  the  coefficients  of  the  contravariant  o",  Art.  292,  are 

^  =  5c  +  3/»,   B  =  c<i^'dg\   G  =  ab-\-^f\ 

F  =  af+gh,    G^hg-Vhf,   E=^ch^fg. 

299.   We  find  it  convenient  to  use  the  abbreviations 

ale  =  Z,  af^ hg'\  cW  =  P,  hcg'W  +  cahY  +  ahfY=  Q,  fg}i=^E\ 

then  the  values  of  the  invariants  previously  found  are,  for  the 
special  case  we  are  considering, 

^=Z+3P+6i?,  B  =  LR^-2B^-FR',  or  B=AR- APE ^4.E\ 

The  results  of  the  operation  0  on  these  several  quantities  are 

<I){L)=     6(3,  (l>{P)=^eLR-2FE-4.Q+lSB% 

0(0)  =  -  2PQ  -4.RQ-  6LR'  +  UPR'  +  ALPR, 

<^(i2)=    Q-2PR-SR% 

whence  <I>{A)  =  1SB. 


INVARIANTS  AND  COVARIANTS  OF  QUARTICS.  271 

We  can  then  obtain  a  new  invariant  of  the  ninth  order  in 
the  coefficients  by   performing  on   B  the   operation  <^.      The 
result  is 
^  (B) = G  =  Q{L-  P+  UR)-  LR  (2P+  9  i?)  +  R[2P'-  SPR^SOR"). 

The  invariant  just  found  is  not,  however,  the  only  independent 
invariant  of  the  ninth  order  in  the  coefficients.  If  we  write  the 
general  equation  of  a  quartic  u^  -f  u^z  4  u^z^  +  u^z^  -f  cz*  =  0,  then 
generally  the  highest  power  of  c  which  occurs  in  an  invariant 
of  the  ninth  order  will  be  the  third,  and  c  will  be  multiplied  by 
an  invariant  of  the  sixth  order  in  the  coefficients  of  the  binary 
quartic  u^.  This  latter  invariant  must  be  of  the  form  /  +  kf ; 
and  any  assumed  invariant  of  the  ninth  order  can  be  resolved 
into  two  parts,  in  one  of  which  c'  will  be  multiplied  by  /,  and 
in  the  other  by  f.  The  former  part  can  be  expressed  in  the 
form  M'  +  w^P  +  n(7„  where  A,  B,  G^  are  the  invariants 
already  calculated ;  for  the  expression  of  the  latter  a  new  in- 
variant is  necessary,  and  we  proceed  to  give  one  of  several  ways 
in  which  it  may  be  obtained.  It  will  first,  however,  be  neces- 
sary to  mention  some  other  covariants  and  contravariants. 

300.   The  value  of  the  Hessian  for  this  case  is 
agJix'^-^-  llfy^^  cfgz^+  [ahg  +  ahf-  3^A>y+  {ach  +  afg-Zg'h)  x'z' 
+  {ahf+hgh-ZfK')y*x'+{bch+hfg-  2,fh)y^z''+{caf+  clig-^fgYx^ 
+  {^cg  +  cfh  -  Zfg]  zY  +  [ahc  -  Zaf  -  Uf  -  ScK'  +  ISfgk)  xyz\ 

Again,  it  has  been  stated  (Art.  92)  that  a  quartic  has  also  a 
contravariant  sextic,  the  symbol  for  which  is  (al2)'''  (a23)'^(a31)*. 
The  value  of  this,  for  the  case  we  are  considering^  is 

[hcf-f]  a«  +  [cag^g')  ^«  +  {ahh  -  h')  y' 

+  [hcg^  6cfh-2fg)(x'fi^  [IcM  &hfg-^fh)  aV+(«c/-f  Qcgh-  Sg'y)^a' 

+  [ach  +  Qafg  -  3g'h)  ^V  +  {abf+  Qhgh  -  Sfh')  7V 

+  {abg  +  Qafh  -  3gJi')  j'^''+  [ahc  -  3  (a/^+  bf+  ch')  +  4.SfgJi}  a^/3 V- 

If,  introducing  differential  symbols  in  either  of  these,  we  operate 
on  the  other,  the  result  is  ^'''  +  576^.  If  we  operate  on  the 
Hessian  with  the  contravariant  o*,  we  get  a  covariant  quadratic 
of  the  fifth  order  in  the  coefficients ;  and  if  we  operate  on  the 
contravariant  sextic  with  the  quartic   itself,   we  get  a  contra- 
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variant  quadratic  of  the  fourth  order  in  the  coefficients.  The 
values  of  these  quadratics  are  respectively 

{afx'  +  hgy"  +  chz^)  (Z  +  3P+  30i2) 

+  ((j}ix'-\-  hff-\fgz')  {\0L  -  QP-  UR)-4:  (a'fx'-¥  %y+  c'h'z')  ,' 

ifa'  +ffff'  +  hy')  (3L  +  5P+  2R)  -  8  [af'd'  +  hg'^'  +  cJi^) 

+  4  {hcgM'  +  cahf^^  +  ahfgi'). 

If  we  introduce  differential  symbols  into  either  of  these  two 
concomitants  and  operate  on  the  other,  the  result  is  a  new 
invariant 

(7,  =  (80Z-  32P+  448^)  (3+  SP^-eP'-^X-  ]34P'i2 

+  3Pi:*'^  +  12SPLR  -  QOPE'  +  102L'R  +  408LP'  -  72E\ 

Tliere  appears  to  be  for  the  quartic  we  are  considering  no 
other  independent  invariant  of  the  ninth  order.  If,  for  ex- 
ample, we  operate  with  the  contravarlant  conic  on  the  quartic 
itself,  the  result  is  expressible  in  terms  of  the  invariants 
already  found,  being  SG^-  SOC^-  ISO AB.  We  might  perhaps 
more  simply  have  taken  for  the  second  independent  invariant 
i{C^-32G,),or 

C^  =  UQL-hP'-2P'L-QQP'B  +  PL'-]-Q4.PLR-^12PE' 

-f  S4.UR  +  232LR'  -f  296P'. 

301.  We  proceed  next  to  form  invariants  of  the  twelfth 
order  in  the  coefficients.  We  can  form  the  cubic  invariant  of 
the  quartic  S  by  help  of  the  formulas 

i'  =  216i^, 

P'  =  Q{Q'-2PQR-^R'Q+2P'E-2PLE'+4^PE'+6LR'+3R^}y 

E  =  Q'  -  2LR  Q  -  P'E'  -  2PE  +  VE  +  ^LE  -  E\ 

whence  L  +  3P'  +  ^E  =  6i>„  where 

B^  =  ^Q'^Q  (-  ^PE -  2LE  -  \2E) 

+  hP'E'  -  QPLE  4-  lOPE'  +  L'E'  +  22  LR'  +  44^^ 
Again,  by  performing  the  operation  c/)  on  (7j,  we  get 
D^  =  2iQ'-^Q  (4P''  -  4PZ  -  84PP  -  20XP -  248P''') 

-  4P^P -  UP'R'  +  4PX'^P  +  lUPLE  +  444PP^ 

-18Z'P'-84XP'  +  216^*, 
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and,  by  combining  these,  we  have  D^^  —  QD^  =  42)^,  where 
D^=Q [P' -  PL  -  12 PE- 2LR -  UR')  -  P'Pi  -  nP'R' 

+  PUR  +  VoPLE"  +  96P^^  -  ^UR  -  64.LR'  -  12R\ 

In  terms  of  these  and  of  the  other  invariants  already  given 
can  be  expressed  the  other  invariants  of  the  twelfth  order,  such 
as  <^(CJ,  and  the  discriminant  of  the  contravariant  conic. 

So,  again,  we  can  express  In  terms  of  the  preceding  the 
invariants  of  the  contravariant  quartic ;  we  have 

L'  =  U -\-  SPL-h  dQ  +  27E% 

B'=^LR+Q-vPR-\-E% 

P'^3P''-5Q-hePR-{-PL  +  6LR-\-9R\ 

Q'  =  3Q'+Q  (3P'^ -f  4.PL  +  24.PR  +  U- SLR  +  &E') 

+  12P'LR-\-  ISP'E'+  4.PL'R  +  10PLR'+  3QPE'-SQLE'+ 27 E\ 

whence  A'  =  A'  +  125,  B'  =  4.D^-i-AG^  +  A'B-  \2B\ 

302.  It  is  to  be  noted,  that  though  there  is  only  one  con- 
travariant conic  of  the  fourth  order  in  the  coefficients,  there 
are  two  covariant  conies  of  the  fifth,  viz.,  in  addition  to  that 
already  given,  that  obtained  by  operating  with  the  contravariant 
conic  on  the  quartic  itself,  the  result  being 

(3X  4-  9P+  lOJ?)  {afx^  +  hgy'  +  chz') 

+  (lOX  +  2P+  4JS)  {ghx'-\-  hfy'^fgz')  -  12  (a7V+5y/-f  cTz% 

and  if  this  be  combined  with  that  previously  given,  we  can  write 
it  in  the  simple  form 

4.E  [afx'  +  hgy'  +  cM)  +  [L  -  P-  2E)  [gJix^  +  Jiff  -^fgz^). 

The  discriminant  of  this  last  conic  gives  the  simplest  invariant 
of  the  fifteenth  order,  viz.,  writing  L  —  P—  2E  =  M, 

E^  =  l^ME'Q^  4.M'E'P-\-  M'E'  +  64X^ ; 
or,  at  length, 
^,  =  16  (L  -  P-  2^)  QE'  +  E'  {SP'  -  bP'L  +  lOP'^^ 

.  ^PU-  APLE  +  4P^'^  +  L'-  Q>UE  +  l^LE'  -  8i2'J. 

The  other  three  invariants  of  the  system  of  conies  are,  of  course, 
also  Invariants  of  the  quartic  of  the  same  order,  besides  which 
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we  might  also  calculate  (t>D^^  (f>D^^  &c.   All  these  are  expressible 
in  terms  of  £^  and  E^*  where 

JE^  =1Q{L-  P-  2E)  Q'  +  {SP"  -  hP'L  -  GP'B 

+  Pr-22SPLR-  2n2PE''+L'-h2d8L'B  -t-  2636i:^'^-42965')(3 

-\-R{-  12P'  4  UP'L  -  52PT  +  20  PL') 

+  B'  (348P'  -  S52P'L  +  308PL'  +  324Z') 

+  B'  (1320P'  -  416PL  +  216^'')  +  720PB'  +  11376^'  -  864i^^ 

There  are   also  two  independent  invariants  of  the  eighteenth 
order,  the  first  being  the  C^  of  the  contravariant  quartic,  viz. 

F=  128  G^-f  (7{-  48P'-f  80PL  +  368P^  +  32X"'^-  528X7^  -  160P') 

+  Q  (9P*  -  12P'X  -  108P'P  -  2P='X'''  +  32iP'LB  +  240P'P' 

+  4PZ^  +  GOPZ'^P  -  2SHPLB'  +  528PP'  +  X"  -  20Z'P  -  400X*''^''' 

-  2512Z^'  -  144^")  +  18P'P  -  24:P'LB  -f  27P'P'  -  4P'Z''^P 
4-  ISOP'LB'  +  60P'P'  +  8P'^Z'P  -f  lUPTB'  +  lUP'LB' 

+  288P''^P*  +  2  PUB  -  UPUB'  +  52PL'B'  -  592PZ  W 

+  288PP'  -  2\VR'  -  eOL'B'  -  720rB'  -  2076LB'  +  240JS^ 

i^,=  128(3'  +  Q''(-8P'-240PZ-5312PP  +  312Z'+9536Z2? 
+  lUSOB')  +  Q  (-18P*  +  54P=*X+  1146P'P  -54P*''X'-  1978P'X^ 
+  7548P'i2'  +  18PZ'  +  2^2PUB  -  US2PLB^  H-  49272PS' 
+  570Z'i2  +  ie20L'B^  +  6648  LP'  +  77808^")  +  24P'P 

-  IGP'LB  -  1224P'P''  +  S4:PTB  +  2Q22P'LB'  -  13032P'P« 

-  SGP'L'B  -  MePTB'  +  S26SP'LB'  -  30192P^P'  +  4PX*P 

-  S22PL'B'  -  368PX'P'  -  73784PPP'  -  5472PP'  +  lUP'P'^ 

-  1524X'P'  -  U112UB^  -  113904XP'  +  25920P«. 

It  does  not  appear  that,  even  in  the  special  case  we  are 
considering,  the  invariants  of  higher  order  that  we  have  given 
are  linearly  expressible  in  terms  of  those  of  lower  order;  nor 
have  I  been  able  to  find  that,  even  in  this  case,  the  discriminant 
is  expressible  in  terms  of  lower  invariants. 

*  The  values  of  these  and  of  the  next  two  following  invariants  were  calculated 
for  me  by  Mr.  J.  J.  Walker. 


(     275 


CHAPTER    VII. 


TRANSCENDENTAL  CURVES. 


303.  We  have  hitherto  exclusively  discussed  equations  re- 
ducible to  a  finite  number  of  terms  involving  positive  integer 
powers  of  x  and  y ;  it  remains  to  mention  something  of  the  pro- 
perties of  curves  represented  by  transcendental  equations.  Since 
these  involve  functions  only  expressible  by  an  infinite  series  of 
algebraical  terms,  all  transcendental  curves  may  be  considered 
as  curves  of  infinite  degree ;  they  may  be  cut  by  any  right  line 
in  an  infinity  of  points,  and  must  have  an  infinity  of  multiple 
points  and  multiple  tangents.  There  is,  then,  no  room  for  a 
general  theory  of  the  singularities  of  these  curves,  and  it  is 
only  necessary  to  mention  the  names  and  principal  properties  of 
some  of  the  most  remarkable  of  them.  We  may  notice,  in 
passing,  a  class  of  equations,  called  by  Leibnitz  interscendental^ 
or  which  involve  the  variables  with  exponents  not  commen- 
surable with  any  rational  number ;  for  example,  y  —  x^'\  Here, 
as  w^e  successively  substitute  for  V^  the  series  of  rational 
fractions  which  approximately  express  the  value  of  the  radical, 
we  shall  find  a  series  of  algebraic  curves  of  constantly  increasing 
degree,  more  and  more  nearly  resembling  the  figure  of  the 
required  curve,  but  not  accurately  expressing  it  as  long  as  the 
degree  of  the  curve  is  finite.  We  pass  on  to  the  cycloid^ 
which  holds  the  first  place  among  transcendental  curves,  both 
for  historical  interest  and  for  the  variety  of  its  physical  applica- 
tions. This  curve  is  generated  by  the  motion  of  a  point  on 
the  circumference  of  a  circle  which  rolls  along  a  right  jline. 
Let  A  be  the  point  where  the  motion  commences ;  then  (see  fig. 
next  page),  in  any  position  of  the  generating  circle,  if  p  be  the 
generating  point,  we  must  have  the  Sivc  pm  =  Am^  and  denoting 
the  angle  pern  by  <^,  and  c;?i,  the  radius  of  the  circle,  by  a,  we 
shall  have 

2/  =  a  (1  -  cos^),    oj  =  a  (0 -sin^) ; 
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whence,  eliminating,  we  shall  have  the  equation  of  the  curve, 

a-  y  —  a  cos  •< ^^ — - — =^-^  \ , 


It  is,  however,  generally  more  convenient  to  retain  0,  and  to 
consider  the  curve  as  represented  bj  the  two  equations  given 
above.  It  is  easily  seen  that  the  form  of  the  curve  is  that 
represented  in  the  figure;  and  since  the  circle  may  roll  on 
indefinitely  in  either  direction,  that  the  curve  consists  of  an 
infinity  of  similar  portions,  and  that  there  is  a  cusp  at  the  point 
of  union  of  any  two  such  portions. 

Let  MPN  be  the  position  of  the  generating  circle  correspond- 
ing to  the  highest  point  of  the  cycloid,  then,  since  Am  —  eircpm, 
AM=MPN^  we  have  Mm=pP=?ircPN]  or  the  curve  is  gene- 
rated by  producing  the  ordinates  of  a  circle  until  the  produced 
part  be  equal  to  the  corresponding  arc,  measured  from  the  extre- 
mity of  the  diameter.  Denoting  the  angle  PCN  by  ^,  the  curve 
referred  to  the  axes  AM,  MN  is  represented  by  the  equations 
^  =  a(l -f  cos^),    ic  =  a(^4-sin^). 

o04.  We  can  readily  see  how  to  draw  a  tangent  to  the  curve, 
for  at  any  instant  of  the  motion  of  the  generating  circle  m  (its 
lowest  point)  is  at  rest,  and  the  motion  of  every  point  of  the 
circle  is  for  the  moment  the  same  as  if  it  described  a  circle 
a'. out  ?/i;  hence  the  normal  to  the  locus  of  ^  must  pass  through 
7w,  and  its  tangent  must  always  be  parallel  to  NP.     Tlie  same 

dy          sin  (/> 


thing  appears  analytically  for  -~ 


=  cot^<i);  the  tan- 


1  —  cos  0 

gent  therefore  makes  with  the  axis  of  x  an  angle  the  comple- 
ment of  CNP,  which  is  \(^. 

It  is  so  easy  to  give  geometrical  proofs  of  some  of  the  principal 
properties  of  the  cycloid  that  Ave  add  them  here.    The  area  of  the 
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curve  IS  three  times  the  area  of  the  generating  circle.  For  the 
element  of  the  external  area  [pprr=pptt'=^PP^QQ;)  is  equal  to 
the  element  of  the  area  of  the  circle ;  the  whole  external  area 
therefore,  AENFB^  is  equal  to  the  area  of  the  circle ;  and  therefore 
the  internal  area  ANB  is  three  times  the  area  of  the  circle. 

The  arc  Np  of  the  cycloid  is  double  NP  the  chord  of  the  circle. 

For  it  is  easy  to  see  that  the  triangle  PF'L  is  isosceles,  and 
therefore  that  if  a  perpendicular,  MK^  be  let  fall  on  the  base, 
PL,  the  increment  of  the  arc  of  the  cycloid,  is  double  PK^  the 
increment  of  the  chord  of  the  circle. 

Hence,  if  s  denote  the  arc  of  the  cycloid,  b  the  diameter  of  the 
generating  circle,  x  the  abscissa  NQ  from  the  vertex,  then  the 
equation  of  the  curve  is  s'^  =  4Jjc,  a  form  useful  in  Mechanics. 

The  radius  of  curvature  is  double  the  normal. 

For  the  triangle  formed  by  two  consecutive  normals  has  its 
sides  parallel  to  those  of  the  triangle  MPK\  but  the  base  of  the 
first  triangle  is  equal  to  PL^  and,  as  we  have  just  proved,  is 
double  PK.,  the  base  of  the  second;  hence  the  radius  of  cur- 
vature is  double  MP. 

The  evolute  of  the  cycloid  is  an  equal  cycloid. 

For  if  we  suppose  a  circle  touching  the  base  at  w,  and  passing 
through  B  the  centre  of  curvature,  it  is  equal  to  the  generating 
circle,  and  the  arc  nB  is  equal  to  NP—  nD ;  hence  the  locus  of  ^ 
is  the  cycloid  described  by  the  circle  mBn  rolling  on  the  base  EF.^' 


*  The  properties  of  the  cycloid  were  much  studied  by  the  most  eminent  mathe- 
maticians of  Europe  during  the  first  half  of  the  seventeenth  century.  Their  attention 
was  first  called  to  these  problems  by  Mersenne ;    but  Galileo  claims  to  have  inde- 
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We  might  also  seek  the  locus  of  any  point  in  the  plane  of  the 
generating  circle  carried  round  with  it ;  when  the  point  is  inside 
the  circle,  the  locus  is  called  the  prolate  cycloid ;  when  it  is  out- 
side it  is  called  the  curtate  cycloid ;  these  loci  are  by  some  called 
trochoids.  There  is  no  difficulty  in  calculating  their  equations  or 
in  ascertaining  their  figures,  but  it  does  not  seem  worth  while  to 
devote  any  space  to  them  here.  The  method  of  drawing  tangents 
given  for  the  cycloid  applies  equally  to  these  curves.  These 
curves  may  (as  the  reader  can  easily  see)  be  generated  by  a  point 
on  the  circumference  of  a  circle,  rolling  so  that  the  arc  pm  shall 
be  in  a  constant  ratio  to  the  line  Am. 


305.  When  the  properties  of  the  cycloid  had  been  Investi- 
gated, it  was  a  natural  extension  to  discuss  the  curve  traced  by 
a  point  connected  with  a  circle  rolling  on  the  circumference  of 
another.  When  the  point  is  on  the  circumference  of  the  rolling 
circle,  the  curve  generated  is  called  an  epicycloid  or  hypocycloid^ 
according  as  the  circle  rolls  on  the  exterior  or  interior  of  the 
fixed  circle ;  If  the  generating  point  be  not  on  the  circumference, 
the  curve  is  called  an  epitrochoid  or  hypotrochoid. 

Let  us  take  for  the  axis  of  x  that  position  of  the  common 
diameter  of  the  two  circles  which  passes  through  the  generating 
point ;  let   CO  be  any  other  position  of  it,  Q  the  generating 


point;   let     (7J\^=a,    ON^h,   NCB=<t>,    PON==f, 


then  since  JBN=  NP^  we  have 
acl>  =  hylr',  OQM=lS0-{(t>+ylr)- 
and  the  coordinates  of  Q  are 
y  =  [a-\-b)  sin</)  — c?  sin(0-f'^), 
X—  {a-\-b)  cos^— <? cos ((/)-}- -^j; 
or  if  a  +  b  =  mbj 

y  =  mb  siucf)  —  d  sin?72<^, 
x  =  mb  cos(j>  —  d  cosmcf). 


pendently  imagined  the  description  of  this  curve.  Galileo,  having  failed  in  obtaining 
the  quadrature  of  the  curve  by  geometrical  methods,  attempted  to  solve  the  problem 
by  weighing  the  area  of  the  curve  against  that  of  the  generating  circle,  and  arrived 
at  the  conclusion  that  the  former  area  was  nearly,  but  not  exactly,  three  times  the 
latter.  The  problem  of  the  quadrature  was  correctly  solved  by  Roberval  in  1634; 
the  method  of  drawing  tangents  was  discovered  by  Des  Cartes,  the  rectification  by 
Wren,  the  evolute  by  Huyghens ;  several  other  important  properties  by  Pascal. 
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Eliminating  0  from  these  equations  we  obtain  the  equation 
of  the  curve,  which  is  not  necessarily  transcendental.  In  fact, 
when  the  circumferences  of  the  circles  are  commensurable,  after 
a  certain  number  of  revolutions,  the  generating  point  returns  to 
a  former  position,  the  curve  is  closed,  and  of  finite  algebraic 
dimensions ;  but  if  they  be  not  commensurable,  the  generating 
point  will  not  in  any  finite  number  of  revolutions  return  to  the 
same  position,  and  the  curve  will  be  transcendental. 

To  obtain  the  equations  of  the  epicycloid  we  have  only  to 
make  d=±b,  and  we  have 

y=^h[m  sin0+  sin??z0), 
a;  =  5  (w  cos<^  +  COSW0) ; 

the  lower  sign  answers  to  the  case  when  the  axis  of  x  passes 
through  the  generating  point  when  it  is  on  the  fixed  circle ;  the 
upper  sign,  when  it  is  at  its  greatest  distance  from  it. 

306.  The  coordinates  for  the  case  of  the  hypotrochoid  and 
hypocycloid  are  found,  as  the  reader  can  easily  verify,  by 
changing  the  sign  of  h  in  the  equations  given  above.  These  will 
be  included  in  the  equations  which  we  shall  use,  by  giving  nega- 
tive values  to  wz,  or  by  supposing  w  =  —  w,  where  n  =  — j—  . 

The  equations  given  above,  if  we  alter  h  into  mb^  and  m 
into  — ,  become 


=  mb  I—  sin 6  +  sin  -  (i)  I  , 
\m        ^  m    J  ^ 

=  mb  [  —  cos  6  +  cos  —  ^  ) ; 
\m  m^ J  ^ 


and  making  (j>  —  myjr^  we  see  that  these  equations  belong  to  the 

same  locus  as  the  preceding.     We  can  thus  prove  that  the  same 

hypocycloid  is  generated  whether  we  take  b  =  i{c±a).     (Euler 

de  duplici  genesi  Epicycloidum,  Acta  Petrop.   1784,   referred 

to  by  Peacock,  Examples,  p.   194).      The  hypocycloid,  when 

the   radius  of  the  moving  circle  is  greater  than   that  of  the 

fixed  circle,  may  also  be  generated  as  an  epicycloid,  for  then 

/         a-b\  . 
m\=  -  — —  1  IS  positive. 
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307.  Tangents  can  easily  be  drawn  to  these  curves,  for  by 
the  same  reasoning  as  that  used  in  Art.  304  the  line  NQ  is 
nornial  to  the  curve.  We  can  thus  see  also  that  when  a  curve  is 
generated  by  a  point  on  the  circumference  of  one  figure  rolling 
on  another,  there  must  be  a  cusp  at  every  point  where  the 
generating  point  meets  the  fixed  curve.  For  by  this  construction, 
at  such  a  point  the  generating  point  approaches  the  fixed  curve 
in  the  direction  of  its  normal,  and  recedes  from  it  in  the  same 
direction ;  hence  it  is  a  stationary  point.  An  epicycloid  then 
consists  of  a  number  of  similar  portions,  each  united  to  the  next 
by  a  cusp ;  and  the  extreme  radii,  from  the  centre  of  the  fixed 

circle  to  any  such  portion,  are  inclined  at  an   angle  = . 

a 

When  the  radii  of  the  circles  are  commensurable  and  the  curve 

therefore  algebraic,  the  number  of  cusps  is  finite,  but  when  the 

curve  is  transcendental,  the  number  of  cusps  is  infinite.     Every 

point  of  the  base  is  in  its  turn  a  cusp,  and  therefore  the  base 

may  be  said  to  be  the  locus  of  the  cusps  of  the  curve;   but, 

obviously,  consecutive   points  of  the  base  are  not  consecutive 

points  of  the  locus. 

308.  These  curves  have  besides,  as  have  epitrochoids  in 
general,  a  number  of  double  points  crunodal  or  acnodal,  the 
number  being  finite  for  algebraic  curves  and  infinite  for 
transcendental,  and  all  the  nodal  points  being  ranged  in 
circular  loci.     Consider  the  equations  (Art.  305) 

y  =  mh  sin^  —  d  sinmt/),    x  =  mb  cos0  —  d  cosm(j>j 

where  </>  =  0,  corresponds  to  what  we  may  regard  as  the  initial 
position  of  the  generating  point,  viz.  that  where  it  is  in  a  line 
with  the  two  centres,  this  line  being  taken  as  the  axis  of  ic,  and 
the  initial  distance  of  the  origin  from  the  generating  point 
being  mb  —  d.  But  there  are  other  positions  of  the  moving 
circle  for  which  the  generating  point  lies  on  the  axis,  the 
values  of  <f>  corresponding  to  these  positions  being  found  by 
solving  the  equation  mh  sin<^  =  ^  sinr/K/).  And  setting  aside  the 
root  0  =  0,  the  other  roots  of  this  equation  are  obviously  dis- 
tributable into  pairs  equal  with  opposite  signs,  and  for  each  pair 
the  value  of  .r,  mh  cos <!>  — d  cos mcpj  is  the  same.     The  corre- 
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spending  points  are  therefore  double  points  on  the  locus.  The 
value  mb  cos  (l>  —  d  cos  m(f)  may,  by  means  of  the  condition 
mb  am (l>  —  dsinm(f)^  be  written  in  the  form  a;sin(^=c?sin(7w  — 1)^. 
Every  time  that  the  generating  point  returns  to  a  similar 
position  with  regard  to  the  two  centres  we  have  a  line  on 
which  double  points  lie,  the  number  of  such  lines  being,  as 
has  been  stated,  finite  for  algebraic  curves  and  infinite  for 
transcendental. 

309.  The  equations  of  the  tangents  to  the  epi-  or  hypo- 
cycloids  admit  of  being  written  in  a  very  simple  form.     For 

dy  _    cos<l)±co8m(j)    _      cosj(w2  +  l)0  .     _sm\[m+l)<f> 

dx      —[sm<p±smm<f>)  sin  J(m4-lj</) '  cos|(m+l)<^ ' 

And,  attending  to  the  condition  that  the  tangent  must  pass 
through  the  point  whose  coordinates  have  been  given  in  Art.  305, 
the  equation  of  the  tangent  becomes 

£c  cos  ^  (m  +  1)  <^  +  y  sin  ^  (w  +  1)  ^  =  (wi  +  I)  J  cos  \[m-l)  <^, 
when  the  axis  passes  through  the  generating  point  at  its  greatest 
distance  from  the  centre  of  the  fixed  circle  ;  and 

X  sm\  [m -\-  V)  (t> - y  cos ^  (w -t- 1)  ^  =  (m  +  1)  Z>  sin \[m—l)  ^, 

when  the  axis  of  x  passes  through  the  generating  point  at  its 
least  distance  from  the  centre  of  the  fixed  circle. 

The  equation  of  the  normal  in  the  latter  case  is  in  the  same 
manner  seen  to  be 
X  cos\  [m  -{■  I)  ^  -\-  y  sin  ^  (r/i  +  1)  (^  =  [m  -  \)b  cos\  [m  —  I]  (f). 

Comparing  this  with  the  first  form  of  the  equation  of  the 
tangent,  it  follows  that  the  evolute  of  an  epicycloid  is  a  similar 
epicycloid^  the  radii  of  the  circles  being  altered  in  the  ratio 

,  and  the  generating  point  of  the  evolute  being  at  its 

greatest  distance  from  the  centre  of  the  fixed  circle  when  on  the 
same  diameter  on  which  the  generating  point  of  the  original 
curve  is  at  its  least  distance. 

The  same  remarks,  of  course,  apply  to  the  hypocycloid. 

The  equation  of  the  tangent  to  an  epitrochoid  is  in  like  manner 

{b  cos<})-  d  cos  m^)  x-\-[b  sin  ^-d  sin  rrKJ))  y 

=  {m¥  +  cZ'  -  (w  +  1)  bd  cos  (?7i  -  1)  ^}. 

00 
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310.  We  give  examples  of  some  of  the  simplest  cases  wLere 
the  equations  of  these  curves  are  algebraic,  and  can  be  easily 
formed.  These  cases  are  {a)  when  the  equation  of  the  tangent 
is  included  in  the  form 

a  cos 26  +  h  sm26 -\- c  cos 6  -\-  d  s\n  0  +  e  =  0, 

the  envelope  of  which  is  given,  Ex.  3,  p.  69 ;  [b)  when  the  equa- 
tion of  the  tangent  is  included  in  the  form 

a  cos  ^d  +  b  sin  S6  +  3c  cos  6  +  ^d  sin  ^  =  0, 

an  envelope,  which  when  treated  by  the  same  method  as  that 
just  mentioned,  is  solved  by  forming  the  discriminant  of  a 
cubic  equation,  the  result  being 

(a''4  bJ+S{ac'-b(r)-2icd{ad-bc)  =  S{c'-^dy  +  e{a'+b')[c'+d') 

(c)  when  tti  is  a  fraction  whose  numerator  and  denominator 
differ  by  one.     If  we  square  and  add  the  equations 

x  —  mb  cos n(f>—  d  cos  (w  +  1)  0,  y  =  mb  sin  n<f>  —  d  sin  (w  +  1)  ^, 

we  have  x^  +  3/^  =  '^^^^^^  -Y  d^  —  2mbd  cos  <^, 

and  by  solving  for  cos  (j)  from  this  equation,  and  substituting  in 
the  value  for  ic,  the  elimination  is  performed. 

Ex.  1.  To  find  the  epitrochoid  in  general  when  d  =  mb.  The  equations  are  then 
reducible  to  the  form 

x  =  2d  sin  |  (m  -  1)  </>  sin  J  {m  +  1)  (p,    y  =  2d  sin  h  {m  -  1)  ({>  cos  I  {m  +  1)  cp, 
whence  obviously  i  {m  +  1)  (p  is  the  angle  m  made  by  the  radius  vector  with  the 

m  —  1 
axis  of  y ;  and  the  polar  equation  is  p  =  2d  sm  ~~r  ■[  '^' 

Ex,  2.  To  find  the  equations  of  the  epitrochoid  and  epicycloid  when  the  radii 
of  the  circles  are  equal,  and  therefore  m  —  2.    Dealing,  as  in  (c),  with  the  equations 

x  =  2b  cos  (p  —  d  cos  2<j),    y  =  2bsm(p  —  d  sin  20, 
we  find  (a;2  +  y^  -  2b^  -  d^-)^  =  Ab-  {b^  +  2d^  -  2dx), 

the  equation  of  a  Cartesian,  having,  as  may  be  easily  verified,  y  =  0,  x  =  d,  as  a,  double 
point ;  the  curve  is  therefore  a  limaqon.    We  see  from  the  theory  already  explained 

that  this  point  corresponds  to  the  value  cos<f>=  -.    When  therefore  d is  greater  than 

b ;  that  is  to  say,  when  the  generating  point  is  outside  the  moving  circle,  the  node 
corresponds  to  two  real  positions  of  the  moving  circle  and  is  a  crunode ;  but  if  the 
generating  point  be  inside  the  moving  circle,  the  node  corresponds  to  no  real  position 
of  that  circle,  and  the  curve  is  acnodal. 

The  case  of  the  epicycloid  is  obtained  by  putting  d=  b,  when  we  have 
(a;2  +  ^2  _  3J2')2  ^  4^3  (3j  _  2x). 

The  double  point  now  becomes  a  cusp,  and  the  curve  is  a  cardioide.  It  is  plain  from 
what  has  been  said  that  the  evolute  of  a  cardioide  is  a  cardioide. 
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Ex.  3.  To  find  the  equation  of  the  epicycloid  when  the  radius  of  the  rolling  circle 
is  half  that  of  the  fixed  circle.    The  equation  of  the  tangent  is 

X  cos  20  +  y  sin  20  =  46  cos  6, 
an  equation  included  in  the  form  p.  69,  the  envelope  of  which  is 
(a;2  +  y2  _  4J2)3  _  I086<a;'. 

Ex.  4.  To  find  the  hypotrochoid  and  hypocycloid  when  the  radius  of  the  rolling 
circle  is  half  that  of  the  fixed  circle.    We  have  m  =  -  1 ;  the  equations  are 

X  =  i  cos  <^  +  <^  cos  ^,    y  =  *  sin  <^  —  c?  sin  ^, 
and  the  hypotrochoid  is  the  ellipse 

gg  y2 

{h  +  df  "^  {p  -df  ~    ■ 
which  reduces  to  the  diameter  y  in  the  case  of  the  hypocycloid  where  b-=d. 

Ex.  5.  To  find  the  hypocycloid  when  the  radius  of  the  fixed  circle  is  three  times 
that  of  the  moving  circle.  Here  m  =  —  2,  and  the  equation  of  the  tangent  is  of 
the  form 

X  cos  <f>  —  y  sin  ({>  =  b  cos  3^, 

and  the  envelope  is,  by  the  form  {b)  given  above, 

(a;2  +  y2)2  +  Sbx^  -  2ibxy^  +  18b^  {x^  +  y^)  =  27b*, 
the  equation  of  a  tricuspidal  quartic,  the  tangents  at  the  cusps  meeting  at  the  centre 
of  the  fixed  circle. 

This  curve  has  been  studied  by  Steiner  as  the  envelope  of  the  line  joining  the 
feet  of  the  three  perpendiculars  on  the  sides  of  a  triangle  from  any  point  on  the 
circumscribing  circle.  In  fact,  taking  the  centre  of  the  circle  as  origin,  and  the 
coordinates  of  the  vertices  r  cos  2a,  r  sin  2a,  &c.,  if  the  point  from  which  the  perpen- 
diculars are  let  fall  is  r  cos  2(p,  r  sin  2(p,  the  equation  of  the  hne  joining  the  feet  is 
aj  sin  (a  +  jS  +  7  -  0)  -  y  cos  (a  +  /3  +  7  -  0) 

=  |r{8in(a+/8+7-3</))  +  sin(/3  +  7-a-<^)  +  8in(7  +  a-/3-(/))  +  sin(a  +  /3-7-<^)}, 
a  form  easily  reducible  to  that  considered  in  this  example. 

Ex.  6.  To  find  the  hypocycloid  when  the  radius  of  the  fixed  circle  is  four  times 
that  of  the  moving  circle.  We  have  here  tti  =  —  3 ;  the  equation  of  the  tangent  is 
a;  sin  <^  +  y  cos  <^  =  2b  sin 2<^,  and  that  of  the  envelope  x^  +y^  —  (46)3. 

311.   The   equation   of  the  reciprocal   of  an  epicycloid  is 
readily  obtained,  for  the  tangent  being 
ic  cos  ^  (w  -f  1)  </)  +  y  sin  i  (m  -f  1)  </)  =  (m  +  1)  5  cos  J  (wi  -  I)  ^, 

it  is  plain  that  the  perpendicular  on  the  tangent  makes  an 
angle  ^(m+l)(^  with  the  axis  of  a:,  and  that  its  length  is 
(tw  +  1)  6  cos  \[m-l)  (f>]  the  locus,  therefore,  of  the  foot  of  this 
perpendicular  is 

p  =  (m  +  l)5cos^^^a>), 
and  the  reciprocal  curve  is 

p  COsf  — -  ft)  I  =  (w  +  1)  5. 
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The  radius  of  curvature  is  found  by  the   formula   R  =  ^  - . 
In  the  original  curve  we  have 

p'  =  x'  -f  y'  =  ¥  {m'  -f  1  +  2m  cos  (m  -  1)  <^}, 
or  p'  =^h^{m-\ y  +  Amh'  cos" i{m-l)  <f>, 

or  p'  =  a'+  ,— r-rva/- 

\m-\-  I)  ^ 

Hence  ^  =  -, — — prj  ^.* 

312.   Another  general  expression  for  the  radius  of  curvature 

in  roulettes  (or  curves  generated  by  a  point  on  a  rolling  curve) 

may  be  found  as  follows :  Let  P,  P'  be  two  consecutive  points  of 

the  curve,  M  the  point  of  contact  of  the  rolling  with  the  fixed 

curve,  and  R  the  centre  of  curvature ;   then  PP'^  the  element  of 

the  arc  of  the  roulette,  is  =  MP.  PMP' ;    but,  by  considering  the 

curves  as  polygons  of  an  infinite  number  of  sides,  we  can  see  that 

PMP\  the  angle  through  which  PM  turns,  is  equal  to  the  sum 

(or  difference)  of  the  angles  between  two  consecutive  tangents  to 

the  fixed  and  to  the  rolling  curve.     Hence,  if  da  be  the  element 

of  the  arc  of  the  roulette,  ds  the  common  element  of  the  arcs  of 

the  fixed  and  generating  curves,  p  and  p  the  radius  of  curvature 

of  each,  we  have 

'ds      ds^ 

\p       p 

but  this  element,  J<7,  Is  also  equal  to  PR^  the  radius  of  curvature, 
multiplied  by  the  angle  between  two  consecutive  normals ;  and 
if  we  call  <^  the  angle  OMP^  between  the  normals  to  the  roulette 
and  to  the  fixed  curve,  then  the  angle  between  two  consecutive 
normals  to  the  roulette  is 

cos  (f)ds 


..=i/p(^'.-). 


Hence 


MR 

MP^  MR  _ 
MP. MR  ~  c^s 


s"0  Vp  "^  /  j  ' 


*  The  invention  of  epicycloids  is  attributed  to  the  Danish  astronomer,  Roemer, 
who,  in  the  year  1674,  was  led  to  consider  these  curves  in  examining  the  best  form 
for  the  teeth  of  wheels.  The  rectification  of  these  curves  was  given  by  Newton, 
Frincijpia,  Book  I.,  Prop.  49. 
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(See  Liouville,  vol.  x,  p.  150.) 

313.  A  large  class  of  trauscendental  curves  is  obtained  by 
taking  tbe  ordinate  some  trigonometrical  function  of  the  abscissa. 
There  is  no  diflSculty  in  deriving  the  shape  of  such  curves  from 
their  equation.  For  example,  ^  =  sin  a;  has  positive  and  constantly 
increasing  ordinates  until  ic=^7r;  the  ordinates  then  decrease  in 
like  manner  until  a;  =  tt,  when  the  curve  crosses  the  axis  at  an 
angle  of  45°,  and  has  a  similar  portion  on  the  negative  side  of  the 
axis  between  x  =  ir  and  x  =  27r.  The  curve,  therefore,  consists 
of  an  infinity  of  similar  portions  on  alternate  sides  of  the  axis. 

So  again,  y  =  tana;  represents  a  curve,  of  which  the  ordinates 
increase  regularly  from  a;=0  to  ic=^7r,  when  y  is  infinite,  and  the 
line  a:  =  Jtt  an  asymptote.  For  greater  values  of  a?,  y  alters  from 
negative  infinity  to  0  when  x  —  ir.  The  curve  then  consists  of 
an  infinity  of  infinite  branches,  having  an  infinity  of  asymptotes, 
x  =  \'Tr^  ic  =  |7r,  &c.,  and,  as  may  be  readily  seen,  points  of 
inflexion  at  a;  =  0,  a;  =  tt,  a:  =  27r,  &c. 

In  like  manner  the  reader  may  discuss  the  figure  of  y  =  seca:, 

which  also  consists  of  a  number  of  infinite  branches,  only  that 

each  branch,  instead  of  crossing  the  axis,  as  in  the  last  case,  lies 

altogether  at  the  same  side  of  it.     The  branches  lie  alternately  on 

the  positive  and  negative  sides  of  the  axis  of  x.     To  the  same 

family  belongs  a  curve  called  the  companion  to  the  cycloid.     It  is 

generated  by  producing  the  ordinates  of  a  circle,  not  as  in  the 

case  of  the  cycloid,  until  the  produced  part  be  equal  to  the  arc, 

but  until  the  entire  be  equal  to  the  arc.     If,  then,  the  centre  be 

the  origin,  the  curve  is  represented  by  the  equations 

If 
x  =  a  cos  0,  y  =  a6^   x  =  a  cos  -  ; 

a  curve  of  the  same  family  as  the  curve  of  sines. 

314.  Next,  after  curves  depending  on  trigonometrical,  we  may 
mention  those  depending  on  exponential  functions.  The  loga- 
riihmic  curve  is  characterized  by  the  property  that  the  abscissa  is 
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proportional  to  the  logarithm  of  the  ordinate,  and  Its  equation 
therefore  Is 

x  =  m  log  y,    or  y  =  a. 

The  curve  then  has  the  axis  of  x  for  an  asymptote,  since,  if 
0?  =  -  CO  ;  y  =  %  It  cuts  the  axis  of  ?/  at  a  distance  equal  to  the 
unit  of  length,  and  x  and  y  then  increase  together  to  positive 
infinity.     The  subtangent  of  the  logarithmic  curve  is  constant ; 

for  its  value,  being  in  general  ^y—  ,  becomes  for  this  curve  =  m. 

Some  controversy  has  arisen  as  to  the  proper  interpretation 
of  the  equation  of  this  curve  y  —  e.  Attention  was  at  first  only 
paid  to  the  branch  of  the  curve  on  the  positive  side  of  the  axis 
of  ic,  arising  from  taking  the  single  real  positive  value  of  e"^,  which 
corresponds  to  every  value  oi  x.  Ealer,  in  his  Analysis  Infini- 
toruMj  II.  p.  290,  contended  for  the  necessity  of  attendlnc^  to  the 
multiplicity  of  values  which  the  function  admits  of;  and  the 
same  subject  has  been  more  fully  developed  by  M.  Vincent 
(Gergonne's  AnnaleSj  vol.  XV.  p.  1).  Thus,  If  x  be  any  fraction 
with  an  [even  denominator,  e"  has  a  real  negative  as  well  as  a 
positive  value,  and  therefore  there  must  be  a  point  corresponding 
to  this  value  of  x  on  the  negative  side  of  the  axis,  but  there  is 
no  continuous  branch  on  that  side  of  the  axis,  since,  when  x  is 
a  fraction  with  an  odd  denominator,  e*  can  have  only  a  real 
positive  value.  The  general  expression.  Including  all  values  of 
the  ordinate,  is  found  by  multiplying  the  numerical  expression 
for  e"",  by  the  Imaginary  roots  of  unity,  whose  general  expression 
is  cos  27nx7r  + 1  sin  2mx7rj  where  m  must  be  made  to  receive  in 
succession  every  integer  value,  and  i,  as  usual,  denotes  \/(—  1). 
This  is  equivalent  to  saying  that  the  equation  y  =  e'  must  be 
considered  as  representing  not  only  one  real  branch,  but  also  an 
infinity  of  Imaginary  branches  included  In  the  formula  y=e'-^^'^'"^''^K 
Any  one  of  these  imaginary  branches  contains  a  number  of  real 
points  where  it  meets  the  branch  y  =  e^^~'^''^\  and  which  must 
be  considered  as  conjugate  points  on  the  curve.  There  are  an 
infinity  of  such  points,  all  lying  either  on  the  real  branch  of  the 
curve,  or  on  the  similar  branch  on  the  negative  side  of  the  axis 
of  X,  The  latter  branch  is  curious,  since,  though  every  point  of 
it  may  be  considered  as  belonging  to  the  logarithmic  curve,  no 
two  points  of  it  are  consecutive  to  each  other,  for  two  consecu- 
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tlve  points  will  belong  to  different  branches.  There  is  thus 
formed  what  M.  Vincent  calls  a  "courbe  pointill^e."  In  one 
point,  however,  M.  Vincent  appears  to  me  to  have  fallen  into  a 
grave  error.  He  says  that  the  points  of  this  branch  are  to  be 
carefully  distinguished  from  conjugate  points ;  for  that  at  a  con- 
jugate point  the  differential  coefficients  have  imaginary  values, 
but  that  at  one  of  these  points,  on  the  negative  side  of  the  axis, 
the  differential  coefficients,  being  all  equal  to  e^  are  all  real,  and 
only  differ  in  sign  from  those  of  the  corresponding  points  on  the 
positive  side  of  the  axis.  It  is  truly  astonishing  that  M.  Vincent 
should  have  failed  to  observe  that  if  the  differential  coefficients 
were  all  real,  it  would  follow  from  Taylor's  theorem  that  the 
next  consecutive  point  must  be  a  real  point  on  the  curve,  and  so 
that  the  negative  branch  would  be  an  ordinary  branch  of  the 
curve.  But,  in  fact,  any  one  of  these  negative  points  must  be 
considered  as  belonging  to  a  branch  whose  equation  is  of  the 
form  y  —  e^^^^^'''*'^\  and  the  corresponding  differential  coeffi- 
cient will  be  ?/(l  ^-2?w^7^).  Considering,  then,  an  acnode  in 
general  as  the  Intersection  of  Imaginary  branches,  In  the  same 
manner  as  a  crunode  is  the  Intersection  of  real  branches,  the 
points  here  in  question  being  points  of  intersection  of  Imaginary 
branches  seem  properly  regarded  as  acnodal.  We  have  already 
seen  that  a  transcendental  curve  may  have  an  infinity  of  nodes 
or  acnodes,  and,  in  the  case  of  epitrochoids,  that  such  points  may 
be  ranged  in  a  discontinuous  manner  on  certain  loci.* 

315.   The  catenary  is  the  form  assumed  by  an  Inelastic  chain 

of  uniform  density  when  left  at  rest.     Very  simple  mechanical 

considerations  lead  to  the  property,  which  we  shall  take  as  the 

mathematical  definition  of  the  curve,  viz.  that  the  arc,  measured 

from  the  lowest  point,   is  proportional   to  the  tangent  of  the 

angle   made   with   the  horizontal   tangent   by   the   tangent  at 

the  upper  extremity.   If,  then,  the  axes  be  a  vertical  and  a  hori- 

dxi 
zontal  line  through  the  lowest  point,  we  have  s  —  c-^.    Now, 

*  The  illustration  here  used  is  Dr.  Hart's.  Some  objections  to  M.  Vincent's  riews, 
which  are  worth  being  considered,  will  be  found  in  a  paper  by  Mr.  Gregory,  Cambridge 
Mathematical  Journal,  vol.  I.  pp.  231,  264.  Prof.  Cayley  considers  that  e^  (which  he 
writes  by  preference  exp.x)  is  a  true  one- valued  function  of  x,  and  that  there  is 
nothing  else  than  the  real  branch,  the  values  being  those  of  the  function 

X      x^        xi^        , 
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to  rectangular  axes  the  element  of  the  arc  is  the  base  of  a 
right-angled  triangle,  of  which  dx  and  dy  are  the  sides,  or 
ds^  =  dx^ -^  dy^ ,  By  the  equation  of  the  curve  we  shall  have, 
therefore, 

,       „       .,  ds^       ,  cds 

s  ■\-  c  —c  -j-o ,    dx  = 
dx^ 


X     ,       (s-\- 
-=logj_ 


the  constant  being  taken  so  that  s  and  x  shall  vanish  together. 
Hence 


e«  +  e  <=  = 


2^J[s^  +  c' 


c 


But  in  like  manner  the  equation  of  the  curve  gives 
s'^  4  c^       ds^      ,    _       sds 

~^^  df'  ^"  V(«'  +  c*y 

Hence  y^  =  s'  +  c\  provided  we  suppose  the  axes  so  taken  that 
when  5  or  ic  =  0,  2/  shall  be  =  c.  This  value  of  y  gives  at  once 
the  equation  of  the  curve,  viz. : 


y 


-  [e^  +  6  '). 


A  very  convenient  notation  is 

\  [e  +  e"*)  =  cosh  ic,     \  {e  —  e~')  —  sinh  x 
[read  hyperbolic  cosine  and  sine) ;  we  have  then  for  the  catenary 


V  =  c  cosh  -  ,    8  —  c  sinh  - 


316.   We  get  from  the  equation  of  the  curve 


dy 


^W-e~) 


dx"'^ 

Hence  we  are  led  to  the  follow- 
ing construction.  From  the  foot 
of  the  ordinate  M  draw  the  tan- 
gent MT  to  the  circle  described 
with  the  centre  G  and  radius  c ; 
then    MC  =  y,    CT=c,    MT=^ 

-  Z^ i  J  hence  the  tangent 
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PS  is  parallel  to  MT.  The  same  values  prove  also  that 
FS—MT=  the  arc  from  P  to  the  lowest  point.  The  locus  of 
the  point  >S^  is  therefore  the  involute  of  the  catenary,  and  SN 
parallel  to  TC  is  its  tangent,  since  PS  must  be  normal  to  the 
locus  of  Sj  being  tangent  to  its  evolute.  The  involute  of  the 
catenary  is  therefore  a  curve  such  that  the  intercept  SN^  on 
its  tangent  between  the  point  of  contact  and  a  fixed  right  line, 
is  constant.*     Such  a  curve  is  called  the  tractrix, 

317.  The  equation  of  the  tractrix  can  be  obtained  without 
much  difficulty.  For  the  length  between  the  foot  of  the  ordinate 
from  S  and  the  point  N  is  \/{G^-y^) ;  it  also  is,  by  making  y  =  0 

IKXOC 

in  the  equation  of  the  tangent,  —  *%  .  Hence  the  differential 
equation  of  the  curve  is 


dy 
which  at  once  is  made  rational  by  putting  s'  =  c'  -  y^^  and  gives 


dx  =  -5 2  —  dz. 


We  have  then 

X 


=  clog(^±^f^}-V(o'-^). 


It  will  be  readily  seen  that  the  curve  consists  of  four  similar  por- 
tions, as  in  the  dotted  curve  on  the  figure ;  and  the  construction 
of  the  last  Article  shows  at  once  geometrically  how  to  draw  a 
tangent  to  the  curve. 

The  syntractrix  is  the  locus  of  a  point  Q  on  the  tangent  to 
the  tractrix,  which  divides  into  portions  of  given  length  the 
constant  line  SN.  Let  the  coordinates  of  the  point  on  the 
tractrix  be  x'y\  of  those  on  the  required  locus  xy ;  let  the  length 
QN=  <7,  then  we  shall  have  y'd  =  yc ;  and 

*  The  form  of  eqmlibrium  of  a  flexible  chain  was  first  investigated  by  Galileo,  who 
pronounced  the  curve  to  be  a  parabola.  His  error  was  detected  experimentally  in  1669 
by  Joachim  Jungius,  a  German  geometer ;  but  the  true  form  of  the  catenary  was  only 
obtained  by  James  Bernoulli  in  1691.  Gregory  (in  his  Examples,  p.  234)  refers  to 
what  would  seem  to  be  an  interesting  memoir  by  Professor  "Wallace  on  this  curve 
{Edinburgh  Transactions,  vol.  xiv.  p.  625). 

PP 
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and  since,  by  the  equation  of  the  tractrix, 

x'  +  V(c^  -  2/  )  =  c  log  I ^y     -"  j  , 

that  of  the  syntractrix  will  be 

The  tractrix  is  a  particular  case  of  the  general  problem  of 
equi-tangential  curves,  where  it  is  required  to  find  a  curve  such 
that  the  intercept  on  the  tangent  between  the  curve  and  a  fixed 
directrix  shall  be  constant. 

318.  The  problem  of  curves  of  pursuit  was  first  presented 
in  the  form — To  find  the  path  described  by  a  dog  which  runs 
to  overtake  its  master.  It  may  be  stated  mathematically  as 
follows:  The  point  A  describes  a  known  curve,  and  it  is  re- 
quired to  find  the  curve  described  by  the  point  B^  the  motion 
of  which  is  always  directed  toward  A.  We  suppose  both 
points  to  move  with  uniform  velocities,  and  A  to  move  along 
a  right  line  which  we  take  for  axis  of  ?/.*     The  intercept  made 

by  the  tangent  on  this  axis  oi  yi^y  —  x-j-  ^  and  by  hypothesis 

the  increment  of  this  is  to  be  proportional  to  the  increment  of 

dii 
the  arc,  or  putting  -j-  =P', 

-  xdp  =  h  \'[\  -\-p^)  da;, 
log  ic"  -f  log  { p  +  V(l  +/)}  +  log  ^  =  0, 
2p  =  A~^x'^  -  Aa/*, 

23/  =  (7  -  ^  x'^'  -  T^  x-'^\ 
^  k+i  h-1 

This  curve  will  then  be  algebraic,  except  in  the  case  when  A  =  1, 
when  we  have  to  substitute  log  x  for  —  -7 — -  . 

fir    ~~    J. 

319.  The  involute  of  the  circle  is  another  transcendental  curve 
whose  equation  can  be  obtained  without  much  difficulty.     This 

♦  See  Bouguer,  Memoires  de  V  Academie,  1732,  Correspondance  sur  V  ecole  polytech- 
nique,  II.  275.    St.  Laurent,  Gergonne's  Annales,  xiii.  145. 
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is  equivalent  to  the  following  problem :  "  If  on  the  tangent  at 
any  point  P  of  a  circle  there  be  taken  a  portion  PQ^  such  that 
it  shall  be  equal  to  the  arc  AP  measured  from  any  fixed  point 
A ;  to  find  the  locus  of  ^."  Let  the  radius  of  the  circle  =  a, 
the  centre  being  G  and  the  radius  vector 
CQ  =  p]  let  PGA  =  <t>,  QCA  =  d,  Then 
PQ  =  /y/(p'^  —  a^'j  J  and  it  also  =  a<^  by  hy- 
pothesis; but 

0  =  ^  4.  cos  '  -  . 
P 

Hence  the  polar  equation  of  the  locus  is 

a  p 

The  involute  of  the  circle  is  the  locus  of  the  intersection  of  tan- 
gents drawn  at  the  points  where  any  ordinate  to  CA  meets  the 
circle  and  the  corresponding  cycloid  having  its  vertex  at  A, 

320.  We  shall  conclude  this  Chapter  with  some  account  of 
spirals.  In  these  curves  referred  to  polar  coordinates,  the  radius 
vector  is  not  a  periodic  function  of  the  angle,  but  one  which 
gives  an  infinity  of  different  values  when  we  substitute  (o  =  d, 
w  =  27r  +  ^,  G)  =  47r  -f  ^,  &c.  The  same  right  line  then  meets 
the  curve  in  an  infinity  of  points,  and  the  curve  is  transcendental. 
Let  us  first  take  the  spiral  of  Archimedes^  which  is  the  path 
described  by  a  point  receding  uniformly  from  the  origin,  while 
the  radius  vector  on  which  it  travels  moves  also  uniformly  round 
the  origin.     The  polar  equation  of  the  curve  is  then 

p  =aco. 

This  spiral  is  the  locus  of  the  foot  of  the  perpendicular  on  the 
tangent  to  the  involute  discussed  in  the  last  Article.  For,  from 
the  nature  of  evolutes,  the  tangent  to  the  locus  of  Q  is  per- 
pendicular to  PQ;  and  the  length  of  the  perpendicular  on 
that  tangent  from  G  will  =PQ  =  a<i>^  and  0  is  the  angle  this 
perpendicular  makes  with  a  fixed  line.  Hence,  too,  the  reci- 
procal of  the  involute  is  the  hyperholic  spiral  p(o  =  a^  which  we 
shall  discuss  in  the  next  Article.  The  spiral  of  Archimedes  is 
one  of  a  family  included  in  the  general  equation  p  =  aco'^^  in  all 
which  the  tangent  approaches  more  nearly  to  being  perpendicular 


292  TRANSCENDENTAL  CURVES. 

to  the  radius  vector  the  further  the  point  recedes  from  the  origin. 

For  ^-^  =  -  ;  therefore  (Art.  95)  the  tangent  of  the  angle  made 

by  the  radius  vector  with  the  tangent  increases  as  to  increases, 
but  does  not  actually  become  infinite  until  (o  is  infinite. 

321.  We  have  just  mentioned  the  equation  of  the  hyperbolic 
spiral  pco  =  a^  This  spiral  has  an  asymptote  parallel  to  the 
line  from  which  o)  is  measured ;  for  the  perpendicular  from  any 

point  of  the  spiral  on  this  line  is  p  sin  co  = ,  which,  when 

CO  vanishes,  and  p  becomes  infinite,  has  the  finite  value  a.  Or, 
again,  we  might  calculate  the  length  of  the  perpendicular  from 
the  origin  on  the  tangent.     The  tangent  of  the  angle  made  by 

the  radius  vector  with  the   tangent  is  ^-y-  =  —  w :   hence  the 

dp 

perpendicular  is  -jrn sr  >  which,  when  p  becomes  infinite,  is 

=  a.      The  form  of  the  curve  is 

then  as  here  given.  The  polar 
subtangent  of  the  hyperbolic  spiral 
is  constant.  The  arc  AB  of  the 
circle  described  with  the  radius 
OA  to  any  point  of  the  curve  is 
obviously  constant. 

Another  spiral  worth  mentioning  is  the  Utuus  p'^(o  =  d'', 
this  also  has  an  asymptote,  viz.,  the  line  from  which  w  is 
measured;  for  the  distance  of  any  point  of  it  from  this  line, 

2      • 

p  eina)=^  sirico  ^^^.^.g^ggg  indefinitely  as  p  increases,  and  a 
'^  pco      ' 

consequently  diminishes. 

322.  We  shall  mention  in  the  last  place  the  logarithmic 
spiral,  p^a*^.  In  this  curve  p  increases  indefinitely  with  co  ;  when 
ft)  is  0  it  =1,  and  diminishes  further  for  negative  values  of  co, 
but  it  does  not  vanish  until  co  becomes  negative  infinity ;  hence 
the  curve  has  an  infinity  of  convolutions  before  reaching  the 
pole.     One  of  the  fundamental  properties  of  this  curve  is,  that 

it  cuts  all  the  radii  vectores  at  a  constant  angle,  for  ^j-  becomes 
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tbe  modulus  of  the  system  of  logarithms  which  has  a  for  its 
base ;  the  angle,  therefore,  made  by  the  radius  vector  with  the 
tangeut  always  has  this  modulus  for  its  tangent.  From  this 
property  we  at  once  obtain  the  rectification  of  the  curve  ;  for  if 
we  consider  the  elementary  triangle  which  has  the  element  of 
the  arc  for  its  hypothenuse,  and  the  increment  of  the  radius 
vector  for  one  side,  we  see  that  the  element  of  the  arc  is  equal 
to  the  increment  of  the  radius  vector  multiplied  by  the  secant 
of  this  constant  angle,  and  hence  that  any  arc  is  equal  to  the 
difference  of  the  extreme  radii  vectores  multiplied  by  the  secant 
of  the  same  angle.  The  entire  length,  measured  from  any  point 
P  to  the  pole  being  p  sec^,  is  constructed  by  erecting  at  the 
pole  OQ  perpendicular  to  OP  to  meet  the  tangent  at  P; 
PQ  will  then  be  the  required  length.  The  locus  of  Q  will 
evidently  be  an  involute  of  the  curve,  but  the  angles  of  the 
triangle  OPQ  being  constant,  0^  is  proportional  to  OP, 
and  it  makes  with  OP  a  right  angle ;  the  locus  of  Q  is 
therefore  also  a  logarithmic  spiral,  constructed  by  turning  round 
the  radii  vectores  of  the  given  curve  through  a  right  angle, 
and  altering  them  in  a  fixed  ratio.  Conversely,  the  evolute 
of  a  logarithmic  spiral  is  a  logarithmic  spiral.  The  locus 
of  the  foot  of  the  perpendicular  on  the  tangent  is  likewise  a 
logarithmic  spiral,  for  it  also  bears  a  fixed  ratio  to  the  radius 
vector,  and  makes  with  it  a  constant  angle.  The  caustics  by 
reflexion  and  refraction,  the  light  being  incident  from  the  pole, 
are  likewise  logarithmic  spirals.* 

*  The  logarithmic  spiral  was  imagined  by  Des  Cartes,  and  some  of  its  properties 
discovered  by  him.  The  properties  of  its  reproducing  itself  in  various  ways,  as  stated 
above,  were  discovered  by  James  Bernoulli,  and  excited  his  warm  admiration. 
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CHAPTER  VIII. 


TRANSFORMATION  OF  CURVES. 


323.  Having  in  former  parts  of  this  work  explained  par- 
ticular methods  by  which  the  properties  of  one  curve  may  be 
derived  from  those  of  another,  such  as  the  methods  of  Projection, 
of  Keciprocal  Polars,  of  Inversion,  &c.,  we  purpose  in  this 
chapter  to  consider  the  general  theory  of  such  methods.  In 
such  methods  we  have  in  general  to  consider  the  correspondence 
of  two  points  P,  P'  which  may  be  either  in  the  same  plane  or  in 
different  planes.  In  the  latter  case  the  two  planes  may  be 
regarded  as  existing  in  a  common  space,  and  the  two  points 
P,  P'  may  be  connected  by  geometrical  relations  in  such  space. 
For  example,  in  the  method  of  Projection  the  line  joining  the 
points  P,  P"  is  subject  to  the  condition  of  always  passing  through 
a  fixed  point.  0.  Similarly,  we  should  have  another  system  of 
transformation  if  the  line  PP'  were  subject  to  the  condition  of 
always  meeting  two  fixed  lines ;  and  so  forth.  The  development 
of  such  theories  belongs  to  solid  geometry ;  here  we  consider  the 
two  planes  as  existing  irresjjectively  of  any  common  space.  To 
take  the  simplest  example,  suppose  that  we  have  a  pair  of  axes 
in  one  plane,  and  another  pair  of  axes  in  the  other  plane ;  and 
that  the  coordinates  of  P  referred  to  the  first  pair  of  axes  are  to 
be  always  respectively  equal  to  the  corresponding  coordinates  of 
P'  referred  to  the  second  pair  of  axes,  we  have  evidently  a  system 
in  which  to  any  point  P  in  the  first  plane  corresponds  a  point  P' 
in  the  second,  and  vice  versa. 

The  two  planes  may  be  regarded  as  superimposed  one  on  the 
other,  and  so  as  forming  a  single  plane.  Supposing  this  done, 
there  will  be  theorems  dependent  on  the  superimposition  of  the 
two  planes;  besides  these  there  remain  the  theorems  which 
existed  when  the  two  planes  were  distinct,  and  the  theory  is  not 
really  altered.      Or,  to  express  this  otherwise,  instead  of  two 
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figures  in  different  plames,  we  have  two  figures  in  the  same 
plane,  where  by  the  word  figure  is  meant  any  system  of  points, 
lines,  or  curves ;  or,  it  m^y  be,  all  the  points  of  the  plane.  The 
kind  of  transformation  chiefly  studied  has  been  the  rational 
transformation  ;  viz.,  whtire  to  a  given  position  of  P  corresponds 
in  general  a  single  position  of  P',  and  to  a  single  position  of  P' 
a  single  position  of  P.  The  most  simple  instance  of  this  is  the 
linear  or  homographic  transformation,  which  we  proceed  to 
consider  in  detail. 
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324.  Let  the  coordinates  of  P  referred  to  any  system  of 
axes  in  the  first  plane  be  a?,  ?/,  z\  and  let  those  of  P'  referred 
to  any  system  of  axes  in  the  other  plane  be  x\  y\  z  ;  then 
the  correspondence  of  the  two  points  is  said  to  be  linear  if 
the  latter  coordinates  are  proportional  to  linear  functions  of  the 
former 

X  \  y'  ',  z  =  ax -\-hy  -^^ cz  \  ax -f  ¥y  +  cz  :  o!^x  +  Vy  +  c'z^ 

by  solving  which  equations  we  have  evidently  also  linear 
expressions  for  a:,  y,  z  in  terms  of  x\  y\  z\ 

x:y:z  =  Ax'^-By'-{-Cz':  .4 V  +  By  +  Cz' :  ^ V  +  Fy  -f  C''z\ 

It  is  easy  to  see  that,  prcperly  assuming  as  well  the  funda- 
mental triangles  as  the  rat.os  of  the  implicit  constants,  these 
equations  may,  without  loss  c  f  generality,  be  written  in  the  form 
x'\y' '.z  —x\y  \z.  Thus  then  to  any  position  of  either  point  cor- 
responds a  single  position  of  the  other.  If  P  describes  any  curve 
<^  (a?,  ?/,  z)  —  0,  by  substituting  ir*  this  equation  the  values  of  a?,  y^  z 
just  written,  we  obtain  the  equation  of  the  curve  described  by 
P'.  This  latter  equation  is  evidently  of  the  same  order  as  the 
former  ;  therefore,  to  any  curve  \  n  one  plane  corresponds  a  curve 
of  the  same  order  in  the  other;  in  particular,  to  a  right  line 
in  one  plane  corresponds  a  rig'ht  line  on  the  other.  It  is 
also  obvious,  that  to  a  node  or  c  >sp  on  one  curve  will  answer  a 
node  or  cusp  on  the  other,  so  thvit  two  curves  corresponding  in 
this  method  will  have  the  same  Pliickerian  characteristics.  Since 
ic',  ?/',  z  expressed  in  terms  of  a?,  y^  z  contain  each  three  con- 
stants, there  are  nine  constants  employed   in   this   method   of 
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transformation ;  but  since  we  are  only  concerned  with  the 
mutual  ratios  of  x\  y\  z\  one  constant  may  be  divided  out,  and 
the  method  of  homographic  transform  at  Ion  is  to  be  regarded  as 
involving  eight  arbitrary  constants.  s 

325.  To  a  'pencil  of  four  lines  meeting  in  a  point  corresponds 
a  pencil  whose  anharmonic  ratio  is  the  same.  For  It  was  shewn 
[Conies^  Art.  59)  that  the  anharmonic  ratio  of  four  lines  a  —  kfij 
a  — Iff  J  a  —  m/Sj  a  —  nff^  is  a  function  only  of  k^  Z,  w,  w,  and 
therefore  Is  the  same  as  the  anharmonic  ratio  of  a!  -  kff\  &c. 
Similarly  to  four  points  on  a  right  line  correspond  four  points 
whose  anharmonic  function  is  the  same.  And  it  hence  appears 
how  given  any  four  points  of  the  first  figure  and  the  correspond- 
ing points  A\  R^  G\  U  of  the  second  figure,  we  can  construct 
the  point  P'  which  corresponds  to  any  other  point  P  of  the  first 
figure.  For  the  anharmonic  ratio  of  the  pencil  A  [B\  C\  D\  P') 
is  equal  to  that  of  the  pencil  A  (P,  (7,  P,  P),  and  we  can  hence 
construct  the  line  A'P' ;  similarly  we  can  construct  B'P\  G^P\ 
B'P\  and  the  four  lines  will  of  course  nrieet  in  a  point  which  is 
the  point  P'.  The  construction  is  applicable  whether  the  two 
planes  are  distinct  or  superimposed. 

326.  Let  us  now  suppose  the  planes  superimposed,  and  in- 
vestigate another  geometrical  construction  to  express  the  relation 
between  corresponding  lines  and  poiiits.  Let  ^,  P,  Obe  the  ver- 
tices of  the  triangle  formed  by  the  Jines  ic,  y,  ^ ;  and  A ^  B\  G' 
those  of  the  triangle  formed  by  tht;  corresponding  lines  x\  y\  z' ; 
then  since  all  lines  through  A  form  a  system  homographic  with  the 
corresponding  lines  through  A\  t^he  locus  of  the  Intersection  of 
corresponding  lines  is  a  conic.  ;  Or,  analytically,  since  the  line 
y  +  kz  corresponds  to  y  -\-kz\  eliminating  ^,  the  locus  of  inter- 
section is  yz'  —  yz.  In  like  njanner  all  lines  through  B  and 
through  G  meet  the  corresponding  lines  on  the  fixed  conies 
zx'  —  xz\  xy  -  yx\  The  construction  thus  assumes  that  in 
addition  to  three  pairs  of  corresponding  points  ^,  A  \  P,  P'; 
(7,  G\  we  are  given  three  fixed  conies  each  passing  through  a 
pair  of  corresponding  points;    and  the  form   of  the  equations 

—  —  IL  —  shows  that  these  three  conies  have  also  three 
X       y       z  ^ 
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common  points.  In  order  then  to  construct  the  point  of  the 
second  system  corresponding  to  any  point  P  of  the  first,  let 
the  line  PA  meet  the  curve  yz'  —  zij  in  the  point  F^  then  AF 
is  the  line  corresponding  to  PA ;  similarly,  let  PB^  PG  meet 
respectively  the  conies  zx  —  xz\  xy'  —  yx  in  points  (r,  H]  and 
B'G^  C'H  will  be  the  respectively  corresponding  lines.  The 
three  lines  AF^  B'  G^  O'^will  have  a  common  point  P',  which 
vi^ill  be  the  required  point  corresponding  to  P.  The  line  cor- 
responding to  any  given  one  is  constructed  by  constructing  for 
the  points  corresponding  to  any  two  points  on  it. 

327.  In  the  foregoing  method  the  relation  between  two 
points  is  in  general  not  reciprocal ;  that  is  to  say,  if  to  P  in  the 
first  system  corresponds  P'  in  the  second,  it  will  not  be  true  that 
to  P'  considered  as  a  point  in  the  first  will  correspond  P  in  the 
second.  In  fact,  if  we  consider  P  as  belonging  to  the  second 
system,  we  construct  the  corresponding  point,  as  in-  the  last 
article,  by  joining  P  to  J.',  B\  C :  let  the  joining  lines  meet 
the  respective  conies  in  F',  Q\  W\  then  to  PA\  PB\  PC  will 
correspond  lines  in  the  first  system  AF\  BG\  GE.'  meeting  in 
a  point  P"  which  will  ordinarily  not  be  identical  with  P\ 

Consider,  however,  the  three  points  Z,  M^  N  which  are 
common  to  the  three  conies  y'z  —  zy^  z'x  —  x'z^  x'y—yx^  then 
the  construction  shews  that  to  the  lines  LA^  LB^  LGj  answer 
respectively  the  lines  LA\  LB\  L  G\  It  follows  that  the  two 
systems  have  common  the  three  points  Z,  if,  N'^  each  of  these 
points,  considered  as  belonging  to  one  system,  having  itself  as 
the  corresponding  point  in  the  other  system.  In  like  manner 
the  lines  joining  these  points  are  evidently  the  same  for  both 
systems.  And  starting  with  the  points  X,  If,  N  as  given,  then 
if  we  have  a  single  pair  of  corresponding  points  we  can  at  once, 
in  virtue  of  the  theorem.  Art.  325,  construct  the  point  in  either 
system  corresponding  to  any  point  whatever  of  the  other  system. 

If  we  express  the  equations  in  trilinear  coordinates,  assuming 
these  three  lines  Zilf,  MN^  NL  as  lines  of  reference,  then  since  the 
equations  in  the  second  system,  answering  to  a:=0, 3/=0,  z—0  in 
the  first,  are  still  to  represent  the  same  lines,  they  can  only  differ 
from  these  by  constant  multipliers,  and  must  be  of  the  form 
Ix  =  Ojmy  =  0, 72Z  =  0.     Thus,  then,  by  a  suitable  choice  of  lines 

QQ 
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of  reference,  homograpblc  correspondence  may  always  bc' 
expressed  in  the  form  that  to  any  point  x\  i)\  z  in  the  first 
system  corresponds  the  point  lx\  my\  nz  in  the  second ;  and 
homographic  transformation  is  then  effected  by  writing  in  the 
equation  of  any  curve  Ix^  my^  nz  instead  of  cc,  3/,  z  respectively. 
We  cannot  here,  as  in  Art.  324,  write  x'  \  y'  \  z  =^x\y  \  z^  for 
the  two  figures  would  then  be  identical. 

328.  The  method  of  Projection  is  a  case  of  this  homo- 
graphic  transformation.  In  this  method  the  line  joining  any 
two  corresponding  points  passes  through  a  fixed  point,  viz., 
the  vertex  of  the  projecting  cone ;  and  any  two  corresponding 
lines  intersect  on  a  certain  fixed  line,  viz.,  the  intersection  of 
the  two  planes  of  section.  If  one  of  the  planes  were  turned 
about  this  line  so  as  to  be  brought  to  coincide  with  the  other, 
the  figures  would  still  have  the  property  that  the  line  joining 
two  corresponding  points  would  pass  through  a  fixed  point ; 
for  consider  the  triangles  formed  by  three  pairs  of  corresponding 
lines;  and  since  the  corresponding  sides  intersect  in  a  right  line, 
the  lines  joining  corresponding  vertices  meet  in  a  point.  It  is 
easy  to  form  the  most  general  equations  of  such  a  system.  Let 
ttic  +  J^  +  C2;  =  0  be  the  equation  of  the  line  on  which  the  cor- 
responding lines  intersect,  then  it  is  evident  that  the  equations 
of  xyz  (the  lines  corresponding  to  xyz)  will  be  of  the  form 

X  —ax-Vhy  •\-cz  =0, 

y'  =  ax  +  ¥y  -\-  cz  =0, 

z  =ax  -Yhy  +  cz  =  0, 

a  system  involving  three  constants  less  than  in  the  general  case, 
and  therefore  only  five  in  all. 

We  shall  call  the  point  at  which  the  lines  joining  corre- 
sponding points  meet,  the  pole  of  the  system,  and  the  line  on 
which  corresponding  lines  intersect,  the  axis  of  the  system.  By 
subtracting  one  from  the  other  successively  each  pair  of  the 
equations  just  written,  it  will  be  seen  that  the  pole  of  the  system 
whose  equations  we  have  written  is  given  by  the  equations 

[a -  a)  x={h  —  ¥) y  =  {c  —  c')  z. 

The  simplest  forms  of  the  equations  of  projective  trans- 
formation are  derived  as  follows :  Any  line  passing  through  the 
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pole  IS  the  same  for  the  new  figure;  for  any  two  point?  of 
it  have  corresponding  to  them  two  points  on  the  same  line. 
Hence  if  the  pole  be  taken  at  the  point  xy^  the  two  lines  x 
and  y  are  unaltered  by  transformation;  and  any  other  line, 
Ax-^By-\-  Cz  =  0,  has  corresponding  to  it,  Ax  +  By-\-  Cf  =  0, 
the  two  lines  intersecting  on  the  fixed  axis,  z-  ^=0.  Any 
line  -4a; +  ^^  =  0  passing  through  the  pole  evidently  remains 
unchanged. 

329.  Conversely,  if  two  homographic  figures  in  the  same 
plane  have  the  property  that  any  corresponding  lines  intersect 
on  a  fixed  axis,  one  of  the  figures  may  be  considered  as  a 
projection  of  the  other.  For  let  the  plane  of  one  of  the  figures 
be  turned  round  this  axis,  and  consider  any  three  pairs  of 
corresponding  points  ABC,  ahc,  the  corresponding  sides  of  these 
triangles  intersecting  in  X,  Jf,  N.  Then,  when  the  plane  is 
turned  round,  Aa^  Bh  must  still  intersect  (since  the  lines  AB^ 
ah  intersect  in  iV,  and  are  therefore  in  the  same  plane) ;  and  by 
the  theory  of  transversals  Aa  when  produced  is  cut  by  Bh  in  the 
same  ratio  as  before  the  figures  were  turned  round.  But  in 
like  manner  (7c,  and  the  line  joining  any  other  pair  of  cor- 
responding points,  meets  Aa  in  the  very  same  point. 

330.  The  general  homographic  method  of  transformation, 
containing  three  constants  more  than  the  projective  method, 
appears  at  first  sight  a  more  powerful  instrument  of  research, 
and  we  should  expect  to  arrive,  by  its  means,  at  extensions  of 
known  theorems  more  general  than  those  with  which  the  method 
of  Projection  had  furnished  us.  It  is  obvious,  however,  that 
if  a  figure  were  transferred  bodily  to  some  other  position,  we 
should  have  a  linear  transformation,  in  which  to  every  line  of 
the  first  figure  would  correspond  a  line  of  the  second  figure,  but 
yet  which  would  give  us  no  new. geometrical  information.  Now 
we  owe  to  M.  Magnus  the  remark,  that  the  most  general  trans- 
formation may  be  reduced  to  a  projective  transformation  by 
turning  the  figure  round  a  given  angle,  and  then  moving  it 
for  a  given  length  along  a  given  direction ;  these  three  latter 
constants  being  just  the  number  by  which  the  transformation 
appears  to  be  more  general  than  the  projective. 
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To  see  this,  we  must  first  observe,  that  if  a'^  figure  he  moved 
in  any  direction  without  twisting,  since  all  lines  remain  parallel 
to  their  first  position,  the  position  of  every  point  at  infinity 
remains  unaff'ected  by  the  operation. 

Next,  let  the  whole  figure  be  made  to  turn  round  any  fixed 
point,  and  any  system  of  parallel  lines  will  still  remain  a  system 
of  parallel  lines,  although  no  longer  parallel  to  its  former  direc- 
tion ;  hence,  any  point  at  infinity  will  still  remain  at  infinity,  and 
therefore  the  line  at  infinity  is  the  same  for  the  figure  in  both  its 
positions.  Moreover,  since  any  circle  will  remain  a  circle,  how- 
ever it  be  moved,  we  see  that  the  two  circular  points  at  infinity 
will  not  be  disturbed,  no  matter  how  the  figure  be  moved. 

If  then  it  be  required  to  move  a  figure  so  as  to  have  a  projec- 
tive position  with  a  given  homographic  figure,  let  the  two  circular 
points  be  «,  &>',  the  two  corresponding  points  of  the  second  figure 
o,  o',  since  no  motion  of  the  first  figure  can  alter  the  position  of 
ft)  and  ft)',  the  only  possible  position  of  the  required  pole  of  the 
two  figures  is  the  point  X,  where  the  lines  ow,  oca  intersect.  Let 
then  the  first  figure  be  moved  so  as  to  bring  the  point  Z,  which 
corresponds  to  X,  to  coincide  with  it.  Moreover,  let  the  first 
figure  be  turned  about  I  so  as  to  bring  ?/?,  f6  (any  other  pair  of 
corresponding  points)  into  a  line  with  l\  then  we  say  that  the 
two  figures  will  have  a  projective  position,  and  the  line  joining 
any  other  two  corresponding  points,  w,  v,  must  also  pass  through  I. 
For  the  anharmonic  ratio  of  ^l.wwt  ^iv\=^\l.odmn\  (Art.  325), 
and  since  three  lines  of  the  system  are  the  same  for  both,  the 
fourth  must  also  be  the  same  for  both.  M.  Magnus's  theorem 
has  then  been  proved. 

331.  There  is  no  difficulty  in  expressing  analytically  the 
geometrical  theory  of  the  last  article.  Thus  if  it  be  required 
to  find  the  coordinates  of  the  point  I  in  the  case  of  the  general 
transformation,  we  are,  first,  by  the  theory  just  laid  down,  to 
find  the  line  oaa  joining  the  point  (a;  +  «j/,  z)  to 

[{oic  +  Z*?/  4  C2!  +  *  [a^x  +  l^y  +  c^z%   a^x  +  \y  +  c/\^ 

this  will  be 

{Jj^  -  ia^  [ {ax  '\-hy-\-  cz)  -f  i  [a^x  +  h^y  +  c^z)] 

-  [a,  +  h^i[h,-a)]  [a^x  +  \y  +  c\^z)  =  0, 
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or   {ah^  -  aj))  x  -f  {aj?^  -  «^?>J  y  +  {{cb^  -  cj))  +  {c^a^  -  c^a,))  z 

+  t  {(«,^  -  ^«2)  ^  +  («&2  -  «2^)  ^  +  (c,&,  -  h^c^)  z  +  {ac-  c«J  z]  =  0. 

The  line  joining  ©V  will  only  differ  from  this  in  the  sign  of 
the  quantity  multiplying  i.  The  point  required  is  therefore  the 
intersection  of  the  two  lines  found  by  putting  the  real  and 
imaginary  parts  of  the  equation  separately  =  0. 

It  is  not  necessary  to  dwell  on  particular  species  of  linear 
relation,  such,  for  example,  as  similarity.  We  only  mention 
one  kind  of  homographic  relation,  in  which  the  area  of  any 
space  on  the  one  figure  is  equal  to  that  of  the  corresponding 
space  on  the  other  figure.  It  is  easy  to  see  that  such  a  transfor- 
mation is  possible.  For  let  the  triangle  formed  by  xyz  be  equal 
to  that  formed  by  x'yz'^  then,  if  we  take  any  point  0  on  the  first 
figure,  it  will  be  easy  to  determine  a  corresponding  point  o  on  the 
second,  such  that  Oxy=oxy^  and  Oxz=oxz  \  and  therefore  that 
Oyz  —  o\jz  ;  and  the  triangle  formed  by  any  three  points  OPQ 
will  be  equal  to  that  formed  by  op^,  the  corresponding  points 
so  determined. 

This  species  of  homographic  relation  differs  from  orthogonal 
projection  just  as  the  general  coUinear  relation  difiers  from 
projection  in  general. 
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332.  In  the  method  of  transformation  just  described  and  in 
the  others  to  be  considered  in  this  chapter,  point  corresponds  to 
point,  and  line  to  line ;  but  there  are  transformations  where  a 
point  in  the  one  figure  corresponds  to  a  curve  in  the  other 
figure.  We  have  such  a  transformation  in  the  method  of 
Keciprocal  Polars,  in  which  point  corresponds  to  line  and  vice 
versa.  And  the  like  is  the  case  in  the  more  general  homo- 
graphic  transformation,  or  say  in  the  theory  of  skew  re- 
ciprocals, which  is  as  follows:  Let  there  be  any  system  of 
point-coordinates  xyz^  and  a  system  of  line  coordinates  a^7, 
in  the  same  or  in  a  different  plane;  then  a  point  in  the 
first  system  corresponds  to  a  line  in  the  second,  if  the  co- 
ordinates ic,  y,  z  of  the  point  are  respectively  proportional  to 
a,  /Q,  7,  the  coordinates  of  the  line.  In  the  same  case  to 
any  line  Ix  +  my  +  nz  in  the  first  system  corresponds  the  point 
h-]- 7,1/3 +  ny  in  the  second.      Plainly,  then,  to  four  points  in 
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a  line  will  correspond  a  pencil  of  four  lines  having  the  same 
anharmonic  ratio ;  for  the  anharmouic  ratio  oi  y-  Ix^  y  —  ma?, 
y  —  nxj  y  —px^  Is  the  same  function  of  Z,  m^  n^  p,  whether  x  and 
y  denote  point-  or  line-coordinates.  The  method  now  described 
may  be  combined  with  any  of  the  other  transformations  described 
in  this  chapter;  that  is  to  say,  in  any  of  them,  one  of  the 
systems  of  coordinates  may  be  supposed  to  be  changed  from 
point-  to  line-coordinates;  and  in  this  way  we  can  get  all 
possible  transformations  in  which  point  answers  to  line  and 
line  to  point. 

333.  Let  us  now  suppose  the  two  systems  to  be  in  the  same 
plane,  and  let  us  endeavour  to  express  the  transformation 
altogether  in  point-coordinates.  To  any  point  x^y'z'  is  to  corre- 
spond a  line  whose  coordinates  referred  to  a  certain  system  of 
line-coordinates  a/87  ^^^  ^'>  ^t  ^' •  ^'^^  ^^^^  '^^  equivalent  to 
saying  that  its  equation  is  to  be  x'X-^y'Y ■\- zZ—^^  where 
X=0,  1^=0,  Z—^  denote  the  lines  joining  the  points  repre- 
sented by  a  =  0,  /3  =  0,  7  =  0.  And  these  being  known  lines, 
the  equation  of  the  line  answering  to  the  point  xyz'  must  be 
of  the  form 

x'  {a^x  +  h^y  +  c^z)  +  y'  {a^x  +  \y  +  c^z)  +  z'  [a^x  +  \y  +  c/)  =  0. 
This    is    an    equation    involving   eight   constants,   and   would 
coincide  with  the  equation  of  the  polar  of  a  point  with  regard 
to  a  conic  section,  only  if  h^  =  a^?  <^i  =  ^35  ^3  =  <^2  5   *^®  equation 
in  this  case  involving  but  five  constants. 

334.  In  the  general  case  every  point  has  a  different  line  cor- 
responding to  it  according  as  the  point  is  considered  as  belonging 
to  the  first  or  to  the  second  system.  Thus  the  equation  just 
written  expresses  the  relation  between  any  point  xyz'  of  the 
first  system  and  any  point  xyz  on  a  corresponding  line  of  the 
second  system.  If  now  the  latter  point  be  fixed,  and  the  former 
variable,  we  have,  for  the  equation  of  the  line  of  the  first 
system  corresponding  to  any  point  of  the  second, 

[a^x'  +  &y  +  c/)  X  +  [a^x'  H-  \y'  +  c/]  y  +  [a^x'  +  \y'  +  c/)  ^  =  0. 
In  the  case  of  reciprocals  with  regard  to  a  conic,  the  same 
line  corresponds  to  a  point,  whether  that  point  be  considered  as 
belonging  to  the  first  or  to  the  second  system. 
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335.  In  order  to  give,  in  the  general  case,  a  geometric  con- 
struction for  the  line  corresponding  to  any  point,  we  shall  first 
seek  for  the  locus  of  the  points  which  lie  on  their  corresponding 
lines.     This  is  obviously 

a^x^  +  («,  + 1^  xy  +  5y  +  (^^3  +  rj  yz  +  {a^  +  cj  xz  +  c/  =  Z7=  0, 

and  is  the  same  conic  whether  the  point  be  considered  as  belong- 
ing to  the  first  or  to  the  second  system.  We  shall  call  this  the 
'pole  conic. 

Next  let  us  seek  the  envelope  of  lines  which  pass  through 
their  corresponding  points.  The  line  \ic'-f  /a3/'+  vz'  (where  xy'z^ 
is  a  point  on  the  conic  just  written)  touches  (see  Conies^ 
Art.  151) 

+  [^K%  +  4&^c,  -  2a./3  -  2a^c,  -  2\\  -  2\c^]  v\ 

+  (4«2^3  +  ^^1^3  -  2c,C2  -  2^353  -  2c J>^  -  2c^a^)  Xfi  =  0. 
The  envelope  is  therefore  a  conic,  which  we  shall  call  the  polar 
conic^  and  which  is  also  the  same  whether  the  lines  in  question 
belong  to  the  first  or  to  the  second  system. 

Using  now  the  words  pole  and  polar  to  express  the  kind  of 
correspondence  we  are  here  considering,  we  have  at  once  the 
polar  of  any  point  on  the  pole  conic.  For  from  that  point  draw 
two  tangents  to  the  polar  conic :  one  of  these  is  the  polar 
when  the  given  point  is  considered  to  belong  to  the  first  system ; 
the  other,  when  it  is  considered  to  belong  to  the  second  system. 

Or,  conversely,  to  find  the  pole  of  any  tangent  to  the  polar 
conic.  We  have  only  to  take  the  two  points  where  this  line 
meets  the  pole  conic ;  one  of  these  points  is  its  pole  in  the  first, 
and  the  other  in  the  second  system. 

Let  it  be  required  now  to  find  the  polar  of  any  point  0, 
Draw  from  it  two  tangents,  OT^^  OT^^^  to  the  polar  conic.  Let 
OT^  meet  the  pole  conic  in  the  points  ^1^2?  ^^^  ^®*  ^^2  ™®®* 
it  in  the  points  B^B,^.  Then  if  A^  be  the  point  in  the  first 
system  which  corresponds  to  OT,,  and  B^  that  which  corresponds 
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to  OjT^,  plainly  A^B^  is  the  line  in  the  first  system  which 
corresponds  to  0,  considered  as  belonging  to  the  second 
system ;  that  is,  A^B^  Is  one  of  the  polars  of  0.  Similarly, 
A^B^  is  the  other  polar  of  0. 

Or,  to  find  the  pole  of  a  given  line  meeting  the  pole  conic  in 
the  points  AB,  from  these  draw  tangents  AP^,  AP^,  J^Q^i  ^Q^ 
to  the  polar  conic;  and  if  AP^^  BQ^  be  the  lines  in  the  first 
system,  which  are  the  polars  of  ^,  B^  their  intersection  gives  the 
point  in  the  first  system,  which  is  the  pole  of  AB.  And,  in 
like  manner,  the  intersection  of  AP^^  BQ^  gives  the  point  in 
the  second  system,  which  is  the  pole  of  AB. 

The  reader  will  readily  see  how  these  constructions  reduce 
to  the  ordinary  polar  reciprocals  if  %  —  h^^  b^  =  c.^,  Cj  =  a^.  The 
pole  and  polar  conic  will  then  coincide ;  the  polar  of  any  point 
on  that  conic  is  the  tangent  at  that  point,  and  the  polar 
of  any  other  point  is  the  same  for  both  systems,  and  is  the 
line  joining  the  points  of  contact  of  tangents  from  the  point 
to  the  conic. 


336.  It  follows  at  once  from  these  principles  that  in  the 
general  case  the  pole  conic  and  the  polar  conic  have  double 
contact  with  each  other.  For,  take  any  point  of  intersection, 
its  two  polars  coincide  with  the  tangent  at  that  point  to  the 
polar  conic ;  the  two  poles  of  this  line  must  therefore  coincide, 
and  therefore  the  two  points  where  it  meets  the  pole  conic  must 
coincide,  therefore  the  tangent  to  the  polar  conic  at  their  inter- 
section must  touch  the  pole  conic  also.  The  same  thing  is 
proved  for  their  other  point  of  intersection.  Prof.  Cayley  has 
proved  the  same  thing  analytically,  by  shewing  that  if  £/"=0 
be  the  equation  of  the  pole  conic,  that  of  the  polar  conic  (found 
by  putting  for  \  /a,  v  their  values,  in  the  equation  of  the  last 
Article)  may  be  thrown  into  the  form 

+  4  Z7.  {a^  (cA  -  5,cJ  +  a^  {\c^  -  h^c^)  +  a^  [h^c^  -  h,c^)]  =  0, 
a  form  which  shews  at  once  that  it  has  double  contact  with  U, 
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337.  There  are,  In  the  general  case,  three  points  whose  polars 
are  the  same  with  regard  to  both  systems.  For  let  the  equations 
of  the  polars  in  each  system  be 

Xa;  +  /i^  +  V2  =  0,  and  \'x  +  fiy  -f  v^z  —  0, 
then  the  system  of  equations 

X  )L6  V 

is  manifestly  satisfied  for  three  points;  and  the  theory  laid 
down  in  the  last  Article  shews  at  once  what  the  three  points  are. 
For  the  two  points  of  contact  of  the  pole  and  polar  conies  have 
each  the  same  polar  in  both  systems,  viz.,  the  common  tangents 
at  these  points  ;  and  the  point  at  which  these  tangents  intersect 
has  also  the  same  polar  in  both  systems,  viz.,  the  chord  of 
contact  of  the  conies. 

There  are  then  three  points  which  have  the  same  polar  in 
both  systems ;  and  two  of  these  points  lie  on  their  polars,  but 
the  third  does  not. 

338.  It  is  desirable  to  shew  that  in  the  constructions  which 
we  have  given  no  ambiguity  occurs,  and  that  we  need  be  at  no 
loss  to  know,  of  the  two  poles  of  a  given  line,  which  belongs  to 
the  first,  and  which  to  the  second  system. 

Since  two  conies  having  double  contact  may  always  be  pro- 
jected into  two  similar  concentric  conies,  we  use  these  in  the 
figure  for  greater  simplicity. 

Let  ^,  ^  be  the  two  poles  of  any 
tangent  to  the  polar  conic,  then  of  the 
two  poles  of  any  other  tangent  A\  B\ 
A'  will  belong  to  the  first  system,  since 
if  AB  were  moved  round  to  coincide 
with  A'B\  A  would  coincide  with  A\  and  B  with  B,  The  dis- 
tinction between  the  points  may  be  readily  made  by  the  help  of 
the  following  theorem  :  "  A'B  and  AR  are  parallel  in  the  case 
of  two  concentric  conies ;  and  by  the  method  of  projections,  in 
the  general  case,  intersect  on  the  chord  of  contact  of  the  conies." 

Eeclprocally,  if  we  draw  tangents  to  the  polar  conic  from  two 
points  on  the  pole  conic,  we  must  so  number  them,  oa,,  oa^,  ph^^ 

RR 
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ph,^^  that  the  line  joining  the  intersection  of  oa^^  pb^  to  that  of 
oa^^^ph^  may  pass  through  the  pole  of  the  chord  of  contact  of 
the  conies. 

339.  The  number  of  constants  in  the  case  of  skew  recipro- 
cals only  exceeding  by  three  the  number  of  constants  in  the  case 
of  reciprocals  with  regard  to  a  conic,  it  is  natural  to  inquire 
whether  the  latter  does  not  only  differ  from  the  former  by 
displacement  of  the  figure.  It  is  evident,  at  any  rate,  that  the 
skew  reciprocal  here  considered  is  only  a  homographic  trans- 
formation of  the  reciprocal  with  regard  to  a  conic,  and  that 
therefore  the  use  of  skew  reciprocals  can  lead  to  no  geometric 
theorem  which  we  might  not  obtain  by  combining  the  use  of 
ordinary  reciprocals  with  the  method  of  projections. 

It  is  very  easy  to  see  what  must  be  the  first  step  if  it  be 
required  to  move  the  two  figures  into  such  a  position  that  the 
polar  of  every  point  may  be  the  same,  no  matter  to  which  system 
that  point  be  considered  to  belong.  For,  since  the  position  of  the 
line  at  infinity  is  unaffected  by  any  displacement  of  the  figure, 
we  must  begin  by  taking  its  pole  in  each  system,  and  then 
moving  the  systems  so  that  these  points  shall  be  brought  to 
coincide.  The  pole  and  polar  conies  will  then  become  concentric 
and  similar,  this  point  being  their  common  centre. 

340.  Now  we  say,  that  if  by  turning  the  figures  round  their 
common  centre  0,  they  can  be  given  such  a  position  that  the 
polar  of  any  point  A  at  infinity  shall  be  the  same  fine  OB  for 
both  systems ;  then  if  the  polar  of  any  other  point  G  at  infinity 
be  the  line  OT)  for  the  first  system,  it  must  be  also  so  for  the 
second  system.  For  the  anharmonic  ratio  of  the  four  points  of 
the  first  system  ABCD  is  equal  to  the  corresponding  pencil 
of  the  second  system,  viz.,  OB. OA. OB. OX]  and  since  three 
legs  are  the  same  in  two  pencils,  OX  must  coincide  with  0(7, 
or  the  polar  of  the  point  B  must  be  the  same  whether  it  belong 
to  the  first  or  second  system ;  so  also  must  then  the  polar  of  C. 

Since  now  the  circular  points  at  infinity  are  unmoved  by  any 
turning  of  the  figure,  we  have  only  to  take  the  two  polars  of 
either  of  these  points,  which  in  general  will  not  pass  through 
the  point,  and  turn  either  figure  round,  so   as  to   bring  these 
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polars  to  coincide ;  and  then,  from  what  has  been  just  proved, 
the  polars  of  every  other  point  will  coincide. 

341.  We  can  readily  obtain  an  expression  for  the  ang  e 
through  which  the  figure  is  to  be  turned.  The  two  figures 
being  in  a  concentric  position,  and  the  origin  being  the  centre, 
it  is  readily  seen  that  the  most  general  equations  of  the  two 
polars  of  any  point  are 

{a,x  +  by)  X  -h  [a^fc  +  \y')  ?/  +  C3  =  0, 

and  {a^x'  +  a^y)  x  +  [h^x  +  h^)  ?/  +  C3  =  0. 

The  two  polars  of  the  point  at  infinity,  for  which  y  =  ^V,  are 

[a^  +  ih;)  x^  {a^-^ ib^)  y  =  % 

and  («i  +  ia^  x  +  {b^  +  ib^)y  =  Oj 

and  the  angle  through  which  one  of  these  lines  must  be  turned 
to  coincide  with  the  other  is  the  difference  of  the  angles  whose 
tangents  are 

but  this  is  the  real  ansrle  whose  tanp^ent  is  — — ~  . 

«,  +  ^ 

342.  Or  the  same  result  may  more  simply  be  obtained  as 
follows:  If  in  general  the  line  of  the  second  system  corre- 
sponding to  the  point  a?y  in  the  first  be 

{a^x'  +  by)  X  +  (a^  +  by)  ?/  +  C3  =  0 ; 

then,  when  the  second  system  is  turned  round  an  angle  ^,  the 
equation  of  this  line  will  become 

{a^x^-\-by){x  co&d-y  sin^)  +  \a^x'  -f  by) {x  sin6  +  y  cos^)  +  c^  —  0, 

or     {(a,  cos  0-{-a^  sin  6)  x'  +  (^^  cos  Q  •\-b^  sin  0)  y\  x 

+  {(^2  cos  Q  —  a^  sin  Q)  x  +  (^2  ^^^  Q —  b^  sin  0)  y^}  y-^c^  =  0. 

But  the  locus  of  points  of  the  first  system  whose  polars  pass 
through  x'y\  that  is  to  say,  the  line  corresponding  to  x^y\ 
considered  as  belonging  to  the  transformed  system,  will  be 

{(a,  cos 6  +  a^  sin 6)  x'  +  (a^  cos  6  -a^  sin 6)  y\  x 

+  {(2>,  cosd-\-b^  smd)x-\-(b^  cos0-b^  ain6)y'}y  +  c^  =  0. 
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This  line  will  always  coincide  with  the  other,  if  we  have 
J,  cos  ^  +  ^2  sin  ^  =  fljj  cos  6  —  a^  sin  ^ ; 

or,  as  before,  tan  6  =  j^ ^ . 

^a  +  «i 

QUADRIC  TRANSFORMATION. 

343.  Before  proceeding  to  the  general  theory,  It  will  be  in- 
structive to  consider  in  detail  one  other  special  method,  viz.  when 
the  coordinates  of  the  point  P'  are  functions  of  the  second  degree 
of  the  coordinates  of  P,  or  say  in  which  x'  :  y^  :  z'=  U:  V:  W. 
Thus  to  the  lines  a;  =  0,  y  =  0,  z  =  0  will  answer  three  codIcs 
U=  0,  F=  0,  ]F=  0  ;  and,  in  general,  to  a  curve  of  the  n^ 
order  will  answer  one  of  the  2«^^,  whose  equation  is  found 
by  substituting  ZJ,  F,  W  respectively  for  a?,  ?/,  z  in  the  given 
equation.  We  have  already  used  this  method,  Arts.  252,  272. 
A  simple  example  is  when  the  relation  between  P'  and  P  is 
expressed  by  the  equations  x  \  y  \  z'  —  x^ :  y^ :  z^ ;  then  to  any 
right  line  Ix  +  my  +  nz  will  answer  a  conic  ld(^  4  my^  +  nz^ 
touching  the  sides  of  the  triangle  xyz^  while  to  a  right  line  in 
the  second  figure  answers  also  a  conic  in  the  first.  To  a 
conic  in  the  first  figure  (a,  J,  c,  /,  g^  A3[a;,  y,  zf  answers  the 
quartic 

ax  +  hy-^cz-{-  2fyhi  +  2gz^x^  +  2kx^y^  =  0. 

And,  as  the  general  equation  of  a  conic  may  be  written  in  the 
form 

it  follows  that  the  equation  of  the  corresponding  quartic  may  be 
written  in  the  form  ax^  +  hy^  +  cz^  +  dw^  =  0.  It  is  therefore 
trinodal  and  has  the  lines  Xj  y,  z,  w  for  bitangents. 

344.  The  method  of  transformation  just  described,  wherein 

x'  \y'  \  z'  =11  \  V :  W  is  in  general  not  rational.     For,  given 

cc,  y,  z  we  have  a;',  y',  «'  rationally,  but  when  ic',  y\  z'  are  given, 

TJ      V      W 
then  to  find  ic,  y^  z  we  have  —  =  -;  =  — ^ ;   equations   which 

represent  conies  having  four  common  intersections,  and  therefore 
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to  any  position  of  the  point  xyz'  answer  four  positions   of 

the  point  xyz.     If  the  conies  Z7,   F,   W  had  a  common  point, 

this  point  being  independent  of  the  position  of  the  variable 

point  xyz    might  be  set   aside ;   and  to  any  position   of  the 

one  point  would  answer  three  of  the  other.     Similarly,  if  Z7, 

F,  TFhad  two  common  points;  and  finally,  if  they  have  three 

U      V      W 
common  points,  the  conies  —,  —  —  —  —f-  have,  besides  the  three 

xyz 

fixed  points,  only  one  other  common  point.  The  transformation 
is  therefore  in  this  case  rational,  and  to  any  position  of  either 
point  answers  a  single  position  of  the  other.  It  would  be  a 
mere  change  of  coordinates,  if  instead  of  the  conies  Z7,  F,  W 
we  took  three  conies  of  the  form  lU-\-mV -\-nW^  making  the 
corresponding  lines  Ix  +  my  +  nz  our  new  lines  of  reference. 
There  is  therefore  no  loss  of  generality  if  we  take  for  Z7,  F,  W 
the  three  line-pairs  got  by  joining  each  of  the  fixed  points  to 
the  two  others.  The  most  general  rational  quadric  transfor- 
mation is  therefore  that  w^hich  we  have  already  used.  Art.  283, 
where  two  corresponding  points  are  connected  by  the  reciprocal 
relations 

x\  y  \  z^  y'l  :  z'x'  :  x'y'  and  x  \  y  \  z'  =  yz  \  zx  \  xy, 

345.  It  was  stated,  Art.  283,  that  to  the  point  xy  will  cor- 
respond any  point  on  the  line  z  =  0,  &c.  If  we  transform 
any  curve,  to  each  of  the  n  points  where  it  meets  the  line  / 
will  correspond  the  point  xy^  which  will  accordingly  be  a  w-fold 
point,  or,  more  strictly,  to  each  of  the  n  points  corresponds 
the  direction  of  a  tangent  at  the  w-fold  point.  There  will  be 
a  coincidence  among  these  tangents  should  the  original  curve 
touch  the  line  z\  To  a  curve  therefore  of  the  n^  degree,  which 
does  not  pass  through  any  of  the  three  fixed  points  t/V,  0  V,  x^y\ 
will  correspond  a  curve  of  the  2n^  degree  having  the  three 
points  yzj  zxj  xy  as  w-fold  points.  Let  us  suppose,  however, 
that  the  curve  passes  through  the  point  y'z\  then  the  line  x 
must  be  part  of  the  corresponding  figure,  and  setting  this  aside 
the  order  of  the  corresponding  curve  is  reduced  by  unity.  Also 
since  the  line  x  passes  once  through  each  of  the  points  zx,  xy, 
the  corresponding  curve  will  only  pass  through  each  of  these 
points  {n  -  1)  times  instead  of  w.     And,  in  like  manner,  we 
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see  In  general  that  to  a  curve  of  the  w*^  degree  which  passes 
through  the  three  principal  points,  as  we  shall  call  them, 
/,  g^  and  h  times  respectively,  will  correspond  a  curve  whose 
order  n  is  2n—f—g  —  h^  and  which  passes  through  the  three 
principal  points  on  the  other  figure  /',  g\  and  K  times  re- 
spectively, where y  =  n—g  —  Ji^g'  =  n  —  h-f^  h'  =  n  —f—g^ 

346.  It  is  easy  to  verify  that  the  numbers  thus  assigned 
satisfy  the  reciprocal  relation  which  exists  between  the  corre- 
sponding curves ;  that  is  to  say,  that  we  have  also 

n=2«'-/-/-A',/=«'-/-^',;7=«'-A'-/,A=K' -/'-/. 

We  shall  shew  also  that  the  two  corresponding  curves  have  the 
same  deficiency.  For  if  a  curve  pass  /  times  through  a  point, 
this  is  equivalent  to  \f[f-  1)  double  points,  (Art.  43).  Hence 
the  deficiency  of  the  first  curve  is 

4  {(«  -  1)  («  -  2)  -/(/-  1)  -.9  (<7  -  1)  -  A  (A  -  1)1, 
and  using  the  values  just  obtained  for  n\  f^  g\  h\  it  is  easy 
to  verify  that  the  number  just  written  is  equal  to 

i  {(«'  -  ] )  («'  _  2)  -/  (/ -  1)  -  /  {/  -l)-h'[h'-  1)). 

347.  A  particular  case  of  quadric  transformation  is  the 
method  of  inversion,  or  transformation  by  reciprocal  radius 
vectors,  described  Art.  122,  and  Conies^  Art.  121  (c).  In  this 
method  we  have  a  fixed  point  0;  and  corresponding  points  P, 
P'  lie  on  a  line  through  0,  at  distances  whose  product  is  con- 
stant ;  say  OP.  OP'  =  1 .  Taking  0  as  origin,  It  is  easy  to  see 
that  the  relations  between  the  rectangular  coordinates  of  P 
and  P'  are 

r_      a;  ,_      y  _      x'  _      / 

^  -x'-^f'  y      x'  +  y''    ""'x'-'^y'-^'  y~x"'  +  y'-'' 

But  these  equations  give 

1         „.     ..  .         1 


^  +^^  =;:r^,»  ^  -'^y  = 


x  —  iy'  "^      x-Yiy 

Hence,  writing 

X,  Y,Z=x^iy,   x  +  iy,  1;   X\  T,  r  =  x'^iy\  x' -  iy\  1, 
we  have  X' :  F  :  Z'=  ZZ:  ZX:  XF, 
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or  the  transformation  Is  of  the  kind  considered  in  this  section. 
The  point  0  is  called  the  centre  of  inversion ;  and  the  circle 
whose  radius  is  the  square  root  of  the  given  value  of  OP.  OP'  is 
called  the  circle  of  inversion,  and  if  P  describe  any  curve,  the 
curve  described  by  P'  is  called  the  inverse  curve. 

In  particular,  the  inverse  of  a  right  line  is  a  circle  passing 
through  (9;  viz.  if  OA  is  the  perpendicular  on  the  line,  and 
A'  the  point  corresponding  to  A^  the  circle  is  that  virhich  has 
OA'  for  its  diameter.  The  point  0  corresponds  to  the  point  at 
infinity  on  the  line.  Again,  the  inverse  of  any  circle  is  a  circle 
[Conies^  Art.  121(c)),  and  in  particular,  the  inverse  of  a  circle  G 
which  cuts  at  right  angles  the  circle  of  inversion  is  this  same 
circle  C ;  that  is  to  say,  the  point  P'  corresponding  to  P  lies  on  the 
same  circle,  which  is  therefore  its  own  inverse.  We  give  this  ex- 
ample to  illustrate  a  theory  which  will  be  more  fully  considered 
in  a  separate  section,  where  the  general  theory  of  transforma- 
tion presents  itself  as  a  theory  of  correspondence  of  points  on 
a  given  curve.  Here  confining  our  attention  to  the  circle  (7, 
the  points  P,  P'  on  it  correspond  to  each  other ;  and  in  order 
to  find  the  point  corresponding  to  a  given  one  P,  we  have 
only  to  join  it  to  a  fixed  point  0,  and  take  the  point  where 
OP  meets  the  circle  again. 

348.  To  return  to  the  general  theory  of  Inversion,  it  is 
obvious  that  two  pairs  of  corresponding  points  A^  A\  P,  B\ 
lie  on  a  circle  which  cuts  orthogonally  the  circle  of  Inversion ; 
and  by  the  property  of  a  quadrilateral  inscribed  in  a  circle, 
the  line  joining  two  points  A^  B  makes  the  same  angle  with 
the  radius  vector  OA  that  the  line  joining  the  corresponding 
points  A\  B'  makes  with  the  radius  vector  0B\  In  the 
limit,  if  AB  be  the  tangent  at  any  point  -4,  the  corresponding 
tangent  to  the  Inverse  curve  makes  the  same  angle  with  the 
radius  vector.  It  follows  immediately  that  the  angle  which 
two  curves  make  with  each  other  at  any  point  Is  equal  to  the 
angle  which  the  inverse  curves  makes  with  each  other  at  the 
corresponding  point. 

The  Inverse  Is  Immediately  formed  of  curves  Included  In 
the  equation  p^  =  a  cos/z®.  Thus  ?2  =  2,  the  lemniscate  is  the 
inverse  of  the  equilateral  hyperbola;  w  =  |,  the  cardlolde  is  the 
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inverse  of  a  parabola  having  the  origin  for  its  focus,  &c. 
The  inverse  of  a  conic  in  general  is  a  trinodal  quart ic,  the 
nodes  being  the  origin  and  the  circular  points  at  infinity.  If 
the  origin  be  the  focus  of  the  conic,  the  inverse  is  the  limagon ; 
if  the  origin  be  on  the  curve,  the  inverse  is  a  nodal  circular 
cubic,  the  origin  being  the  node.  Evidently  in  general  to  a 
circle  osculating  one  curve  will  correspond  a  circle  osculating 
the  inverse  curve;  but  if  the  circle  passes  through  the  origin 
the  inverse  will  be  an  inflexional  tangent. 

Ex.  1.  The  three  points  of  inflexion  of  a  nodal  circular  cubic  lie  on  a  right  line. 
Hence,  through  any  point  on  a  conic  can  be  drawn  three  circles  elsewhere  osculating 
the  curve,  and  their  points  of  contact  lie  on  a  circle  passing  through  the  given  point. 
The  three  points  will  be  all  real  when  the  curve  is  an  elhpse,  but  if  it  be  a  hyperbola, 
two  will  be  imaginary.* 

Ex.  2.  In  like  manner,  through  any  point  on  a  circular  cubic  or  bicircular  quartic 
can  be  described  nine  circles  elsewhere  osculating  the  curve,  and  of  these  circles  three 
will  be  real  and  their  points  of  contact  wiU  he  on  a  circle  passing  through  the  given 
point. 

Ex.  3.  "  The  feet  of  the  perpendiculars  on  the  sides  of  a  triangle  from  any  point 
on  the  circumscribing  circle  lie  in  one  right  hue."  Inversely,  if  on  three  chords  of  a 
circle,  AB,  AC,  AD  as  diameters,  circles  be  described,  the  points  of  intersection  of 
these  circles  with  each  other  lie  on  a  right  line. 

Ex.  4.  "  The  circle  circumscribing  a  triangle  whose  sides  touch  a  parabola  passes 
through  the  focus."  Inversely,  if  three  circles  be  described  through  the  cusp  to  touch 
a  cardioide,  their  points  of  intersection  with  each  other  lie  on  a  right  hue. 

Ex.  5.  "  If  a  right  line  meet  a  limagon  in  four  points,  the  sum  of  their  distances 
from  the  node  is  constant."  Inversely,  if  a  circle  through  the  focus  meet  a  conic 
in  four  points  the  sum  of  the  reciprocals  of  their  distances  from  the  focus  is  constant. 

Ex.  6.  To  find  the  envelope  of  circles  passing  through  a  fixed  point  and  whose 
centres  lie  on  a  given  curve.  Take  the  fixed  point  for  centre  of  inversion,  and  the 
locus  of  the  other  extremity  of  the  diameters  passing  through  that  point  is  evidently 
a  curve  similar  to  the  given  one.  It  is  easy  then  to  see  that  the  negative  pedal 
(Art.  121)  of  the  inverse  of  this  last  curve  is  the  inverse  of  the  required  envelope, 
and,  therefore  (Art.  122),  that  the  envelope  is  the  inverse  of  the  polar  reciprocal 
of  that  curve.f 

349.  It  remains  to  mention  the  cases  of  rational  quadric 
transformation  which  cannot  be  reduced  to  the  substitution 
x:  y  :  z=^yz  :  zx  :  xy .  Of  the  three  points  common  to  the 
conies  Z7,  F,  TF,  two  may  coincide :  let  the  line  y  be  supposed 

*  This  theorem  is  Steiner's,  see  Conies,  Art.  244,  Ex.  3.  The  proof  here  given  is 
Dr.  Ingram's. 

t  This  example  is  taken  from  Dr.  Stubbs's  paper  on  this  method,  Phil.  Mag. 
vol.  XXIII.  18. 
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to  be  the  common  tangent  to  the  conies  at  the  point  yx^  and 
let  xz  be  the  third  point  common  to  the  three  conies,  then 
the  equation  of  each  must  be  of  the  form  ax^  +  2fyz  +  2hxy  =  0 ; 
we  may  take  x\  yz^  xy  as  the  three  conies,  and  the  substitution 
is  that  used  Art.  289,  x'  \  y'  i  z'  =  xy  i  x^  x  yz^  equations  which 
imply  reciprocally  x\y  \z  —  x'y  :  od'^ :  y'z\  In  this  substitution, 
as  in  the  other,  to  the  point  xz'  corresponds  the  line  y;  and 
to  any  curve  meeting  this  line  in  n  points  will  correspond  a 
ourve  having  the  point  as  a  w-fold  point.  To  the  point  x\f 
corresponds  the  line  ic,  but  whatever  be  the  point  on  this  line, 
the  corresponding  direction  of  tangency  will  be  ?/'  =  0.  To  a 
curve  therefore  meeting  the  line  x  m  n  points  will  correspond 
a  curve  having  the  point  xy'  as  a  n-fold  point,  at  which  all 
the  tangents  coincide.  The  theory,  in  short,  is  substantially 
the  same  as  before,  only  modified  by  the  coincidence  of  two 
iof  the  principal  points.  Again,  let  all  three  points  coincide,  then 
{Conies^  Art.  239)  the  equations  of  the  three  conies  must  be  of 
the  form  hy^ +  2'hxy  +  2f{yz  —  mx^)  =  0^  and  we  are  led  t!>  the 
substitution  used  in  Art.  290,  viz.  x  \y'  \z'  =  xy\y^  \yz-  mx^^ 
implying  reciprocally  x\  y  \  z  —  x'y  :  y''^ :  y  V  -h  vnx''^, 

350.  Before  discussing  the  general  theory  of  rational  trans- 
formation, it  is  convenient  to  mention,  in  extension  of  what  was 
stated.  Art.  347,  that  the  general  substitution  of  X",  F",  Z* 
for  X,  y,  Z  assumes  a  simple  form  when  the  line  Z  is  at 
infinity,  and  X,  Y  pass  through  the  two  circular  points.  For, 
transforming  to  polar  coordinates,  the  equations  of  X  and   Y 

become 

p  (cos  ^  +  i  sin  ^)  =  0 ; 

and  it  is  obvious  that  substituting  for  these  functions  their  n*^ 
powers  is  equivalent  to  substituting  p  for  p,  and  nB  for  6, 
This  transformation  is  not  rational,  but  it  may  conveniently 
be  applied  to  curves  of  the  form  p^  =  a"  cosmo)^  which  are 
always  thus  transformed  to  curves  of  the  same  family.  For 
71  =  2  Si  circle  becomes  a  Cassinian,  and  for  w  =  ^  a  Umagon. 
Mr.  Koberts  has  also  noticed  {Liouville^  xiii.  209)  that  the 
angle  at  which  two  curves  intersect  is  not  altered  by  this 
transformation.  For  the  tangent  of  the  angle  which  the  tan- 
gent to   a  curve  makes  with  the  radius  vector  is  (Art.  95) 

ss 
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~-  ,  and  this  is  unaltered  when  we  substitute  ndto  for  d(o 
dp  ' 

and  — -  for  —  .     Thus  the  theorems  given  as  examples  of 

inversion  lead  each  to  as  many  theorems  as  we  choose  to  give 
different  values  to  n.  Theorems  also  concerning  the  angles  at 
which  curves  cut  are  easily  transformed  by  this  method,  as,  for 
instance,  the  theorems  that  a  circle  is  the  locus  of  intersection 
of  two  right  lines  cutting  at  a  fixed  angle  which  each  pass 
through  a  fixed  point;  that  a  series  of  concentric  circles  are 
cut  orthogonally  by  lines  through  the  common  centre,  &c. 

THE  GENERAL  THEORY  OF  RATIONAL  TRANSFORMATION. 

351.  We  come  now  to  the  general  theory  of  the  rational 
transformation,  in  which  to  any  system  of  values  of  xyz 
corresponds  a  single  system  of  values  of  xyz'\  for  example^ 
x'  \  yf  \z  —JJ ',  V  \  IF,  where  Z7,  F,  W  are  known  functions  of 
ic,  y^  Zj  which  we  suppose  to  be  of  the  n}-^  order ;  and,  recipro- 
cally, to  any  system  of  values  for  x'y'z'  corresponds  a  single 
system  of  values  x  :  y  :  z  =  U'  :  V  '.  W\  When  such  mutual 
expression  is  possible,  U\  F',  TF'  must  be  also  of  the  w*^  order 
in  x'yz\  For  to  the  n  intersections  of  an  arbitrary  line 
Ix  +  my  +  nz  with  any  curve  a  U-\-  h  V-r  c  W  will  correspond, 
in  the  other  system,  the  intersections  of  W  +  mV^ -^nW^  with 
the  line  oa?'  +  by  -\-  cz\  which  must  also  be  in  number  w. 

352.  Let  us  now  examine  the  conditions  that  such  mutual 
expression  may  be  possible.  In  general,  if  we  are  given  the 
coordinates  of  a  point  in  one  system  x'  \  y  '.  z^  =  a  \h  \  c^  there 
will  correspond  in  the  other  system  the  intersections  of  the 
curves  TJ \  V \  W=  a  :  b  :  c;  and  these  will  be  n^  in  number 
if  Uj  F,  W  are  general  curves  of  their  order.  If,  how- 
ever, Z7,  F,  W  have  p  points  common  to  all  three,  the  curves 

U      V      W 

—  =  —  =  —  will  always  pass  through  these  points,  and  there 

will  be  only  n^  —  p  variable  points  of  intersection,  which  will  be 
the  points  in  the  other  system  corresponding  to  the  given  point. 
Finally,  if  p^ri^  -l,  there  is  but  a  single  variable  point  of 
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intersection ;  or,  in  other  words,  all  but  one  of  the  intersections 
of  the  curves  U :  V:  W=a  :  b  :  c  being  known,  the  coordinates 
of  the  remaining  Intersection  are  uniquely  determinate,  and  will 
thus  be  rational  functions  of  a,  J,  c ;  that  is  to  say,  of  x\  7/^  «', 
and  we  have  expressions  of  the  form  xi  y  \  z=U'  x  F' :  W\ 

353.  Thus,  then,  one  condition  for  rational  transformation  is, 
that  the  curves  £/",  F,  W  shall  have  n^  —  1  common  intersec- 
tions ;  but  there  is  a  further  condition.  The  system  of  curves 
a  Z7+  h  V+  c  W  must  be  as  general  as  the  system  of  right  lines 
ax^  +  hy  +  cz'  to  which  they  correspond  ;  that  is  to  say,  a  curve 
of  the  system  must  not  be  determinate  unless  two  conditions  are 
given  to  determine  the  two  expressed  constants  a  :h  :  c.  The 
number  of  conditions,  therefore,  which  £/,  F,  W  can  be  made  to 
satisfy  must  be  at  least  two  less  than  the  number  of  conditions 
necessary  to  determine  a  curve  of  the  w^^  order.  For  example, 
if  U^  F,  W  be  cubics,  and  if  we  subject  them  to  the  condition 
of  having  eight  distinct  common  points,  they  must  also  have 
a  ninth  (Art.  29) ;  there  would  be  no  variable  point  of  inters 
section,  and  the  construction  of  Art.  352  would  fail.  But  we 
can  still  satisfy  the  conditions  of  the  problem  by  supposing 
the  cubics  U^  F,  W  to  have  common  one  point,  which  is  a  node 
on  all,  and  four  ordinary  points.  These  are  equivalent  to  but 
seven  conditions,  since  to  be  given  a  double  point  is  only 
equivalent  to  three  conditions  (Art.  41),  and  therefore  two  more 
conditions  are  necessary  to  determine  any  curve  a  U-\-  h  F+  c  W, 
But  the  common  points  amount  to  eight  intersections,  since 
a  point  which  is  a  double  point  on  two  curves  counts  for  four 
intersections.  And  so,  in  general,  we  cannot  take  £/",  F,  W  aa 
curves  of  the  n*^  order,  having  n'—l  distinct  common  points, 
because  then  [n  being  greater  than  two)  they  would  have  another 
common  point,  and  no  variable  point  of  intersection;  but  we 
can  satisfy  the  conditions  of  the  problem  by  taking  for  Z7,  F,  W 
curves  having  common  a,  ordinary  points,  a^  double,  a^  triple, 
&c.,  in  such  way  that  these  are  equivalent  to  n^  —\  intersec- 
tions, and  that  the  number  of  conditions  implied  shall  be  less 
by  2  than  the  number  necessary  to  determine  a  curve  of  the  n^ 
order.  Eemembering,  then,  that  to  be  given  a  multiple  point  of 
the  order  r  is  equivalent  to  Jr  (r  +  1 )  conditions,  and  that  such 
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a  point  when  common  to  two  curves  counts  as  r^  intersections, 
we  have  the  two  equations 

a,  +  4a2-f  9a3+...  r\  =  n'-l  ....  (1), 

aj  +  3a,-f  6a3+...-|r(r+l)a,  =  l7z(w4-3)-2  ....(2). 

Doubling  the  second  equation  and  subtracting  from  it  the  first, 
we  get  an  equation  which  may  conveniently  be  substituted 
for  (2) 

aj  +  2a,-f  Sag -f...ra,  =  3(71-1) (3). 

We  have  then  as  many  modes  of  transformation  by  curves  of  the 
n*^  order  as  there  are  solutions  of  these  equations  by  positive 
integer  values  of  a„  ol^^&q.^  provided  always  that  the  number 
of  higher  multiple  points  which  the  curves  are  supposed  to 
possess  is  subject  to  the  limitations  assigned,  Art.  43.* 

364.  The  argument  of  Art.  353,  strictly,  only  shews  that  in 
equation  (2)  the  left-hand  side  cannot  be  greater  than  the 
value  there  written.  But  we  can  also  shew  that  it  cannot  be 
less,  for  add  a  term  —t  and  subtracting  equation  (2)  from  (1) 
we  get 

a,  +  3a3+...ir(r-l)a,  =  i(n-l)(7i-2)+^....(4). 

Kecollecting  that  a  triple  point  is  equivalent  to  three  double 
points,  and  an  r-fold  multiple  point  to  \r[r-  1)  double  points,  we 
see  that  the  left-hand  side  of  the  equation  represents  the  number 
of  double  points  to  which  all  the  multiple  points  of  any  curve 
aU-\-  h F+  c  W  are  equivalent.  And  since  it  was  shewn  (Art.  42) 
that  this  number  cannot  exceed  ^  (n  —  1)  (w  — 2),  we  must  have 
<  =  0,  then  equation  (4)  asserts  that  the  curves  of  the  system 
aU-\-hV-\-  cW  have  each  the  maximum  number  of  double 
points,  or,  in  other  words,  that  they  are  unicursal.  And  it  is 
otherwise  evident  that  this  must  be  so,  since  these  curves 
answer  to  the  right  lines  of  the  other  system ;  and  not  only  a 
right  line,  but  every  unicursal  curve  will  be  transformed  into  a 
unicursal  curve;  for  if  the  coordinates  of  a  point  are  rational 
functions  of  a  parameter,  the  coordinates  of  the  corresponding 


*  This  theory  is  due  to  Cremona,  see  his  memoirs  SuIIe  trasjormazione  geometriche 
delle figure  piane,  Mem.  di  Bologna,  t.  ii.  1863,  and  t.  v.  1865  ;  see  also  Prof.  Cayley's 
paper,  Proceedings  of  the  London  Mathematical  Society,  rol.  iii.  1870,  pp.  127-180. 
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point  being  rational  functions  of  these,  must  also  be  rational 
functions  of  the  same  parameter. 

355.  We  have  seen  that  when  n  is  greater  than  2,  the 
equations  (1)  and  (3)  cannot  be  satisfied  if  the  points  common 
to  TJ^  F,  TFare  only  simple  intersections.  We  shall  now  shew, 
in  like  manner,  that  if  n  is  greater  than  5,  there  must  be 
a  multiple  point  of  order  higher  than  the  second  ;  and  so  on 
generally.  Let  r  be  the  highest  index ;  multiply  equation  (3) 
by  r,  and  subtract  from  it  equation  (1),  and  we  have 

(r-l)a,  +  2(r-2)a2+3(r-3)a3+...(r-l)a,.  =  (7i-l)(3r-w-l). 

Every  term  on  the  left-hand  side  is  positive,  therefore  r  cannot 
be  less  than  \[n-\  1).  We  may  take  r  equal  to  this  number 
in  the  case  where  J  (w  +  1 )  is  an  integer,  that  is  to  say,  if  n  be 
of  the  form  3j9  —  1,  we  may  take  r  =^ ;  but  if  so  all  the  numbers 
Cj,  a^j... ,  a^_^  must  vanish,  and  the  curves  can  have  no  common 
points  but  the  ^-fold  points;  and  we  have  ^ap  =  3  (3/?  —  2), 
which  cannot  be  satisfied  by  an  integer  value  of  a^  if  ^  exceed  3, 
unless  ^  =  6.  Except,  then,  when  w  =  2,  5,  8,  or  17,  r  must 
be  greater  than  \{ri-\-V)\  thus  always  for  n  greater  than  5  there 
must  be  a  multiple  point  of  higher  than  second  order. 

356.  In  the  same  manner  is  established  a  theorem  from 
which  we  shall  presently  draw  an  important  inference,  viz.  that 
if  we  take  the  three  highest  in  order  of  the  multiple  points,  the 
sum  of  their  orders  must  exceed  n.  Let  the  orders  of  the 
three  highest  be  r,  5,  ^,  where  s  is  supposed  not  greater  than  r 
and  t  not  greater  than  s,  then  transferring  the  terms  contributed 
by  the  two  former  to  the  opposite  sides  of  equations  (1)  and  (3), 
these  equations  become 

a,-|-4a,+...«\  =  n'^-l-r'^-s', 

a,  +  2a2+...^a,  =  3w-3-r  -5, 

and,  as  before,  we  have  a  limit  to  the  lowest  admissible  value 
of  t  from  the  consideration  that  if  we  multiply  the  second 
equation  by  t  and  subtract  the  first,  the  remainder  is  essentially 
positive.  Our  business  now  is  to  shew  that  n  —  r  —  s  is  too  low 
a  value  for  <,  or  that,  in  this  case. 
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Substituting  r  +  s  =  n—t^  this  becomes 

2rs-l+  2nt  -f>t{2n'-S  +  t). 

But  since,  by  hypothesis,  r  and  s  are  not  less  than  f,  the  least 
value  the  first  quantity  can  have  is  found  by  putting  r  and  s 
both  =  ty  when  the  inequality  becomes 

which  is  obviously  true. 

357.  Cremona  has  tabulated  as  far  as  w  =  10  all  the  ad- 
missible solutions  of  the  system  of  equations  we  have  been 
considering.  Some  of  his  results  will  be  given  presently ;  but 
enough  has  been  said  to  shew  that  we  can  always  take  U^  F,  W 
functions  of  the  n^^  order  in  xt/z^  such  that  the  equations 

x':y':z'=U:  V:  W 

shall  represent  three  curves  having  common  certain  fixed  points, 
equivalent  to  n^  —  1  intersections  (which  we  call  the  principal 
points),  and  one  variable  point,  the  coordinates  of  which  ex- 
pressed in  terms  of  xyz'  give  the  converse  system  of  equations 

x:y',z^ir:V''.W\ 

We  have  already  seen  that  Z7',  F',  W  are  functions  of  the 
w*^  order  in  xyz\  and  it  is  plain  that  these  also  must  represent 
curves  having  common  a  number  of  fixed  points  satisfying  the 
conditions  (1)  and  (2)  already  explained.  It  does  not  follow, 
however,  nor  is  it  always  true,  that  the  same  solution  of  the 
system  of  equations  is  applicable  in  both  cases ;  in  other  words, 
the  system  of  curves  aU+bV-\-cW  which  answer  to  the  right 
lines  of  one  system,  and  the  system  of  curves  aZ7' -f-^F'  +  cIF' 
which  answer  to  the  right  lines  of  the  other  system,  have  not 
in  general  the  same  distribution  of  multiple  points. 

358.  We  have  seen  that,  in  the  quadric  transformation,  to  one 
of  the  three  principal  points  corresponds  in  the  other  figure 
not  a  point  but  a  line ;  and  we  shall  now  extend  this  theorem 
by  shewing  that  in  general  to  any  of  the  a^  points  corresponds 
a  unicursal  curve  of  the  r*^  order.  It  is  evident  that  the  system 
of  equations 

x':7/:z'=U:V:W 
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becomes  illusory  if  we  seek  the  point  aj'3/V  corresponding  to 
any  point  xyz  common  to  the  curves  CT,  F,  W.  Now,  first  let 
this  be  a  point  of  simple  intersection ;  and,  by  proceeding  to  a 
consecutive  point,  we  have  xyz  respectively  proportional  to 

U^Bx-{-Ufy  +  U^8z,  V^Sx  +  V^Sy  +  V^Bz,  W^Bx  +  Wfy  +  W^Bz, 
where  CT^,  &c.,  denote  differential  coefficients.  We  have  thus 
a  different  point  a;'?/V  corresponding  to  each  element  of  direc- 
tion at  the  assumed  point  xyz.  But  if  three  curves  have  a 
common  point  their  Jacobian  passes  through  that  point;  as  is 
evident  by  writing  the  equations  U=  0,  &c.  in  the  form 

U,x  +  U^  +  U^z  =  0,   V^x  +  T\y  +  V^z  =  0,   W^x  +  W,^  +  W^z  =  0, 
and  eliminating  xyz.     We  thus  see  that  if  we  eliminate  Bx^  By 
from  the  values  just  found  for  x^y'z\  Bz  will  also  disappear,  and 
all  the  points  corresponding  to  xyz  will  lie  on  the  right  line 
.    x'{V,W,-V,W,)+y'  {W^U.^-W^U,)  +  z'  {UJ\-UJ)=^0. 

359.  We  proceed  in  like  manner  if  the  point  common  to 
UVW  be  a  multiple  point.  Let  it,  for  example,  be  a  double 
point,  then  the  values  given.  Art.  358,  for  x'y'z'  vanish;  but 
denoting  the  second  differential  coefficients  as  before  by  a,  Z>,  c, 
&c.,  we  have  ic'i/V  respectively  proportional  to 

aBx'-\-hBy^-{-cBz^-^2fByBz+2gBzBx+2hBxBy  :  aBx'-\-&c. :  a'Bx'-i-&c. 

But  the  relation  of  the  point  xyz  to  UVW  is  such  as  to  allow  of 
the  simultaneous  elimination  from  these  equations  of  Bx^  By^  Bz, 
In  fact,  the  above  forms  in  Bx,  By^  Bz  are  only  in  appearance 
ternary,  but  are  really  binary.  For  ax''+  hy^-\-  cz^  +  &c.  equated 
to  zero  denotes  the  pair  of  tangents  to  the  curve  TJ  at  the 
double  point,  and  is  reducible  to  the  form 

a^X"  mzY  +  2A  (a?  —  mz)  [y  -  nz)+h(y  —  nzf. 
There  are,  therefore,  but  two  quantities  Bx  —  mBzj  By-nBz  to  be 
eliminated  between  the  equations,  and  it  will  practically  come 
to  the  same  thing  if  we  write   Bz  =  0,  and  ehminate  Bx^  By, 
And  so  for  any  multiple  point  we  have  cc',  y\  z'  proportional  to 
(a,  ...X8a;,  8yr;     («',  ...p^,  8^)';     (a",  ..-IS^,  8y)- 

and  Bxy  By  are  eliminated  in  the  manner  explained.  Art.  44, 
and  x\  y\  z'  being  rational  functions  of  a  parameter,  are  the 
coordinates  of  a  point  on  a  unicursal  curve  of  the  r^  order. 
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360,  The  curves  in  one  system  which  answer  to  the  prin- 
cipal points  in  the  other  may  be  called  the  principal  curves, 
and  these  curves  together  make  up  the  Jacobian  of  the  system 
of  curves  aU-{  bV+cW,  For  the  Jacobian  is  the  locus  of  the 
new  double  point  on  such  of  the  curves  of  that  system  as  have 
a  double  point  in  addition  to  the  multiple  principal  points  common 
to  all.  But  since  each  of  these  curves  has  already  the  maximum 
number  of  double  points,  it  can  only  acquire  a  new  one  by  break- 
ing up  into  inferior  curves,  and  this  will  happen  only  when  the 
corresponding  right  line  in  the  other  system  passes  through  one 
of  the  principal  points.  In  that  case  the  curve  aU+bV+cW 
breaks  up  into  the  fixed  r^^  curve  corresponding  to  the  principal 
point,  together  with  a  residual  curve  variable  with  the  line 
through  a^.  Now,  in  general,  if  we  have  two  unicursal  curves,  the 
sum  of  whose  orders  r  and  /  is  w,  the  aggregate  multiplicity 
arising  from  the  singularities  of  the  two  curves  and  their  in- 
tersections is  equivalent  to  ^  (r  —  1)  (r  —  2)  +  J  (^'—1)  (/— 2)-f  r/, 
that  is,  to  i  (w  -  1)  (n  —  2)  +  1  double  points.  Thus  we  see  that 
in  the  curve  we  are  considering,  the  complex  curve  has  besides 
the  principal  points  one  new  double  point,  which  will  be  a  point 
of  intersection  of  the  fixed  curve  answering  to  a^,  with  the 
residual  variable  curve ;  and  the  locus  of  such  points  is  therefore 
the  fixed  curve.  That  the  sum  of  the  orders  of  all  these  prin- 
cipal curves  makes  up  the  order  of  the  Jacobian  of  the  system 
aU+bV+cWis  expressed  in  equation  (3),  viz. 

a,-f  2a,+  3a3-l-...ra,  =  3(w-l). 

From  the  general  theory  of  Jacoblans,  which  will  be  more  fully 
entered  into  in  the  next  chapter,  it  appears  that  the  system 
of  principal  curves  passes  through  each  of  the  points  a,  twice, 
through  each  point  a^  five  times,  and  through  each  point  a^ 
3r-  1  times.  There  are  other  theorems  which  it  is  sufficient 
to  Indicate  as  to  the  disposition  of  the  principal  curves  with 
respect  to  the  principal  points.  For  instance,  take  a  right 
line  in  one  system  which  does  not  pass  through  a  principal  point 
oc/,  then  the  corresponding  curve  aU+bV+cW  can  have  no 
ordinary  point  in  common  with  the  principal  curve  a^,  and  the 
intersections  of  the  two  curves  would  be  exclusively  principal 
points.     In  this  way  we  can  see  that  every  principal  right  line 
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passes  through  two  principal  points,  the  sum  of  whose  orders  is 
w,  and  every  principal  conic  through  five  principal  points,  the 
sum  of  whose  orders  is  2n. 

361.  We  are  now  in  a  position  to  determine  the  charac- 
teristics of  the  curve  corresponding  to  a  curve  of  the  order  Jc, 
which  we  suppose  not  to  pass  through  any  of  the  principal 
points.  Evidently,  if  we  write  Uj  F,  W  for  x\  y\  z  in  a 
function  of  the  h^"^  order,  we  obtain  one  of  the  order  nk ;  and  if 
the  curves  C/",  F,  TFhave  a  point  a  in  common,  the  line  in  the 
other  figure  corresponding  to  a  will  meet  the  curve  E'wak  points, 
which  will  all  correspond  to  a ;  this  will,  therefore,  be  a  Mold 
point,  and  similarly,  every  one  of  the  principal  points  cc^  will  be 
a  rWold  multiple  point.  If  the  original  curve  have  no  multiple 
points,  the  transformed  curve  will  have  no  multiple  points  other 
than  the  principal  points.  Thus  it  appears  that  the  transformed 
curve  will  be  of  the  order  nk^  the  corresponding  maximum 
number  of  double  points  being  \  {nk  —  1)  [nk  —  2)  ;  and  the 
principal  points  will  be  multiple  points,  and  the  number  of 
double  points  to  which  they  are  equivalent  will  be 

\(j.)^  (A:-  1)  +  \^^k  (2^-1)  +..4«r»*^  (^^  -  1), 

or  '  W  (ttj  +  4a2  +...rV)  -  P.(ai  +  2a,  -f  ...rar), 

or,  in  virtue  of  equations  (1)  and  (3), 

\{n^-\)l^^\[n-\)k. 

Substituting,  the  deficiency  of  the  transformed  curve  is 
\[nk-\)[nk-'l)-{\[n'  -\)W-%{n-\)k],  =i  (^-1)  (7^-2),  the 
same  as  the  deficiency  of  the  original  curve.  If  the  original  curve 
has  multiple  points  other  than  the  principle  points,  to  these  will 
correspond  in  the  transformed  curves  multiple  points  of  the 
same  order,  and  the  deficiencies  of  the  two  curves  remain  equal. 

If  the  original  curve  pass  through  any  of  the  principal  points 
a/,  then  for  each  time  of  passage  the  corresponding  curve  a.r 
is  part  of  the  transformed  curve,  and  the  degree  of  the  trans- 
formed curve  proper  will  be  reduced  accordingly.  There  will 
be  also  a  corresponding  reduction  In  the  number  of  passages 
of  the  transformed  curve  through  the  principal  points  through 
which  a^  passes.  The  effect  of  this  will  still  be  to  preserve 
the  equality  of  the  deficiencies  of  the  two  curves.      Thus,  for 

TT 
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example,  if  the  original  curve  passes  through  one  of  the  points  a^y 
the  transformed  curve  will  include  as  part  of  itself  a  right  line, 
and  the  degree  of  the  residual  curve  will  be  reduced  from  nk 
to  nk-  1,  and  there  will  be  a  consequent  diminution  of  nk  —  2 
in  the  maximum  number  of  double  points;  so  if  the  right 
line  pass  through  two  points  a^,  a^  the  number  of  passages 
of  the  residual  curve  through  these  will  be  each  reduced  by  1, 
and  the  number  of  equivalent  double  points  will  be  reduced 
by  sk—  1  and  tk—  1,  or  by  nk  —  2j  since  s-\-t  =  n.  It  is  unne- 
cessary to  enter  into  more  detail,  because  we  shall  presently 
arrive  at  the  same  results  by  another  method. 

362.  Every:  Cremorm'transformation  may  he  reduced  to  a 
succession  of  quadric  transformations.  Consider  the  most  general 
transformation  in  which  to  the  right  lines  of  one  figure 
answer  in  the  other  figure  curves  of  the  w^^  order  having 
in  common  a,  ordinary  points,  a^  double  points,  &c.  We  have 
seen  (Art.  356)  that  there  are  three  of  those  points,  the  sum  of 
whose  orders  exceeds  n.  Take  these  as  principal  points 
and  effect  a  quadric  transformation,  the  degree  of  the  trans- 
formed curve,  being  2n  —  r  —  s-t^  is  less  than  n.  In  like 
manner,  by  a  new  quadric  transformation,  we  can  reduce  the 
degree  of  that  curve ;  and  so  on  until  we  have  at  length  right 
lines  corresponding  to  the  curves  of  the  n^^  order.  Since  it  was 
proved  (Art.  346)  that  the  deficiency  is  not  altered  by  any 
quadric  transformation,  the  theorem  oi  this  article  shews  that 
it  is  not  altered  by  any  Cremona-transformation.  The  following 
particular  example  will  illustrate  the  method,  and  will  shew  how 
we  can  trace  the  disposition  of  the  principal  curves.  Consider  the 
transformation  in  which  right  lines  are  transformed  into  quintics 
having  three  ordinary  points  a^a^a^^  three  double  points  hpj?^^ 
and  one  triple  point  c.  Take  chfi^  as  principal  points,  and  by  a 
quadric  transformation  the  quintics  become  cubics,  having  h^  as 
a  double  point,  and  a^a^a^c  as  ordinary  points.  Again,  take 
a^h^c  as  principal  points,  and  apply  a  new  quadric  transfor- 
mation when  the  cubics  become  conies  passing  through  a^'^a^'h^\ 
and  finally,  a  new  transformation  with  these  for  principal  points 
brings  them  to  right  lines.  In  like  manner  we  can  see  how 
are  transformed  the  right  lines    of  the   first  system,  or,  more 
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generally,  bow  are  transformed  curves  of  the  I^^  order  passing 
«j  times  through  the  point  a^^  &c.  After  the  first  transformation 
we  have 

After  the  second  transformation,  in  which  a^b^c'  are  the  principal 
points,  we  have 

2>./'  —  h  —  c  —  h^^  h^'  —  h  —  c  —  03,  &/'  —  k  —  c-b^^ 
<'  =  ^  -  c  -  &3,  «/'=  a„  <'  =  a^. 
Lastly,  after  the  third  transformation,  the  principal  points  being 

k'''  =  5k-Sc-2b^-2b^-2b^-a^-a^-  a^^ 

c-=2k-o-b,-k^-b^-a^, 

a"'=.2k-c-b-b-b-a^,  a^'^^^k-c-h-  b~b-a^^  a^'''=k-c-b^^ 

l-^^k-c-b,,  b;''^k-c-b^,  b;''=^k~2c-b-b-b^-a-a-a^. 

And  if  we  put  ^  =  1,  and  the  other  letters  =  0,  we  see  that  right 
lines  are  transformed  into  quintics  having  common  one  triple, 
three  double,  and  three  single  points.  Again,  in  order  to  trace 
the  correspondence  of  the  principal  points,  we  see  that  in  the 
first  transformation  to  the  point  c  corresponds  the  line  5/,  5/ ; 
to  this  in  the  second  transformation  corresponds  a  conic  through 
ca^'b^'b^'b^' ;  and  finally,  to  this  a  cubic  having  b^"  as  a  double 
point,  and  the  remaining  six  points  as  ordinary  points.  The 
following  tables  give  the  effects  of  the  different  kinds  of 
Cremona-transformation  as  far  as  ?i  =  6.  The  values  also  in- 
dicate the  curves  answering  to  the  principal  points.  Thus,  in 
Ex.  3,  the  value  c'  =  37c-2c-  S  (a)  indicates  that  to  c  corre- 
sponds a  cubic  having  c  as  a  double  point,  and  passing  through 
the  points  a. 

Ex.  L  (II.)  TO  =  2,  tti  =  3. 

a'  =  k  —  a.,  —  «jj  «2'  =  /t  —  «3  —  Ci,  Ox  =  fc  —  cti  —  «,, 
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Ex.  2.   (III.)  w  =  3,  a,  =  4,  02=1. 
k'  =  3k-2b-ai~a2-a3-  a^,  b'  =  2k  -  b  -  a^-  a^-  a^-  a^,  a^--k-b  -  Qj,  &c 
Ex.  3.   (IV.  1)  »  =  4,  ai  =  6,  Co  =  0,  ag  =  1. 

h'  =  41-  -  3c  -  S  (a),  c'  =  31'  -  2c  -  S  (a),  a/  =  1  -  c  -  a„  &c. 
Ex.  4.    (IV.  2)  «  =  4,  ai  =  3,  aa  =  3. 
k'  =  41  -  2Z  (J)  -  Z  (a),  h'  =2k-Z  {b)  -a^-a^  b^  =  &c.,  o/  =k-b^-  b^,  a,'  =  »tc. 
Ex.  6.    (V.  1)  TO  =  5,  «!  =  8,  as  =  0,  a,  =  0,  a4  r^  1. 

k'  =  5k-4d-l  (a),  «Z'  =  41-3^-2  (a),  a/  =  1  -  J  -  aj. 
Ex.  6.   (V.  2)  w  =  5,  a,  =  3,  Cg  =  3,  03  =  1. 
l'=51--c-2S(i)-Z(a),  c'=31-2c-S(i)-2:(fl),  V=21-c-ai-S  (6),  fl/=l-c-ii. 
Ex.  7.   (V.  3)  w  =  5,  a,  =r  0,  flj  =  6. 

k'=:5k-  2Z  (i),  by'  =  2k  -b^-b^-b.-b,-  b„  &c. 
Ex.  8.  (VI.  1)  n  =  6,  ai  =  10,  a^  =  1. 

k'  =  6k-5e~I,  (a),  e'  =  5k-4e-Z  (a),  a/  =  1  -  e  -  flj,  &c. 
Ex.  9.   (VI.  2)  n  =  6,  a,  :=  1,  02  =  4,  ag  =  2. 

1'  =  6^  -  3S  {c)  -  2Z  (i)  -  a,  c,'  =  Bk  -  2ci  -  Co  -  2  {b)  -  a, 
bi'  =  21-  -  Z  (c)  -b^-b^-b^,  a'  =  k-'L  (c). 
Ex.  10.    (VI.  3)  n  =  6,  a,  =  4,  a^  =1,  aj  =  3. 

1'  =  61  -  3Z  (c)  -2b- I,  (a),   d'  =  41  -  2S  (c)  -  i  -  Z  (a), 

^j'  =  21  — Z  (c)— 6  — a/,  J2'  =  <fec,  bi'  =  &c.,  b^=&c.,  ai'  =  l  — Cj-Cg,  a^  =  &,c.,  a^  =  &c, 

Ex.  11.   (VI.  4)  »  =  6,  uj  =  3,  02  =  4,  03  =  0,  a^  =  1. 

1'  =  61  -  4c?  -  2Z  (3)  -  Z  (a),  c/  =  31  -  2(i  -  Z  (i)  -  Oj  -  Og,  Cg'  =  &o.,  c/  =  &c., 

i'  =  21  -  (/ -  Z  {b),  a^-k-d-  J^,  a^'  =  Ac,  Og'  =  &c.,  «4  =  &c. 

TRANSFORMATION  OF  A  GIVEN  CURVE. 

363.  The  conditions  assigned  in  the  last  section  are  neces- 
Bary  for  the  general  rational  transformation  between  two  planes, 
BO  that  to  any  point  in  either  plane  shall  correspond  a  unique 
point  in  the  other.  But  they  are  not  necessary  to  rational 
transformation,  if  we  consider  only  the  transformation  of  a 
given  curve  >S'  =  0.  Let  us  apply  to  the  curve  8  a  transforma- 
tion X  '.  y'  :  z'  =U  \  V :  Wj  where  Z7,  F,  W  are  functions  of  the 
n^^  degree  in  ic,  y,  2,  not  necessarily  satisfying  Cremona's 
conditions ;  then,  obviously,  to  any  point  in  the  first  plane  will 
correspond  a  single  point  of  the  second,  since  x\  y\  z  are  given 
as  rational  functions  of  x,  ?/,  z.  But  according  to  the  pre- 
ceding theory,  if  C/,  F,  W  have  common  a^  ordinary  points, 
cCg  double  points,  &c.,  then  to  any  point  in  the  second  plane  will 
correspond  r^ -  a^  — 4a2— &c.  points  in  the  first  plane;  and  this 
Dumber,,  which  we  shall  call  ^,  will  ordinarily  be  different  from 
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unity.  The  locus  of  points  in  the  second  plane  corresponding 
to  the  points  of  the  curve  8  will  be  a  curve  S'  corresponding 
to  8,  and  to  any  point  P  of  the  first  curve  will  correspond  a  de- 
finite point  F'  of  the  second.  Now,  from  what  we  have  just  said, 
it  appears  that  to  P'  will  correspond  in  the  first  figure,  besides 
the  point  P,  ^  —  1  other  points ;  but  these  points  will  ordinarily 
not  lie  on  /S,  and  the  curve  in  the  first  figure  corresponding 
to  /S"  will  consist  of  8  together  with  a  residuary  curve,  the 
locus  of  the  d  -1  points.  And  if  we  attend  only  to  the  points 
on  the  curve  8^  we  see  that  while  to  any  point  P  of  /S  cor- 
responds a  single  point  P'  on  8',  so  also  to  any  point  P'  on  8^ 
corresponds  a  single  definite  point  P  on  8. 

Thus  then,  though  the  equations  x  \  yf  \  z'  =TJ '.  V:  TF  do 
not  by  themselves  suffice  to  give  rational  expressions  for  a?,  ?/,  z 
in  terms  of  x\  y\  z\  it  is  otherwise  when  with  these  we  combine 
the  equation  8=^.  If  from  all  the  equations  we  eliminate 
xyz^  we  obtain  an  equation  )S"  =  0,  which  is  the  condition  for 
the  co-existence  of  the  system  of  equations.  And  when  this 
condition  is  satisfied,  it  was  shewn  (Hiffher  Algebra^  Lesson  x.) 
that  we  can  in  general  rationally  determine  the  values  for 
a?,  y^  2,  which  will  satisfy  all  the  equations  of  the  system.  We 
see,  then,  that  w^hen  a  given  curve  8  is  transformed  by  the 
substitution  oi  x  :  y  '.  z  =  U'.V '.  Wj  we  can  in  general  obtain 
a  rational  converse  expression  x  :  y  :  z  =  U^ :  F' :  W\ 

Ex.  Suppose  that  we  are  given  x'  :  y'  :  z'  —  yz  +  x"^  :  yz  +  xy  :  yz  +  xz.  Here  to 
right  lines  in  the  second  plane  answer  conies  in  the  first,  having  common  only  two 
points  yx,  zx ;  and  therefore  to  a  point  in  the  second  plane  will  generally  answer  two 
points  in  the  first  plane.  The  general  expressions  for  x,  y,  z  in  terms  of  x',  y',  z' 
are  easily  found  by  observing  that  x  —  y,x  —  z  are  respectively  proportional  to 
«'  —  y',  x'  —  z'  \  the  geometrical  meaning  of  which  is,  that  the  points  xyz^  x'y'z', 
considered  as  belonging  to  the  same  plane,  are  collinear  with  the  point  1,  1,  1. 
In  other  words,  the  equations  are  satisfied  by  writing  x  =  a?'  +  X,  y  =  y'  +  ^, 
z  =  z'  +  \,  where  X  is  determined  by  the  quadratic 

2A2  +  (a;'  +  y'  +  z')  X  +  y'z'  =  0, 
and  plainly  to  any  system  of  values  for  x'y'z'  answer  two  systems  of  values  for  xyz. 
But  it  is  otherwise  if  we  consider  the  transformation  of  a  given  curve.  Thus,  take 
a  right  line  in  the  first  plane  ax  +  (3y  +  yz ;  then  the  relation  between  any  point  on 
this  line  and  the  corresponding  point  in  the  second  plane  is  given  by  the  equations 
X  =  x'  +  X,  &c.,  where  {a  +  (3  +  y)  X  =  —  {ax'  +  ^y'  +  yz'). 

In  like  manner,  if  we  have  any  conic  S  on  the  first  plane,  and.  if  by  the  sub- 
stitution x  =  x'  +  \,  &c.,   S  becomes  X"  +  PX  +  S',  then  the  curve   corresponding 
to  ^  is  the  quartic  whose  equation  is  obtained  by  eliminating  between 
X2  +  P\  +  ,S'  =  0,  2X2  +  (x-'  ^-y'  +  z')\+  y'z'  =  0  j 
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and  the  expression  for  x  in  terms  of  x'  is  obtained  by  taking  for  X  the  common  root 
of  these  equations  given  by  the  equation  {2P  —  (x'  +  y'  +  2')}  X  +  2/S'  —  y'z'  -  0. 

364.  The  deficiency  of  a  curve  Is  unaltered,  not  only  by 
Cremona's  transformation,  as  already  proved,  but  by  any  trans- 
formation where  to  a  point  on  either  curve  corresponds  a 
single  point  on  the  other.*     This  may  be  shewn  as  follows : 

In  the  first  place,  it  is  to  be  observed  that  in  the  rational 
transformation  between  two  planes^  where  to  a  point  A  corre- 
sponds a  single  point  A\  If  any  curve  pass  twice  through  A  the 
corresponding  curve  must  pass  twice  through  A\  or  to  a  double 
point  on  one  curve  must  correspond  a  double  point  on  the 
other.  But  if  to  A  correspond  more  points  than  one,  A\  B\  &c., 
then  If  the  second  curve  pass  through  both  A^  and  B\  the 
first  curve  will  pass  twice  througli  A ;  that  is  to  say,  a  double 
point  on  one  curve  may  correspond  to  a  double  point,  but  it 
may  also  correspond  to  a  pair  of  distinct  points  on  the  other. 
In  like  manner,  if  the  points  ^',  B'  coincide,  we  may  have  a 
cusp  on  one  curve  corresponding  either  to  a  cusp  or  to  a  pair 
of  coincident  points  on  the  other. 

Let  us  now  consider  two  fixed  corresponding  points  A^  A\ 
one  on  each  of  two  corresponding  curves  Sj  S\  whose  orders 
we  suppose  to  be  m  and  m\  and  which  we  suppose  to  be  in 
the  same  plane ;  let  us  consider  also  two  variable  corresponding 
points  M^  M^j  and  let  us  examine  the  degree  of  the  locus  of 
the  intersection  of  the  lines  AM^  A'M\  Now  take  any  fixed 
position  of  the  line  AM^  since  it  meets  the  first  curve  in  ??i  —  1 
points  distinct  from  A^  there  are  m—  1  corresponding  positions 
of  the  line  AM\  and  therefore  AM  meets  the  locus  ia  m  —  1 
points  distinct  from  A.  But  if  we  consider  the  line  AA\  it 
is  easy  to  see  in  like  manner  that  it  meets  the  locus  in  no 
other  points  than  the  point  A  counted  m  —  1  times,  and  A' 
counted  m—1  times.     Thus  we  see  that  the  locus  is  of  the 


*  This  theorem  was  first  derived  by  Riemann  from  the  theory  of  Abelian 
functions ;  see  Crelle,  Liv.  133.  The  proof  here  given  is  substantially  the  same  as  that 
given  by  Zeuthen,  Mathematische  Annalen,  ill.  loO  ;  but  I  am  informed  by  Dr.  Fiedler 
that  it  had  been  previously  given  by  Bertini,  Battaglini  Giornale,  vil.  105  (18G9). 
See  also  a  direct  proof  in  Clebsch  and  Gordan's  Theorie  der  Abelschen  Functionen, 
p.  54,  for  the  case  where  the  curves  in  one  system  answering  to  right  lines  in  the 
other  have  common  no  multiple  points  higher  than  the  second. 
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degree  m-\-m  —2^  the  points  A^  A  being  multiple  points  of 
the  orders  respectively  m  -  1,  ?n  —  1. 

Let  us  next  consider  in  what  cases  AM  touches  the  locus. 
This  will  be  the  case  when  two  of  the  lines  AM'  corresponding 
to  AM  coincide,  without  our  having  at  the  same  time  a  coin- 
cidence between  two  of  the  lines  AM  corresponding  to  AM''^ 
for  in  the  latter  case  the  intersection  of  AM^  AM'  would  be 
a  double  point  on  the  locus,  and  AM  would  not  be  an  ordinary 
tangent.  Now  (1)  if  u4if  touch  the  curve  /S,  ^ilf  will  evidently 
also  touch  the  locus.  (2)  If  AM  pass  through  a  double  point 
on  /S',  then  according  as  to  that  double  point  there  corresponds 
on  S'  a  double  point  or  a  pair  of  distinct  points,  we  have 
corresponding  on  the  locus  a  double  point  or  a  pair  of  distinct 
points,  but  in  neither  case  is  AM  an  ordinary  tangent.  (3)  If 
AM  pass  through  a  cusp  on  /S,  then  according  as  to  that  cusp  cor- 
responds a  cusp  on  /8",  or  a  pair  of  coincident  points,  AM  passes 
through  a  cusp  on  the  locus,  or  else  is  an  ordinary  tangent. 

It  appears  from  (1)  and  (3)  that  the  number  of  ordinary 
tangents  from  A^  together  with  the  number  of  cusps,  is  the 
same  for  the  locus  and  for  the  curve  S.  It  is  by  expressing 
this  equality  that  we  obtain  the  relation  connecting  the  two 
curves  B^  8\  It  was  shewn  (Art.  79)  that  the  number  of 
tangents  which  can  be  drawn  to  a  curve  of  the  m^^  degree  from 
a  multiple  point  of  the  order  r  is  m^ —  m—r{r+l)',  or  is 
less  than  the  class  of  the  curve  by  2r.  Hence,  if  N  be  the 
class  of  the  locus  curve,  the  number  of  tangents  which  can 
be  drawn  from  A^  which  is  a  multiple  point  of  order  7n  —  1,  is 
N—  2(m'  —  1)]  and  if  we  denote  the  number  of  cusps  on  the 
locus  curve  by  JT,  and  the  class  of  S  by  w,  the  equality  we 
desire  to  express  is 

N-  2  {771  -  1)  4  K=  n-2-\-K, 
In  like  manner,  considering  the  tangents  from  A', 

N-2{m-l)  +  K=  7i'  -  2  +  K, 
and  we  have  therefore  n  —  2m  -{-  K  =  n  —  2m  +  «', 
or,  writing  for  n  its  value  m^  —  m  —  2h  —  3^, 
\  [m-  1)  (m-  2)  -  8  -  /c  =  i  fy  -  1)  [m'-2)  -  8'  -  k.     Q.E.D.* 

*  Zeuthen  proves  in  like  manner,  that  if,  instead  of  the  correspondence  of  the 
curves  being  rational,  a  points  on  S  correspond  to  any  point  on  S',  and  a'  points  on 
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365.  It  is  proved,  as  in  Art.  361,  that  if  we  transform  a  curve 
S  of  the  771^^  order  by  the  transformation  x  \  y  \  z  —  11  \  V:  Wj 
where  £7,  F,  W  are  functions  of  the  p^^  order,  then  since  the 
points  where  an  arbitrary  line  meets  the  transformed  curve 
correspond  to  the  points  where  aC/"-f  ySF+ 7TF- meets  /S',  the 
order  of  the  transformed  curve  is  mp  —  a^  —  2a^^  &c.,  where  a,, 
a^,  &c.  denote  the  number  of  single,  double,  &c.  points  common 
to  Uj  Vy  IF,  and  which  also  lie  on  S.  Let  us  now  examine 
how,  by  this  transformation,  we  can  reduce  the  order  of  the 
transformed  curve  as  low  as  possible.  As  in  Art.  353,  we 
see  that  Z7,  F,  W  may  be  made  to  satisfy  two  conditions  less 
than  the  number  sufficient  to  determine  a  curve  of  the  p^^ 
order,  that  is  to  say,  ^;?(^  +  3)  — 2;  and  we  evidently  apply 
these  conditions  so  as  most  to  reduce  the  order  of  the  transformed 
curve,  if  we  make  C/",  F,  W  pass  through  as  many  as  possible 
of  the  double  points  of  S.  Let  the  deficiency  of  S  be  i>,  and 
the  number  of  its  double  points  accordingly  ^  {m^  —  3w)  -  Z)  +  1 ; 
and  let  us  in  the  first  place  take  p  =  m—  1,  in  which  case 
we  may  make  U,  F,  W  pass  through  J  (m'^  +  m)  —  3  points. 
We  may,  therefore,  make  the  curves  pass  through  all  the 
double  points  and  through  2m  +  D  —  4  other  points  on  S, 
Writing,  therefore,  a,  =  2m  +  i>  -  4,  a^  =  ^  [m'  -  dm)  -  D  +  1, 
p  =  7n  —  ly  we  find  for  the  order  of  >S",  mp  —  a^—2a^  =  I)-j-  2, 

Let  us  next  take  p  =  m—2j  which  of  course  implies  that  m 
is  greater  than  2.  Proceeding  precisely  as  before,  we  see  that 
we  may  take  a^  =  J  (m"^  -  Sm)  —  i>  •+  1,  a,  =  ttz  +  i)  -  4,  and  that 
the  order  of  the  transformed  curve  will  still  be  i>  +  2.  Once 
more  let  us  take p  =  m  —  3,  we  may  take  a.^  =  ^{m^'^—Sm)—D  +  1, 
a^  =  i>-3 
we  now  find  for 
The  transformed  curve  has,  as  we  have  proved,  the  same 
deficiency  as  the  original,  so  that  our  result  is,  that  a  curve 

3m)  -  D  +  1  double 


,   provided    always   that  D   is  greater  than   2 ;    and 
the  order  of  the  transformed  curve  D-f  1. 


,m 


of  order  7n  with  deficiency  Z),  or  with 
points,  may  be  transformed  into  a  curve  of  order  i)  +  2  with  de- 
ficiency Z),  that  is,  with  ^  {B'^  —  D)  double  points ;  or,  when  D  is 


S'  to  any  point  on  S ;  and  if  t  and  t'  denote  the  number  of  cases  in  which  two  of 
these  a  or  a'  points  coincide,  then 

t-t'  =  2a'  (Z>  -  1)  -  2a  (Z)'  -  1). 
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greater  than  two,  into  a  curve  of  order  D+1  with  ^  (D^ -  3D) 
double  points. 

Thus  then,  in  particular,  a  curve  may  be  transformed  as 
follows: 

if  i>  =  0  into  a  conic,* 

D=l  J,  a  cubic, 

D  —  2  „  a  quartic  w^ith  one  node, 

D  =  S  „  a  quartic, 

D  =  4:  „  a  quintic  with  two  nodes,  &c., 

D  =  5  „  a  sextic  with  five  nodes, 

I)  =  e  „  7  with  9, 

i>  =  7  „  8  with  14  or  6  with  3. 

366.  The  case  of  unicursal  curves  need  not  detain  us. 
Here  Z)  =  0,  and  the  transformed  curve  a  conic;  the  coordinates 
a?',  7/\  z'  are,  as  we  know,  expressible  as  quadric  functions  of 
a  parameter  ^;  therefore  the  coordinates  a?,  ?/,  z^  which  are 
expressible  as  rational  functions  of  x\  y\  /,  can  be  expressed  as 
rational  functions  of  Q. 

Let  us  then  consid|r  the  case  Z)=  1.  Here  the  transformed 
curve  is  a  cubic,  and  it  is  to  be  noted  that,  however  the  trans- 
formation is  effected,  the  resulting  cubic  will  have  always  the 
same  absolute  invariant;  that  is  to  say,  the  anharmonic  ratio 
of  the  four  tangents  from  any  point  on  the  curve  will  be  the 
same  (Art.  229).  When  i>=l,  the  coordinates  of  any  point 
on  the  curve  can  be  expressed  as  rational  functions  of  a  para- 
meter ^,  and  of  i^[&)  where  0  is  a  quartic  function  of  Q,  It 
is  sufficient  to  shew  this  for  the  case  of  a  cubic,  since  ic,  ^,  z 
can  be  expressed  as  rational  functions  of  x\  y\  s';  and  for 
the  case  of  the  cubic,  it  appears  at  once  by  taking  the  cubic 
to  pass  through  the  point  ccy,  and  then  writing  in  the  equation 


*  Although  by  the  method  just  described  the  case  i)  =  0  is  only  transformed  into 
a  conic,  yet  by  the  Cremona  transformation  the  conic  can  be  further  transformed 
into  a  right  line. 

For  some  further  developments  see  Jung  and  Armenante  in  Battaglini's  GiornaI& 
VII.  235 ;  and  Brill  and  Noether,  Math.  Annal,  vii.  298. 

UU 
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of  the  curve  y  =  6x^  when  the  ratios  x\y  \  z  are  immediately 
obtained  in  the  form  in  question.  It  is,  moreover,  clear  that 
the  values  of  6  for  which  0  =  0  are  precisely  those  answering 
to  the  four  tangents  from  xy  to  the  cubic. 

We  have  thus  seen  that  the  coordinates  of  a  point  on  the  curve 
for  which  D—\  can  be  expressed  as  rational  functions  of  Q  and 
V(0) ;  and  by  a  linear  transformation  of  6  (that  is  to  say,  re- 
placing ^  by  a  properly  determined  function  aQ  ■\-h-^cQ  -\-d)  we 
can  bring  V(0)  to  the  form  ^J[\-&'){\-'k'e\  If  we  write 
Q  =  sinam  w,  this  is  cosam  u  Aam  w,  and  we  may  say  that  the 
coordinates  of  a  curve,  whose  deficiency  is  1,  can  be  expressed 
as  elliptic  functions  of  a  parameter  w. 

867.  There  is  a  hke  theory  where  the  deficiency  is  2,  and 
where  the  curve  is  therefore  reducible  to  a  nodal  quartic. 
Taking  the  node  of  the  quartic  for  the  point  xy  and  writing 
y  —  6x^  we  can  immediately  express  the  ratios  x  i  y  :  z  as 
rational  functions  of  6  and  \/(©)j  where  0  is  now  a  sextic 
function  of  ^;  and  this  is  equivalent  to  saying  that  the  coor- 
dinates are  expressible  as  hyper-elliptic  functions  of  the  first 
kind  of  a  parameter  u.  For  higher  values  of  D  the  coordinates 
are  irrational  functions  of  a  parameter,  and  it  is  only  ^in  special 
cases  that  they  can  be  expressed  by  radicais. 

368.  Before  quitting  this  part  of  the  subject,  another  method 
may  be  mentioned  by  which  the  same  problem  may  be  studied. 
We  may  start  with  the  equations  connecting  the  coordinates 
xyz^  x'y^z']  let  these  be  -4  =  0,  jB=0,  (7=0,  each  equation 
being  homogeneous  both  in  xyz  and  x'yz"^  and  being  in 
those  variables  of  the  orders  a^h^c^  a',  5',  c'  respectively.  If 
between  the  three  equations  we  eliminate  x'y'z  ^  we  obtain  an 
equation  /S'=0  of  the  order  aVc  -\-hcd  -Vccl})  in  xyz^  and  if 
we  eliminate  xyz^  we  obtain  an  equation  >S^'  =  0  of  the  order 
olhc 4  Vca  +  cab  in  xy'z  .  The  conditions  /S  =  0,  /S'  =  0  must 
be  satisfied  in  order  that  the  equations  y4=0,  -S=0,  0=0  may 
co-exist;  but  for  any  system  of  values  of  xyz  satisfying  the 
equation  ^=0,  we  can  find  a  corresponding  system  of  values 
of  xy'z'  satisfying  equations  -4  =  0,  5=0,  0  =  0,  and  therefore 
also  /S"  =  0.     The  number  of  double  points  on  the  curve  B  may 
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be  investigated  by  the  methods  explained  in  Higher  Algebra^ 
Lesson  xviii.,  and  the  result  I  have  obtained  is 

PV  {h'c'  - 1)  d'  +  4cV  (cV  -  1)  5^  +  \a'¥  [a'U  -  1)  c*^ 

+  {{a'b'  -  1)  (cV  -  1)  -  |(a'  -  1)  (a'  -  2)}  ho 

+  {{bV  -  1)  {a'b'  -  1)  -  i  {b'  -  1)  {¥  -  2)}  ca 

+  {(cV  -  1)  (5V  -  1)  -  i  (c'  - 1)  (c'  -  2)}  aJ, 

and  there  is  of  course  a  similar  expression  with  interchange  of 
accented  and  unaccented  letters  for  the  number  of  double  points 
on  S\  In  either  case  we  find  the  deficiency  to  be  i  (i2  +  2), 
where 

a  =  a'b'c'  +  ¥cW  -f  cV&'  +  a%c  +  b''ca  +  c'^ab 

+  2aa'  {be'  +  ¥c)  +  2b¥  [ca  +  c'a)  +  2cc'  {ab'  4  a  ^) 

-  3  {ab'c  +  Jc'a'  +  ca'^'  +  a'^c  +  5'ca  +  c'ab) ; 

so  that  again  we  have  the  theorem  that  the  two  curves  have 
the  same  deficiency. 

CORRESPONDENCE   OF   POINTS  ON   A  GIVEN  CURVE. 

369.  What  has  been  said  may  sufiiciently  illustrate  the 
theory  of  rational  correspondence ;  in  what  follows  we  consider 
the  general  correspondence  of  two  points  P,  P'  on  the  same 
curve,  such  that  either  determines  the  other.  Suppose  that  to 
a  given  position  of  P  there  correspond  a  positions  of  P',  and 
to  a  given  position  of  P',  a  positions  of  P,  the  correspondence 
is  said  to  be  an  (a,  a)  correspondence.  When  a  =  a'=l, 
the  correspondence  is  rational. 

As  a  simple  instance  of  correspondence  on  a  given  curve 
of  the  m}^  order,  suppose  the  points  P,  P'  to  be  collinear  with 
a  fixed  point  0  (that  is  to  say,  that  the  line  PF"  passes  through 
0),  then  if  P  be  given  there  are  m  —  1  positions  of  P\  and 
if  P'  be  given  there  are  m  —  l  positions  of  P;  or  this  is  an 
(m  — 1,  m  —  l)  correspondence.  We  have  already  noticed  this 
particular  kind  of  correspondence  in  the  case  of  the  circle  (see 
Art.  347).  This  correspondence  is  evidently  rational  in  the 
case  of  the  conic,  or  where  m  =  2. 

If  the  point  0  is  on  the  given  curve,  then  to  a  given 
position  of  either  point  there  correspond  m  -  2  positions  of  the 
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other  point;  or  more  generally,  if  0  is  an  a-ple  point  of 
the  curve,  then  to  a  given  position  of  either  point  there  corre- 
spond m  —  a  —  1  positions  of  the  other  point,  viz.  the  corre- 
spondence is  a  (w  —  a  —  1,  m  —  a—l)  correspondence.  Observe 
that  we  have  in  this  way  a  (1,  1)  correspondence  of  points 
on  a  cubic  (by  taking  0  at  pleasure  on  the  curve),  or  on  a 
nodal  quartic  (by  taking  0  at  the  node),  but  that  we  cannot 
thus  obtain  a  (1,  1)  correspondence  of  points  on  a  general 
quartic. 

370.  In  the  foregoing  instance  the  correspondence  has  been 
a  symmetrical  one;  viz.  starting  from  either  point  the  other 
is  obtained  by  the  same  construction,  and  of  course  o.  =  a. 
But  as  an  instance  of  a  non-symmetric  correspondence,  suppose 
that  P'  is  given  as  a  tangential  of  P;  here  P  being  given,  P' 
is  any  one  of  the  intersections  of  the  tangent  at  P  with  the 
curve  (and  thus  to  a  given  position  of  P  there  correspond  m  —  2 
positions  of  P') ;  but  P'  being  given,  P  is  any  one  of  the  points 
of  contact  of  the  tangents  from  P'  to  the  curve  (and  thus  to 
a  given  position  of  P'  there  correspond  n  —  2  positions  of  P,  if  n 
be  the  class  of  the  curve);  and  we  have  thus  a  (n  — 2,  7/i  — 2) 
correspondence.  It  is  hardly  necessary  to  remark,  that  we 
may  have  a  =  a'  without  the  correspondence  being  symmetrical. 

371.  In  the  case  of  a  unicursal  curve,  to  a  given  point  on 
the  curve  corresponds  a  single  value  of  the  parameter  6i  and 
to  a  given  value  of  ^,  a  single  point  on  the  curve  (or  extending 
the  notion  of  correspondence  we  might  say  that  a  point  on  the 
curve  and  the  parameter  of  such  point  have  a  (I,  1)  corre- 
spondence). It  at  once  follows  that  if  the  point  P  has  a  positions, 
its  parameter  6  must  be  given  by  an  equation  of  the  order  a ; 
whence  also,  if  as  above,  the  points  P,  P'  have  an  (a,  a!)  corre- 
spondence, the  relation  between  their  parameters  ^,  6'  must  be 
given  by  an  equation  of  the  form  (^,  1)«  [6\  1)«'  =  0,  viz.  6  being 
given  the  equation  will  be  of  the  order  a  in  Q\  but  6'  being 
given  it  will  be  of  the  order  a  in  6, 

372.  A  point  may  correspond  to  itself,  and  it  is  then  said 
to  be  a  united  point ;  thus  where  the  points  P,  P'  are  coliinear 
with  a  fixed  point  0,  it  is  clear  that  the  point  of  contact  of  any 
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tangent  from  0  to  the  curve  Is  a  united  point ;  and  if  these  are 
the  only  united  points,  their  number  is  =  n. 

The  only  other  points  which  it  might  at  first  sight  appear  can 
be  united  points  are  the  nodes  and  cusps  of  the  curve ;  in  fact, 
taking  P  at  a  node  or  a  cusp  the  line  OP  meets  the  curve  In  the 
point  P,  in  the  same  point  counting  as  one  of  the  {m-  1)  inter- 
sections, and  in  {m  —  2)  other  points ;  or,  what  is  the  same  thing, 
the  line  from  0  to  the  node  or  cusp  meets  the  curve  In  the  node 
or  cusp  counting  twice,  and  in  [m  —  2)  other  points.  But  in  the 
case  of  the  node,  the  two  intersections  at  the  node  belong  to 
dliferent  branches  of  the  curve,  or  we  may  say  they  are  coinci- 
dent, but  non-consecutive  points ;  in  the  case  of  the  cusp  they 
are  consecutive  points :  the  distinction  is  well  seen  in  the  case  of 
a  unlcursal  curve — here  for  a  node  we  have  two  distinct  values  of 
Oj  for  each  of  which  the  coordinates  have  the  same  values ;  for 
the  cusp  these  two  values  of  6  have  become  identical ;  or,  what 
is  the  same  thing,  the  line  from  0  to  a  cusp  (although  not  a 
proper  tangent  of  the  curve)  Is  a  tangent  In  a  sense  in  which 
the  line  from  (9  to  a  node  is  not  a  tangent  to  the  curve.  The 
conclusion  is,  that  a  node  is  not  a  united  point;  In  a  special 
sense  a  cusp  is  a  united  point ;  and  we  have,  besides,  the  proper 
united  points,  which  are  the  points  of  contact  from  0  to  the 
curve. 

Reverting  to  the  unlcursal  curve  and  to  the  equation 
[dy  1)"(^',  1)"'  =  0,  at  a  united  point  we  have  6  =  6\  and  for 
finding  these  points  we  have  an  equation  (^,  !)«+«' =  0;  that  is, 
when  the  points  P,  P'  have  an  (a,  a)  correspondence,  the  number 
of  united  points  is  =  a  +  a\ 

Applying  the  theorem  to  the  case  where  P,  P'  are  colllnear 
with  the  fixed  point  0,  the  correspondence  is  (m-  1,  w  — 1),  or  the 
number  of  united  points  should  be  =  2  (m  —  1).  The  number  of 
points  of  contact,  or  proper  united  points  is  =??,  that  of  the 
cusps  or  special  united  points  is  =  /c ;  or  we  ought  to  have 

«-f  /c  =  2  (m  —  1), 

which  is  in  fact  the  case  for  a  unlcursal  curve  with  k  cusps. 

In  the  case  where  P'  is  a  tangential  of  P,  it  has  been  seen 
that  the  correspondence  was  (n  -  2,  W2  -  2) ;  and  the  number  of 
united  points  should  be  =  m  +  ?i  -  4.     We  have  here  as  proper 
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united  points  the  inflexions,  and  as  special  united  points 
the  cusps ;  total  number  =  t  +  k'  and  the  theorem  thus  is 
i  +  K  =  m-\-n  —  4:j  or  what  is  the  same  thing  t  =  3  {m  —  2)  —  2/c  ; 
which  is  in  fact  the  case  for  a  unicursal  curve  with  k  cusps. 

373.  Consider  the  point  F  as  given ;  the  geometrical  con- 
struction for  the  determination  of  P'  comes  in  general  to  this, 
that  we  have  depending  on  P  a  certain  curve  0  which,  by  its 
intersections  with  the  given  curve,  determines  the  points  P\ 
In  some  cases  P'  is  any  one  of  the  intersections  in  question ; 
but  in  others  a  certain  number  of  them  will  in  general  coincide 
with  the  given  point  P,  and  are  to  be  excluded.  Thus,  in  the 
case  where  P,  P'  are  collinear  with  0,  the  curve  0  is  the  line 
OP  meeting  the  given  curve  in  the  point  P  counting  once  (to 
be  excluded)  and  in  {m  —  1)  other  points.  So  when  P'  is  the 
tangential  of  P,  the  curve  0  is  the  tangent  at  P  meeting  the 
given  curve  in  the  point  P,  counting  twice  (to  be  excluded)  and 
in  [m  —  2)  other  points. 

But  further;  the  curve  0  may  meet  the  given  curve  in 
points  forming  two  or  more  distinct  classes,  in  such  wise  that 
only  the  points  of  the  one  class  are  positions  of  the  point 
P'.  Thus,  in  the  last  preceding  instance,  interchanging  the 
points  P,  P',  or  now  considering  P'  as  the  point  of  contact  of 
a  tangent  from  P  to  the  curve,  the  curve  0  is  the  system  of 
w  —  2  tangents  from  P  to  the  curve ;  each  of  these  tangents 
meets  the  curve  in  the  point  P  counting  once,  in  the  point  of 
contact  say  P'  counting  twice,  and  in  7n  —  3  other  points  say 
P''  (which  are  cotangentials  of  P,  that  is  PP'^  touches  the  curve 
at  a  point  P'  distinct  from  P  or  P'').  Or,  what  is  the  same 
thing,  the  curve  0  of  the  order  n  —  2  cuts  the  given  curve  in 
the  point  P  counting  n  —  2  times,  in  n  -2  points  P'  counting 
each  twice,  and  in  {n  —  2){m  —  S)  points  P''  counting  each  once. 
The  correspondence  P,  P',  as  was  seen,  is  (m  —  2,  w  -  2) ;  the 
correspondence  (P,  P")  is  clearly  (n  —  2  m  -  3,  n  -  2  m  -  d). 

374.  The  theorem  in  regard  to  a  unicursal  curve  suggests 
the  theorem  that  for  a  curve  in  general  the  number  of  united 
points  should  be  =  a  +  a'  +  multiple  of  the  deficiency,  or  say 
=  a  +  a^  +  k\2D',  but  admitting  that  the  curve  0  presents  itself 
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In  the  problem,  the  last  instance  shews  that  there  is  a  necessity 
for  considering  the  case  where  the  curve  0  has  with  the  given 
curve  distinct  classes  of  intersection.  The  general  theorem 
is,  that  if  for  a  given  curve  of  deficiency  i),  the  corresponding 
points  of  Pare  P\  P'\  ...,  and  if  P,  P'  have  an  (a,  a.)  corre- 
spondence, and  the  number  of  the  united  points  is  =  a  :  P,  P" 
a  (^,  ^')  correspondence,  and  the  number  of  their  united  points 
is  b  :  &c. ;  and  if  the  curve  0,  which,  by  its  intersections  with 
the  given  curve,  determines  the  points  P',  P'',  ...,  intersects  the 
given  curve  in  the  point  P  counting  k  times ;  in  each  of  the 
points  P'  counting  p  times,  each  of  the  points  P"  counting 
c[  times,  and  so  on,  then  we  have 

^(a-a-a')  +  ^(b-/3-/3')+...=  ^.2i), 

where  of  course  in  each  of  the  different  correspondences  the 
special  united  points  (if  any)  must  be  taken  into  account. 

Thus,   in   the   instances   above   considered   for  a  unicursal 
curve ;  first,  if  P,  P'  are  collinear  with  0,  we  have 

n^K  =  2[m-\)-\-2D (1). 

Next,  if  P'  is  a  tangential  of  P, 

L  +  K  =  m  +  n-'4c  +  4:D (2); 

and  in  the  case  where  P  is  a  tangential  of  P',  and  where 
b,  )8,  ^  refer  to  the  correspondence  P,  P''  cotangentials, 

b  -  2  (w  -  3)  (w  -  2)  +  2  (a  -  a  -  a')  =  (w  -  2 )  2i), 
where,  by  the  example  immediately  preceding, 

3k  —  a  —  a=t  +  K—{m  +  n  —  4:)  =  4i>. 
and  therefore     b  -  2  (m  -  3)  (w  -  2)  =  (w  -  6)  2D. 
The  proper  united  points  b  are  here  the  points  of  contact   of 
the  double  tangents,  the  number  of  which  is  2t;  but  we  have 
also  as  special  united  points  the  cusps  each  counted  n—  S  times 
[it  must  he  assumed  that  this  is  so)^  and  the  result  is 

2t  =  2  [m  -  3)  (w  -  2)  +  (n  -  6)  2Z>  -  (??  -  3)  /^  ....  (3). 

The  several  equations  (1),  (2),  (3)  giving  respectively  the 
class,  the  number  of  inflexions  and  the  number  of  bitangents 
of  a  curve  of  the  order  m  with  8  nodes  and  k  cusps  agree  with 
the  Pliickerian  equations;  they  are  most  easily  verified  by 
means  of  the  expressions  given,  Art.  83,  for  the  several  quan- 
tities in  terms  of  w,  w,  and  a  =  3n  +  k. 
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375.  If  on  any  curve  the  points  P,  P'  have  a  (1,  1)  cor- 
respondence, the  points  {F\  P^^)  a  (1,  1)  correspondence... and 
BO  on  up  to  the  points  P^"~^',  P^"^;  then  it  is  clear  that  the 
points  P,  P^"^  have  a  (1,  1)  correspondence.  And,  conversely, 
the  points  P,  P^"^  which  have  a  (1,  1)  correspondence  may  be 
regarded  as  connected  with  each  other  through  the  series  of 
intermediate  points  P',  P''...P^"-'^ 

In  the  case  of  a  unicursal  curve,  the  (1,  1)  correspondence 
of  the  points  P,  P'  implies  a  like  correspondence  of  the  para- 
meters 6j  6^ ;  viz.  this  is  of  the  form  (^,  1)  (^',  1)  =  0,  or  what 
is  the  same  thing,  aOd' -{-hS -\-cd^ -\-d  =  0]  that  is,  the  para- 
meters 6^  6'  are  homographically  connected.  The  transfor- 
mation depends  upon  three  arbitrary  parameters. 

Taking  the  curve  to  be  a  conic,  then  if  the  points  P,  P' 
have  a  (1,  1)  correspondence,  it  is  known  that  the  line  PP^ 
envelopes  a  conic  having  double  contact  with  the  given  conic ; 
such  enveloped  conic,  as  satisfying  the  condition  of  double 
contact,  depends  on  three  parameters.  But  if  taking  the  points 
-4,  P  at  pleasure,  we  take  on  the  conic  P,  Q  collinear  with 
A^  and  P'  collinear  with  P,  Q^  then  the  points  P,  P'  will  have 
a  (1,  1)  correspondence;  this  apparently  depends  upon  four 
parameters,  and  it  follows  that  the  points  -4,  B  can  without 
loss  of  generality  be  subjected  to 
a  single  condition.  Thus  let  the 
correspondence  P,  P'  be  given  by 
means  of  the  conic  enveloped  by 
the  line  PP' -^  if  on  the  chord  of 
contact  we  take  at  pleasure  the  point 
-4,  draw  PA  to  meet  the  conic  in  ^ 

Q  and  QP'  to  meet  the  chord  in  P,  then  (1,  1)  correspondence 
is  also  given  by  means  of  the  points  A^  P;  but  here  A  may 
be  regarded  as  a  determinate  point  on  the  chord  of  contact 
(say  its  intersection  with  a  fixed  line),  B  is  then  found  as 
above,  and  we  have  the  correspondence  by  means  of  these  two 
points,  just  as  well  as  if  A  had  been  assumed  at  pleasure  on 
the  chord  of  contact. 

A  case  really  included  in  the  foregoing  is  when  the  corre- 
spondence of  P,  P'  is  such  that  the  line  PP'  passes  through  a 
fixed  point  G ;  viz.  the  enveloped  conic  regarded  as  a  line-curve 
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is  here  the  point  G  taken  twice,  regarded  as  a  point-curve 
it  is  the  pair  of  tangents  from  G  to  the  given  conic;  that 
is,  the  chord  of  contact  is  the  polar  of  (7,  and  the  construc- 
tion is  the  same  as  before,  the  points  A^  B,  G  forming,  as 
it  is  easy  to  see,  a  set  of 
conjugate  points  in  regard 
to  the  conic;  the  original 
correspondence  of  P,  P'  as 
coUinear  with  the  given 
point  (7,  is  here  replaced  by 
a  correspondence  by  means 
of  the  two  points  A  and  B 
forming  with  G  a  system  of 
conjugate  points. 

The  foregoing  properties  have  reference  to  the  problem  of 
the  inscription  in  a  conic  of  a  polygon  the  sides  of  which  either 
pass  through  given  points  or  touch  conies  having  each  of  them 
double  contact  with  the  given  conic. 

376.  On  a  cubic  curve  {I)=l)  we  have  a  (1,  1)  corre- 
spondence ;  this  depends  on  a  single  parameter,  but  there  are 
two  kinds  of  such  correspondence,  viz.  (1)  the  points  P,  P'  are 
coUinear  with  a  point  A  of  the  cubic.  (2)  The  points  P,  P' 
are  such  that  P,  Q  are  collinear  with 
a  point  A  of  the  cubic  and  Q,  P' 
collinear  with  a  point  B  of  the  cubic ; 
this  apparently  depends  on  two  para- 
meters, but  really  on  a  single  one; 
for  taking  G  a  determinate  point  on 
the  cubic,  join  AG  io  meet  the  cubic 
in  0  and  BO  to  meet  the  cubic  in 

J9 ;  then  the  same  corresponding  point  P'  will  be  obtained  by 
taking  P,  R  collinear  with  JD,  and  PP'  collinear  with  C,  that 
is,  by  means  of  the  single  point  B.  It  is,  in  fact,  evident  that 
starting  with  P  and  constructing  P'  as  the  intersection  of  the 
lines  QB,  EG,  then  the  cubic  passing  through  A,  P,  C,  i>, 
0,  P,  Q,B  will  also  pass  through  P',  so  that  the  points  A,  B 
and  the  points  P,  G  lead  to  the  same  point  P'. 

The  theorem  involved  in  the  foregoing  construction  may  be 

XX 
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stated  as  follows :  If  on  a  cubic  the  points  A^  B,  G^  D  are  such 
that  the  lines  A  (7,  BD  meet  in  a  point  0  of  the  cubic,  then  we 
have  inscribed  in  the  cubic  an  infinity  of  quadrilaterals  FQP^B, 
the  sides  of  which  pass  through  A,  Bj  (7,  D  respectively ;  viz. 
any  point  P  whatever  of  the  cubic  may  be  taken  as  a  vertex  of 
such  quadrilateral. 

377.  More  generally  imagine  inscribed  in  the  cubic  an 
unclosed  polygon  PQ...X  of  2n-l  sides,  the  sides  of  which 
pass  through  fixed  points  on  the  cubic,  then  the  points  P,  X  will 
have  a  (1,  1)  correspondence  of  the  first  kind,  that  is,  the  closing 
side  XP  will  meet  the  cubic  in  a  fixed  point ;  that  is,  we  have 
inscribed  in  the  cubic  an  infinity  of  2w-gons,  the  sides  of  which 
pass  respectively  through  fixed  points  of  the  cubic.  And  of  the 
fixed  points  all  but  one  are  arbitrary,  this  one  being  determined 
by  constructing  one  such  polygon. 

378.  This  theory  may  be  illustrated  by  the  expression  of 
two  points  in  a  cubic  by  means  of  parameters,  Art.  366.  -4(1,1) 
correspondence  between  two  points  on  a  cubic  implies  a  rational 
expression  for  the  parameters  sinamw',  cosamw',  Aamw',  in 
terms  of  sinamw,  cosamw,  Aamw;  and  this  again  implies  an 
equation  of  one  or  other  of  the  forms  w  -f  w'  =  constant, 
w  —  w' =  constant.  Now  when  three  points  P,  P',  A,  are  col- 
linear,  we  have  in  general  a  relation  w  +  w'  +  a  =  A  where  A  is 
a  constant  depending  on  the  absolute  invariant  of  the  cubic. 
A  relation,  then,  of  the  form  u-\-u  =  constant,  implies  that  P 
and  P'  are  collinear  with  a  fixed  point  A.  If  the  relation 
be  of  the  form  u-u^  =  constant,  say  =b  —  a,  we  may  write 
w  +  v  +  a  =  A,  v  +  5  +  w'  =  A;  and  the  geometrical  meaning  is, 
that  P,  Q  are  collinear  with  a  fixed  point  A  and  §,  P  with 
a  fixed  point  B.  We  may  evidently  substitute  for  the  points 
-4,  P,  two  others  P,  (7,  provided  we  have  h  —  a  =  c—d^  or 
a-\-  c  —  h  +  d^  that  is  to  say,  provided  the  lines  A 0,  BD  in- 
tersect on  the  cubic.  We  have  thus  the  results  already 
obtained. 

379.  For  a  binodal  quartic  (P=  1)  there  is  a  like  theory  of 
the  (1,  1)  correspondence;  for  a  nodal  quartic  (P  =  2)  there  is  a 
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(1,  1)  correspondence  not  depending  on  any  arbitrary  parameter, 
viz.  the  corresponding  points  P,  P'  are  collinear  with  the  node. 

There  is  an  interesting  theory  of  the  (2,  2)  correspondence 
on  a  unicursal  curve,  and  in  particular  on  a  conic.  The  para- 
meters which  determine  the  position  of  the  two  points  P,  P'  are 
here  connected  by  an  equation  (^,  lf[d'^  1)'''  =  0.  As  regards 
the  conic  we  have  Poncelet's  theorems  as  to  the  in-and-cir- 
cumscribed  polygons. 


(  340  ) 


CHAPTER  IX. 


GENERAL  THEORY  OF  CURVES. 


380.  In  this  Chapter  we  resume  the  general  theory  of  curves 
in  continuation  of  Chap.  II.,  and  commence  with  the  theory  of 
bitangents  of  a  curve  of  the  n^  order  postponed  from  Art.  78. 
We  shall  explain  two  methods  by  which  we  can  form  the 
equation  of  a  curve  whose  intersections  with  a  given  curve  shall 
determine  the  points  of  contact  of  its  bitangents. 

The  theory  of  the  tangents  of  a  curve  was  studied  (Art.  64) 
by  means  of  the  equation  A  =  0,  or 

X"  u' + \">  A  u' + i^-y  ^'  U' + &c.  =  0, 

which  determines  the  coordinates  of  the  points  in  which  the 
line  joining  two  given  points  meets  the  curve.  We  there  saw 
that  if  the  point  x'yz'  be  on  the  curve,  and  xyz  anywhere  on 
the  tangent,  we  must  have  Z7'  =  0,  A£7'  =  0,  and  if  the  tan- 
gent meet  in  three  consecutive  points  we  must  have  besides 
A^  Z7'  =  0,  if  in  four  consecutive  points  we  must  have  likewise 
A^  U^  =  0,  and  so  on.  If  the  tangent  at  x't/'z  touch  the  curve 
elsewhere,  then  making  Z7'  =  0,  A  Z7'  =  0,  in  the  equation  A  =  0, 
the  reduced  equation  of  the  {n  —  2)**^  degree  must  have  equal 
roots,  and  therefore,  if  the  discriminant  of  that  equation  be  Y^ 
the  relation  Y=0  must  be  satisfied  by  the  coordinates  a^'^/V, 
X7/Z,  In  the  case  of  points  of  inflexion  where  we  have  the  two 
conditions  A  Z7'  =  0,  A''  U'  =  0,  the  one  being  of  the  first  degree 
and  the  other  of  the  second  in  xi/z^  and  both  satisfied  for  any 
point  on  the  tangent,  it  is  evident,  as  was  stated  (Art.  74), 
that  A  Z7'  =  0  is  the  equation  of  the  tangent,  and  that  A*'^  Z7'  =  0 
must  contain  A  C7'  =  0  as  a  factor.  In  like  manner,  in  the  case 
of  a  bitangent,  y=0  must  contain  AZ7'  =  0as  a  factor,  and 
by  finding  the  condition  that  this  shall  be  the  case,  we  find  the 
condition  that  x'yz'  shall  be  a  point  of  contact  of  a  bitangent. 
The   special   method   used,   Art.   74,   not   being   applicable   to 
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the  general  case,  we  employ  the  following  method  due  to 
Prof.  Cay  ley,  and  it  is  convenient  to  begin  with  the  follow- 
ing lemma. 

381.  Let  the  equations  of  two  curves  contain  the  variables 
xyz  in  the  degrees  «,  h  respectively,  and  x'y'z'  in  the  degrees 
a',  V ;  and  let  the  ah  points  of  intersection  of  the  two  curves 
all  coincide  with  aj'yV,  it  is  required  to  find  the  order  of  the 
farther  condition  that  must  be  fulfilled  in  order  that  they  may 
have  other  common  points,  which  can  only  happen  when  there 
is  a  factor  common  to  U  and  F.  When  this  is  the  case  any 
arbitrary  line  ax  +  ^1/ +  <yz  =  0  must  be  sure  to  have  a  point 
common  to  U  and  F;  namely,  the  point  or  points  where  the 
arbitrary  line  meets  the  curve  represented  by  the  common 
factor.  It  follows  that  the  result  of  elimination  between  U=  0, 
F=  0,  and  the  equation  of  the  arbitrary  line  must,  in  this  case, 
vanish.  This  result  contains  aySy  in  the  degree  aJ,  aj'^V  in 
the  degree  aV  -\-ab^  and  the  coefficients  of  Z7,  F  in  the  de- 
grees &,  a  respectively.  But  since  the  result  of  elimination 
is  obtained  by  multiplying  together  the  results  of  substituting 
m  OLX  +  ^y -\- ^z  the  coordinates  of  each  of  the  intersections  of 
Z7,  F,  and  since  by  hypothesis  these  interesections  all  coincide 
with  xyz\  the  resultant  must  be  of  the  form  n  [ax-vfiy+^zY^, 
The  condition  cnx'  +  ^y'  +  73'  =  0  merely  indicates  that  the  arbi- 
trary line  passes  through  cc'^/V,  in  which  case  it  passes  through 
a  point  common  to  TJ  and  F,  whether  they  have  a  common 
factor  or  not.  Rejecting  this  factor,  the  remaining  condition 
n  =  0  is  the  sought  condition  that  U  and  F  may  have  a 
common  factor,  and  we  see  that  it  does  not  involve  a/Sy,  that 
it  is  of  the  order  a¥  -f  a^h  —  ah  in  x'y'z\  and  of  the  orders  5,  a 
respectively  in  the  coefficients  of  U  and  F. 

382.  When  the  method  just  described  is  applied  to  the  inves- 
tigation of  the  points  of  inflexion,  that  is,  to  the  determination 
of  the  condition  that  A  U\  A'^  U'  may  have  a  common  factor, 
we  have  a=l,  a'  =  w  — 1,  5  =  2,  5'  =  7z  — 2,  and  the  formula  just 
obtained  gives  3  (w  —  2)  for  the  order  of  n  in  x'y^z\  which  is  the 
order  of  the  Hessian  as  already  found.  It  appears  also  that  FT 
is  of  the  second  degree  in  the  coefficients  of  A  JJ\  and  of  the 
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first  in  those  of  A'^  Z7' ;  and  since  each  of  these  is  of  the  first 
degree  in  the  coefficients  of  the  original  equation,  11  involves 
these  coefficients  in  the  third  degree,  which  also  agrees  with 
previous  results. 

To  proceed  then  to  the  case  of  the  double  tangents,  since  the 
equation  A  =  0  is  reduced  to  the  form  ^A^ i[7 V  -f ...+  ZJyu,""^  =  0, 
a  specimen  term  of  its  discriminant  is  (A''^?7')"''C/"~',  whence  we 
see  that  Y  is  of  the  order  {n  +  2)  (n  —  3)  in  xyz^  of  the  order 
{n  —  2){n  —  3)  in  ic'^V,  and  of  the  order  2  (w  —  3)  in  the  coeffi- 
cients of  the  original  equation.  In  the  next  place  we  can 
show  that  all  the  intersections  of  Y  and  AU^  coincide  with 
x'ifz'\  for  the  equation  of  the  system  of  n^  —  n  —  2  tangents 
through  the  point  xyz  found  by  the  method  of  Art.  78  is  of 
the  form  k^TJ' -\-  Y[l^Tjy^^^  and  this  system  can  evidently 
be  intersected  by  A  TJ'  in  no  other  point  than  x'yz' ;  therefore 
making  AZ7'  =  0  in  the  equation  last  written,  we  see  that 
AC/"'  can  meet  neither  Y  nor  ^U'  in  any  other  point  than 
x'yz\  We  may  then  apply  the  method  of  Art.  381,  writing 
a=l,  a'  =  w-l,  &=(n-f  2)(w-3),  5'  =  (w-2)  (n-3),  whence 
ah'  +  cbh  =  {n^  +  2w - 4)  (n  —  3).  We  have  then  for  the  order  of 
n  in  xyz\  (71  +  3)  (n~2)  (w-3).  It  is  of  the  order  (w-f  2)  (n-3) 
in  the  coefficients  of  A  ZJ',  and  of  the  first  order  in  the  coeffi- 
cients of  F,  and  therefore  of  the  order  (n  -f  4)  (tz  —  3)  in  the 
coefficients  of  the  original  equation.  The  bitangential  curve 
n  =  0  meets  the  original  curve  Z7=  0  in  w  (n  +  3)  (n  —  2)  {n  —  3) 
points,  and  since  there  are  two  of  those  points  on  each  bitangent, 
the  number  of  bitangents  is  ^n  [n  —  2)  {n^  —  9)  as  found  other- 
wise, Art.  82. 

383.  The  method  of  Axi.  381  not  only  enables  us  to  de- 
termine the  order  of  the  required  condition  Q  =  0,  but  by  the 
actual  performance  of  the  operations  indicated,  to  find  the  con- 
dition itself.  Thus  x\  y\  z'  being,  as  before,  the  coordinates  of 
the  point  on  the  curve,  in  the  case  of  points  of  inflexion  we 
have  to  eliminate  between  oj;  +  ySj/  +  7s  =  0,  A  i7'  =  0,  ^TJ'  =■  0, 
and  the  last  equations  written  at  length  are 

Lx-{  My-\-  Nz  =  0, 

ax^  +  ly'  +  cz""  +  2fyz  +  2gzx  +  2hxy  =  0. 
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It  will  be  convenient,  in  order  to  avoid  numerical  multipliers,  if 
we  suppose  the  original  equation  to  have  been  written  with 
binomial  coefficients,  and  the  common  multipliers  to  be  removed 
after  differentiation,  so  that  X,  M,  N  denote  the  first  differentials 
of  Z7'  divided  by  w ;  a,  5,  &c.,  the  second  differentials  of  U^ 
divided  by  w(w  — 1);  and  the  ordinary  equations  of  homo- 
geneous functions  will  be  Lx^+  My'-{-  Nz=U\  ax'-\  hy-{-gz=Ly 
&c. 

Now  the  condition  that  two  lines  shall  intersect  in  a 
on  a  conic  may  be  written  in  the  form  of  a  determinant 

h    ^7    9^  ^j  a 


point 


h    ^    /,  ^,  P 


9'^ 


/3,   7, 


=  0, 


for  it  may  be  verified,  that  this  determinant  expanded  is  the 
same  as  the  result  of  substituting  in  the  equation  of  the  conic,  the 
coordinates  of  the  intersection  of  the  two  lines,  viz.  Mr^-  N^, 
Na  -  X7,  X/3  -  Ma.  Now,  in  virtue  of  the  equations  of  homo- 
geneous functions,  the  above  determinant  may  be  reduced  by 
multiplying  successively  the  first  three  lines  and  columns  re- 
spectively by  x\  y\  z\  and  subtracting  from  the  fourth.  It 
then  becomes,  if  we  denote  ow;'  +  ^/  +  7/  by  i2, 

a,  A,  g^      0, 

h,   h,  /,     0, 

9^  /j   ^J      ^' 
0,  0,  0,  -  U\ 


a 

7 


R 


or 


-27 


a,   A,  ^,  a 

a.  h,  a 

A,   h,  /,  ^ 

-B' 

1             1      if 

9^  A   C)  7 

9i  /.  <= 

a,  ^,  7 

After  Clebsch  we  use  the  abbreviation  (    j  for  the  determinant 

multiplying  ?7',  in  which  the  matrix  of  the  Hessian  is  bordered 
vertically  and  horizontally  by  a,  yS,  7.     In  like  manner  the  de- 
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termlnant  with  which  we  started,  in  which  the  same  matrix  is 
twice  bordered,  by  a,  /3,  7,  and  by  the  differential  coefficients  of 

?7,   would   be    written    (     '     ] ;    and   the   equation    we    have 
established  is 


(^i^-^'C)-^^- 


When  x'y'z'  make  Z/'  =  0,  the  equation  (  '  )  =  ^  reduces  to 
H=  0,  as  it  ought. 

384.  In  order  to  proceed  by  the  same  method  to  find  the 
equation  of  the  bitangential  curve,  we  have  to  find  the  result  of 
substituting  M>y—N^^  Na-Lyj  Lfi—Ma  for  a?,  y,  z  respectively 
in  the  discriminant  of  the  equation  A  =  0  (Art.  380),  and  our 
course  will  be  first  to  find  the  result  of  that  substitution  in  the 
several  coefficients  of  that  equation,  viz.  A''  U\  A^  U\  &c.,  or  as 
we  shall  more  briefly  write  them  A*'*,  A^,  &c.  The  result  of  sub- 
stitution in  A'  has  been  calculated,  (Art.  383),  and  Hesse  has 
shewn  by  the  following  process,  that  the  result  of  substitution 
in  A*  is  of  the  form  P^  U'  +  Q,^  [ctx  +  ^y'  -j-  72;^,  which  when 
x'y'z'  is  on  the  curve  reduces  to  Qi{ctx' +  fy'  -\-yzy.  His 
method  shews  that  if  this  be  true  for  two  consecutive  A*~^,  A*, 
it  will  be  true  for  A*'^^  and  enables  us  to  express  P^^^,  ^^^^  in 
terms  of  the  corresponding  previous  coefficients.  It  will  be 
remembered,  that  by  definition  we  have  A*'^^  =  A(A*),  where 

A  denotes  the  operation  x~j-,-\-y  j-y  -\-z  -p;  but  in  this  it  was 

assumed  that  xyz,  x'yz  are  independent  quantities.  In  the 
case  now  under  consideration,  where  x  is  supposed  to  have 
the  value  i/7  —  iV^,  and  therefore  to  be  impUcitly  a  function 
of  x'y'z\  it  must  therefore  be  understood,  that  in  the  operation 
A  the  differentiation  only  affects  x'yz^  as  far  as  they  appear 
explicitly,   and  not  as  they  are  implicitly   contained   in  xyz. 

Let  us  denote  by  v  the  operation  x  -7-7  +  y  -7-7  -^  ^  -j-,  without 

this  restriction,  then  according  to  the  genei'al  rule  for  deriving 
differentials  with  regard  to  xyz  on  the  supposition  that  xyz 
are  variable  from  the  differentials  on  the  supposition  that  they 
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are  constant,  we  have  in  operating  on  any  function  S, 
a      Ad     ^'^  ^^  ^^ 

385.   The  next  step  is  to  calculate  the  values  of  t^x^  vy?  V«. 
The  result  of  operating  with  v   on   any  function  8  is  easily 


seen  to  be 


a?   /5,   7 


,  and  therefore  when  the  function  is 


X  or  My  —  Nj3  the  result  is 

^7-^A  hy-fp,fy-c^ 
(n-1)  L,  M,  N 

a,  /^j  7  , 

where  the  coefficient  (w  —  1)  arises  from  the  condition  we  have 
introduced,  according  to  which  the  diiferentials  of  X,  &c.  are 
(n  —  1)  a,  &c.  The  determinant  just  written  is  then  reduced  by 
the  following  process : 


1, 

0,  hy- 

0, 

9^          A            c 
-gp,  hy-/^,fy- 
L,        M,          N 

0/3 

= 

7,  ff, 
0,L, 

c 

/ 

N 

0,          a,         ^,            7 

0,  a, 

/3, 

7 

7,            9^     A     c 
A             ^     ^    / 
-{0g'  +  yz),ax,hx,gx' 
0,             a,     ^,    7 

= 

E- 

-  ax' J  -  ax 
A         A, 
7.          ff, 
0,          a, 

1  ~ 

^       / 
^,        7 

R 

9,  A  c 
«,^,  7 

If 

we  denot 

e  f  ^^  1  by  S,  anc 

I  th 

e  ha 

Ivea 

of  its  several 

differ- 

=  E 


entials  with  regard  to  a,  /3,  7,  by  S„  2^,  S3,  these  last  differ 
only  in  sign  from  the  determinants  multiplying  B  in  the  values 
of  v^j  V3/j  V^)  and  we  have 

^^/S      ,^/S'      ,t?>S^ 


Y  Y 
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In  particular  let  ^=A*(F),  where  V  is  any  function  of  the 
order  w'  in  x'y^z\  then  since  ^  =^-f~f  A*~^  ( l^)j  ^^  l^^ive 

V(A'F)=A-(F)-M„-l)ij(s.^  +  2,|,+  S.|,)A-(F) 

Since  A*"^  F  is  a  homogeneous  function  in  x'yz'  of  the  degree 
n'  —  Ar  +  1,  the  last  term  reduces  to 


386.   It  will  be  convenient  to  use  the  abbreviation  i^  for 
the  operation  2.  £;  +  2,|>+ 2. |„ 
also  that 


and  it  will  be  observed 


^(F)  = 


a,  A,  g,  F; 
a,  A  7 


or 


0- 


The  result  of  operating  with  ^Ir  on  x  vanishes,  as  may  easily  be 
seen  by  substituting  in  the  last  column  of  this  determinant  for 
F„  Fg,  Fj,  0  the  values  hy  -  g^^  by  -//?,//  -  CyS,  jSy  -  7^,  when 
it  at  once  resolves  itself  into  two,  each  of  which  vanishes  in  con- 
sequence of  having  two  columns  the  same.  The  result  then,  of 
operating,  with  y]r  on  any  function  containing  a;,  y,  Zj  is  the 
same,  whether  or  not  these  be  regarded  as  constants.  The 
equation  of  the  last  article  then,  as  applied  to  the  quantities 
A*,  &c.  which  we  desire  to  calculate,  is 

A^^^  =  V  (A*)  +  k{n-  1)  Bf  [A"-')  -Jc{n'-l){n-k  +  l)  SA*"*. 


387.  From  the  expression  just  found,  we  can  shew  that  if 
we  have  A'"^  =  P,_,  Z7-f  Q,__^R%  A'  =  P,Z7+  Q,E\  then  A^^  must 
be  of  like  form.  For  we  have  only  to  substitute  these  values 
for  A*~\  A*  in  the  equation  of  the  last  article ;  and  we  must 
observe  that  v  ( U)  and  v  {B)  both  vanish,  as  at  once  appears 
by  substituting  either  L,  Mj  iV,  or  a,  yS,  7  for  /S'„  S^^  S^  in 
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L,  M,  N    .      Hence     V  (^*)  =  U^  (P,)  +  i^'v  ( Q,)-       We 

«»  i^j   7 
have,   by   substituting  7iLj  nM,  nN^  and  a,  /3,  7  respectively 

for  S^,  S^,  S^  in  (f  )  ,  t  ( ^)  =-  w^-^,  ^  (^)  =  (^)  ,  and  therefore 

Collecting  then  the  terms   in   the   expression  given  for  A""* 
(Art.  386),  we  have  A***^  UF^^.+E'Q^^^,  where 

P,,,  =  V{P,)-Jc{n-l){n-k-Vl)2P,_^  +  Jcin-l)Bir{P,_;j, 

e*.,  =  V  (CJ  -^(^~  1)  (n-^-  1)  S(?,., 

4-  A;  (w  -  1)  jKf  ( (3,_J  -  n  (n  - 1)  kP^^^.H. 

388.  From  these  formulae  we  are  able  to  form  a  table  of  the 
values  of  Pg,  Q^^  &c.  Thus  to  commence,  it  is  obvious  that 
P^  =  0,  Q^=0,  and  (Art.  383)  P,  =  -2,  Q^  =  -H,  Hence 
P3  =  -A(2),   e3  =  -A(^).^ 

When  the  curve  is  a  cubic  A^  Is  no  other  than  the  cubic  func- 
tion itself,  and  the  value  just  given  for  Q^  may  be  geometrically 
interpreted  as  follows :  If  any  line  aa;  +  /Sy  +  yz  meet  a  cubic, 
and  from  each  of  the  points  of  meeting  four  tangents  be  drawn 
to  the  curve,  the  twelve  points  of  contact  lie  on   the  quartic 

a  (5,xV-  H,M)+^  [H,L  -H^N)  +  y  (H,M-  H,L)  =  0 ; 

for  this  condition  must,  as  we  have  seen,  be  fulfilled  by  any 
point   of  the   curve  whose  tangent  intersects  ax-\-  fii/  +  yz   on 
the  curve.     This  result  also  immediately  follows  from  Art.  183. 
Proceeding  now  to  §^,  we  have  (Art.  387) 

g^  =  _  V  (A^)+3  (n-1)  (w-4)  ^H-3  {n-l)  Ry^t  (5')+3w(w-l)2ir 

=  -  V  ( A^  +6  (72-1)  (w-2)  2^-3  {n-l)  Rf  [H). 

But  in  conformity  with  the  result  at  the  end  of  Art.  385,  writing 
^  =  1 ,  and  denoting  by  n  the  degree  of  the  Hessian,  or  3  («  —  2), 

V  [AH)  =  A'^^-  (n  -  1)  Rf  [H)  +  (n  -  1)  n'25; 

Hence       (?,  =  -  A'^^+  [n  - 1)  n'2Zr-  2  (n  -  1)  Rf  {II). 
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389.  We  have  now  the  materials  for  forming  the  equation 
of  the  bitangential  curve  of  a  quartic.  According  to  the 
method  explained  (Art.  384)  we  are  first  to  form  the  discrimi- 
nant of  A  =  0,  or  of^  aV+jI^  aV  +  j;^AV;    and 

then  having  substituted  M^  —  Nfi^  &c.  for  a;,  &c.  we  must,  by 
the  help  of  the  equation  of  the  curve,  remove  oc,  fi,  y.  By 
making  the  substitution  before  forming  the  discriminant,  the 
equation  becomes 

1.2  ^^        1.2.3  ^^  f^^  1.2.3.4  ^^^        ' 
whose   discriminant    differs  only  by  a   numerical   factor   from 
Qs  -  3  $2  Q^^  a  function  still  containing  a,  /3,  y  in  the  second 
degree,  and  therefore  requiring  further  reduction.      For  this 
purpose  the  following  formula  is  useful. 

390.  If  we  border  the  matrix  of  the  Hessian  both  hori- 
zontally and  vertically  with  three  rows  and  columns,  the 
resulting  determinant  is  clearly  the  product,  with  sign  changed, 
of  the  two  determinants  added  horizontally  and  vertically. 
Thus  in  particular  if  F,  W  be  functions  of  the  orders  w',  n" 
we  have  -A{V)A{W)=^ 


«,     ^)     9,    «.   ^,)  L 

a,     h,     ff,     a, 

V„        0 

h,     i,    f,    0,  F3,  M 

^     J,     /,     A 

v.,      0 

ff,    f,     e,    7,  V^,  N 

.9,     /,     c,      7, 

n.    0 

«,     fi,     7,' 

=x 

a.    /3,    7,      0, 

0,     .    -B 

w„  w,,  W„ 

W„  W,,  W,,    0, 

0,      -n"W 

L,    M,   N 

0,     0,     0,    -B, 

-n'V,    -U 

or  A(F)A(Tr) 

and    when   x'y'z'    satisfy    the    equation    ?7=0,   the    last  term 
vanishes.     Thus  in  particular 

[^VY^n'W'Q-2n'VB[l)^B'[l), 

or  in  the  notation  we  have  before  used 
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the  last  term  denoting  the  result  of  writing  in  2,  instead  of 
a,  /8,  7,  the  differential  coefficients  of  H. 

In  precisely  the  same  way  we  get  a  formula  of  reduction 
for  A^  V  by  writing  in  the  preceding  determinant 

and  supposing  the  operation  to  be   performed   on   F.     In  the 
reduction,  then,  we  have  instead  of  n'  F,  and  of  w"  TF, 

,   d        f  d       f  d 

and  the  formula  becomes 

A'F=»'{«'- 1)  V  Q  -2  K-  1)  R  (^)  +  S?  (J)  F, 

where  the  last  symbol  denotes  the  result  of  substituting  in  S 
symbols  of  differentiation  instead  of  a,  yS,  7,  and  operating  on  F. 
Introducing  the  value  thus  found  for  A'^'jET  into  the  value 
given  for  Q^  (Art.  388),  we  have 

Thus,  then,  since  Q^  =  -  Hwe  have  in  general 

In'-n)  Q;'-n'Q.^Q,  =  B^  {(«'-«)  g) - n'fl" ( J) s}  ; 
and  in  the  case  of  the  quartic,  for  which  n  =  4,  w'  =  6, 

and  accordingly  the  equation  of  the  bitangential  curve  is 

{%)-<)  ^"•■- 

that  is  to  say,  if  2  written  at  full  length  is 

Ad'  +  B.S'  +  Cy^  +  2Fi3y  +  2Gya-^  2Haj3, 
this  equation  is 

A—     B~     G-^^     2F—^     2(7^—      2H~  — 
dx'  dy^  dz^  dy  dz  dz  dx  dx  dy 

\     dx'  dy^  dz'  dydz  dzdx  dxdy)  ' 

a  curve  of  the  fourteenth  order. 
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391.  The  equation  just  obtained  may  be  transformed  by 
the  help  of  the  expression  given  {Conies,  Art.  381,  Ex.  1),  for 
the  condition  that  the  polar  line  of  a  point,  with  regard  to  one 
conic,  may  touch  another.  »We  there  saw  that  if  aa3*  +  &c., 
afx^  +  &c.  be  the  two  conies,  we  have 

(he  -f)  (a'x  +  h'7j-\-g'zY+  &c.=  {a'  (he  -/'^)+&c.}  {aV+  &c.)-F, 

where  F  denotes  a  conic  covariant  to  the  two  conies.  And,  in 
like  manner,  that 

(hV-f)  (ax  +  %  -f  gzY+  &c.=  [a  (hV-f)  +  &c.)  {ax'+&c.}-T. 

Now  if  a,  5,  c,  &c.  have  the  same  meaning  as  before,  and  if 
a',  &c.  denote  the  second  differential  coefficients  of  the  Hessian, 
then,  its  degree  being  w',  (ax  +  hfy-¥g^z)  &c.  are  (nf—  1)  times  the 
first  differential  coefficients,  and  (he—f^)(a^x-\-h'y+g^zy-{-&c, 
is  (n'—  1)''  times  the  covariant  we  have  called  0  (Art.  231).  We 
may  give  the  name  0'  to  the  corresponding  covariant  in  which 
the  differential  coefficients  of  the  curve  and  of  the  Hessian 
are  interchanged,  and  whose  vanishing  expresses  the  condition 
that  the  polar  line  of  a  point  with  respect  to  the  curve  should 
touch  the  polar  conic  of  the  same  point  with  regard  to  the 
Hessian.  In  like  manner,  a'  (he  —f^)  +  &c.  is  ^  and  aV  -\-  &c. 
is  w'  (w'  —  1)  H,     We  have  then  the  identities 

K-l)''0  =  ?2'(n'-l)^a>-F,    0'=C/'c|>'-F, 

(n'  -lY  Q-n'  (n'  -I)  H^=^&  ^  U^\ 

and  in  the  particular  case  of  the  quartic  where  n'  =  6, 

250-3O^4>  =  0'-  ZJ*'. 

Thus,  then,  the  points  of  contact  of  bitangents  are  the  inter- 
sections with  the  curve,  not  only  of  0  —  ZH<P  as  already  obtained, 
but  also  of  150— 0' or  of  0'— 45jS<1>;  or,  again,  bitangential 
curves  might  be  expressed  in  terms  of  the  covariant  F. 

392.  Let  us  now  proceed  to  the  fifth  order.  We  have 
(Art.  387) 

Q,  =V  («J  -4  (n-\)  (n-5)  2 Q,U  (n-1)  i?^  ((2J-4n  (n-1)  HP, ; 
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and  using  the  value  of  Q^  last  obtained,  and  employing  the 
abbreviations  0  for  ( 7^.]  and  ^  for  (  ^'^j  H^  we  have 

^^=_ti'(7z'-7i)^A(2)-w'(w'-w)2A(^)+2(n'-7i)^A>;r(5^)-iZ'A(*) 
+  4n  (n  -  1)  ^A  (2)  +  4  (w  -  1)  [n  -  5)  2A^-  4  (n  -  1 )  i2>|r  (Ai/) 
=  -  2  (^i''  -  Un  +  18)  ^AS  -  2  (w'  -  3w  +  8)  2A  {H) 

+  4  (w  -3)  JSA  (>|r^  -4  (w-  1)  JK>|r  (AjSl-i^'A  (*). 
In  particular  when  w  =  5,  we  have 

Q^=UEA  (2)  -362A  (if)  +  SEA  {fEyuEylr{AH)-E'A{^). 
In  this  case  we  have  also 

Q^  =  -  3625^+  SEylr  [E)  -  jR^'cJ), 

Q,  =  -AH,     Q,  =  -H. 

In  order  to  form  the  bitangential  curve  of  a  quintic,  the  quantity 
to  be  calculated  is 

a  quantity  containing  ap'y  in  the  sixth  order,  and  which  it  is 
necessary,  by  the  help  of  the  equation  of  the  curve,  to  shew  to 
be  divisible  by  i2®.  Now,  in  virtue  of  a  formula  already  ob- 
tained, we  have 

It  is  also  easy  to  shew  that  27 Q,^Q^-'5Q^Q^  and  5 Q^^- 12 Q^Q^ 
are  each  divisible  by  E ;  but  I  have  not  been  able  to  carry  the 
reduction  further. 

We  shew  elsewhere  [Higher  Algebra^  Art.  295}  how  all  these 
calculations  may  be  made  by  symbolical  methods. 

393.  Another  method*  of  solving  the  problem  of  double 
tangents  is  suggested,  by  what  was  proved  (Arts.  183,  235)  that 
the  point  where  the  tangent  to  a  cubic  meets  it  again  is 
determined  by  the  intersection  of  the  tangent  with  the  line 
xII^  +  i/II,^  +  zH^=0,  It  occurs  to  attempt  to  form  in  like 
manner  the  equation  of  a  curve  of  the  order  w  —  2,  which  shall 
pass  through  the   (n  — 2)  points  where  the  tangent  to  a  curve 

*  I  gave  this  method  in  the  Philosophical  Magazine,  Oct.  1858,  and  Quartei'ly 
Journal  of  Mathematics,  vol.  ill.  p.  317.  See  also  Memoirs  by  Prof.  Cayley, 
Phil.  Trans.  (1859),  p.  193,  and  (1861),  p.  357. 
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of  the  n*^  order  meets  it  again.  If  the  equation  of  this  tan- 
gential curve  were  once  formed,  then,  by  forming  the  condi- 
tion that  the  given  tangent  should  touch  this  curve,  we 
should  immediately  have  the  equation  of  the  bitangential. 
Now,  what  has  been  proved  already  as  to  the  order  of  the 
bitangential  will  enable  us  to  see  what  must  be  the  order  of 
the  tangential  curve  in  x'y'z'  and  in  the  coefficients.  The  con- 
dition that  the  line  Lx-^My  +  Nz  shall  touch  a  curve  of 
the  {n  -  2)'''  order  is  of  the  order  [n  -  2)  (n  -  3)  in  Z,  ilf,  ^Y, 
and  of  the  order  2  (w  —  3)  in  the  coefficients  of  that  curve. 
Consequently,  if  the  coefficients  of  the  tangential  curve  con- 
tain x^y'z'  in  the  order  p,  and  the  coefficients  of  the  ori- 
ginal in  the  order  ^,  the  bitangential  must  be  of  the  order 
(w  —  1)  (n  —  2)  (w  -  3)  +  2p  (n  —  3)  in  xyz\  and  of  the  order 
{n  —  2)  (71  —  3)  +  2^  (n  —  3)  in  the  coefficients  of  the  original. 
But  actually  the  bitangential  is  of  the  order  {n  —  2)(?i  —  3)(w  +  3) 
in  xyz\  and  of  the  order  {n  +  4)  (w  —  3)  in  the  coefficients  of 
the  original  (Art.  382).  It  follows  then  that  ^  =  2  (w  -  2),  ^^  =  3  ; 
that  is  to  say,  that  the  tangential  must  be  of  the  order  2  (w  —  2) 
in  x'yz\  and  of  the  third  order  in  the  coefficients  of  the  original. 
Further,  we  know  that  if  xyz'  be  on  the  Hessian,  the  tan- 
gential must  pass  through  xyz\  and  therefore  the  substitution 
of  xy'z'  for  xyz  must  reduce  the  tangential  to  H.  This  con- 
sideration and  the  known  form  of  the  tangential  in  the  case 
of  the  cubic  suggests  that  the  tangential  in  general  is  the 
(n - 2)'"  polar  of  xyz'  with  regard  to  H or  A""^^,  for  this  is 
a  curve  of  the  right  order  in  xyz^  in  xyz\  and  in  the  coeffi- 
cients, and  it  will  pass  through  xyz  when  this  point  is  on  the 
Hessian.  Accordingly,  in  the  next  article  we  examine  whether 
the  curve  A"'"*  {H )  does  pass  through  the  points  where  the 
tangent  meets  the  curve  again,  and  though  the  answer  is  found 
to  be  in  the  negative,  the  process  of  examination  leads  to  the 
true  form  of  the  tangential. 

394.   Take  then  the  origin  on  the  curve,  and  the  axis  of 
y  as  the  tangent,  and  let  the  equation  of  the  curve  be 
nhy  +  \n  [n  -  1)  [c^x^  +  2c^xy  +  c,y) 

+  ^n[n^l){n-  2)  {d,x'-\-  dd,x'y+  U^xf-\-  d,f)  +  &c.  =  0. 
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It  is  to  be  observed,  and  the  remark  will  be  useful  in  the 
sequel,  that  the  several  polars  of  the  origin,  with  regard  to 
the  curve,  are  got  by  writing  w-l,  7i-2,  &c.,  for  w  in  this 
equation.  Now,  in  order  that  a  curve  may  pass  through  the 
tangential  points,  its  equation  must  be  such  that  when  we 
make  ^  =  0  it  will  reduce  to 

in{n-l)c^-h  -zn[n-'l){n-  2) d^x  +  &c.  =  0. 

Let  us  form  then  the  equation  of  the  Hessian,  and  since  we 
are  about  to  form  its  polar  curves  with  regard  to  the  origin, 
and  then  to  make  y  =  0,  we  need  only  concern  ourselves  with 
those  terms  of  the  Hessian  which  do  not  contain  y.  The 
second  differential  coefficients  of  the  given  curve  are 

a  =  c^  +  {n-2)d^x-{-i{n-2){n-3)e^x'-\-&c,, 

J  =  C^  4-  (n  -  2)  d^x  4-  i  (71  -  2)  {71  -  3)  e./'  +  &c., 

c=  i(^-2)  (w  -  3)  c^cc' +  &c., 

f=h  +  (w -  2)  c^x  +  J (w - 2)  (w -  3)  d^x' 4  &c., 

^=         {n~2)  c^x  +  i  {n-2)  {n-?i)  d^x' -^&c., 

^  =  Cj  +  (n  -  2)  c^jcc  +  i  (n  -  2)  {n  -  3)  e^x""  +  &c. 

The  equation  then  of  the  Hessian  is  readily  found  to  be 

cj^'  +  (n - 2)  dj)'x -\-{i{n- 2)  [n - 3)  ejb'  +  {n- I)  {n-2)P}x^ 

+  {i(n-  2)  (n-3)  in-A)fJ>'+{n-l)  (n-2Y  Q 

+  [n-l){n-2)[n-S)B}x^  +  &c.  =  0, 
where  for  brevity  we  have  written 

2P=  c/.;  -  c^c;'  +  2bc^d,  -  2hc^d^,  2  Q  =  d^c^'  -  2c^c,d^  +  c^, 
3i?  =  c^c^d^  -  d^c^  4  2e})c,  -  2cJ?e^, 
but  the  actual  values  of  these  quantities  are  not  material  to 
our  purpose.  What  is  important  is  to  notice  that  the  equation 
divides  itself  into  groups  of  terms  each  having  the  same  function 
of  71  as  a  numerical  coefficient,  so  that  if  we  want  to  form 
the  equation  of  the  Hessian  of  the  first,  second,  &c.,  polar  of 
the  given  curve  with  regard  to  the  origin  we  have  only  to 
substitute  w  -  1,  w  —  2,  &c.,  for  n  in  the  above  equation. 

Now  the  line  polar,  with  regard  to  the  origin  of  a  curve 
of  the  n^  degree  u^ -I-  u^  +  &c.  =  0  being  nu^  +  w^  =  0,   the   line 

zz 
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polar  of  the  origin,  with  regard  to  the  Hessian,  which  is  a 
curve  of  the  order  3  (w  —  2)  is,  from  the  preceding  equation, 
SCq  +  d^x  —  0,  together  with  a  term  in  y  irrelevant  to  the  present 
question;  and  since  this  equation  does  not  contain  w,  we  see 
that  the  polar  of  a  point  on  a  curve  with  respect  to  the  Hessian 
of  either  the  curve  itself  or  of  its  polar  curves  all  meet  the 
tangent  in  the  same  point.  In  fact,  the  polar  is  in  every 
case  the  same  line.  When  n  =  3,  3^^  +  d^  is  the  result  of 
making  y  =  0  in  the  equation  of  the  curve ;  that  is  to  say, 
the  polar  with  regard  to  the  Hessian  is  the  tangential,  as  we 
have  seen  already. 

The  equation  of  the  polar  conic  of  the  origin  with  regard 
to  a  curve  of  the  ri^  order  is  \n  (n  —  1)  w^  +  (w  —  1)  w,  -f  w^  =  ^ 5 
and  therefore  the  polar  conic  with  regard  to  the  Hessian  is 

|(w  -  2)  (3w  -  7)  c/  -f  (w  -  2)  (3n  -  7)  d]}^x 

+  (i  (n-2)  (w-3)6„i'+ (w- 1)  (n-2)P}a;'  =  0, 

and  it  is  evident,  on  inspection,  that  in  the  case  of  the  quartic 
this  polar  conic  cannot  be  the  tangential,  because  it  contains 
the  group  of  terms  P  which  do  not  similarly  occur  in  the 
equation  of  the  curve.  But  we  can  readily  form  an  equation 
not  containing  these  terras.  Let  ^^H  =  0  denote  the  equation 
we  have  just  obtained,  and  let  A'^^,  denote  the  polar  conic 
with  respect  to  the  Hessian  of  the  first  polar  of  the  origin, 
and  as  we  have  already  seen,  ^^H^  is  derived  from  dk^H  by 
writing  w  —  1  for  n.     Then  it  is  easily  verified  that 

(72  -  3)  A=J5-  [n  -  1)  A'i7j  =  (w  -  3)  V'  [ioc^-\- A:d^x  ■¥ e^x% 

But  when  the  given  cui've  is  of  the  fourth  degree,  the  right- 
hand  side  is  what  the  equation  of  the  given  curve  becomes  when 
we  make  y  =  0.  It  follows  then  that  A'E-SA^H^  is  the 
required  tangential  of  a  quartic. 

In  precisely  the  same  way  the  polar  cubic  of  the  origin, 
with  regard  to  the  Hessian,  is  found  to  be 

i  [Sn  -  6)  (3^1  -  7)  {Sn  -  8)  cj)'  +  i  (n  -  2)  {Sn  -  7)  (3/i  -  8)  dj)''x 

H-  i  (72-2)  (72-3)  (372-  8)  e,5V+  (72-  1)  (72-2)  (372-  8)Pic'' 

-j- J(72- 2)  (72-3)  (72-4)/,6V+(72-l)(7i- 2)*'' e^^4  («- l)(n- 2)  (72-3)i?ii;', 
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and  A'^„  A'S^,  &c.  are  found  by  substituting  (tj  -  1),  [n  -  2),  &c. 
for  n.     And  we  can  verify  that 

[n-S)  (n-4)  A'ir-2  (w-  1)  (72-4)  A'H^  +  (n-  1)  (w-2)  A'H^ 

=  2  (w  -  4)  (10c,  +  lOd^x  +  5eX  +/c'). 

And  when  w  =  5  the  right-hand  side  of  the  equation  is  what 
the  original  equation  becomes  when  we  make  in  it  ^  =  0,  and 
therefore  it  follows,  as  before,  that  the  tangential  is 

A''^'-  4A'^,  +  6  A'-£r,  =  0. 

When  n  =  6  the  tangential  is  in  like  manner 

A*i?-  5A'E^  +  10A*ir^  =  0. 

I  was  hence  led,  by  induction,  to  the  conclusion  which 
Professor  Cay  ley  has  verified  independently,  that  the  tangential 
is  in  general 

A'^'E-  (n  -  ] )  A"-^^,  +  H^  -  1)  (^  -  2)  A"-'^^,  -  &c.  =  0. 

395.  It  is  easy  to  establish  what  has  been  stated  above, 
that  the  polar  lines  of  the  origin  are  the  same  with  regard  to 
its  Hessian,  and  to   the  Hessian  of  any  of  the  polar  curves. 

We  have  -^r-  =  "j-  j-  +  &c.,  or  employing  the  usual  abbrevia- 
tions A  for  he  — /**,  &c.,  we  have 

dx      dx  \     dx^        dy^        dz^ 

dydz  azdx  dxdy)       ' 

with  similar  expressions  for  the  differentials  with  regard  to 
y  and   z.      It   is  to  be  noted  that  these  may  be  written  in 

the  abbreviated  form  -v-  =  —  -y-  (  / ) .     Now  the  differential 
(XX  ctx  \ct  / 

coeflScIents  of  the  first  polar  x' U^  +y'U^-\- z' U^  are  got  from 
the  corresponding  coefficients  of  the  original  curve  by  per- 
forming  on   them   the    operation  ^'  j~  +  y'  T"  +  ^'  T" »   which 

when  we  substitute  xy'z  for  xyz  is  equivalent  to  multiplying 
each  by  the  factors  w  —  1,  ?2  —  2,  &c.  But  the  same  numerical 
factor  being  common  to  every  term  in  the  expression  for  11^^ 
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it  is  plain  that  xH^  +  yH.i  -f  zll^  represents  tlie  same  line 
whether  the  polar  be  taken  with  regard  to  the  Hessian  of  the 
original,  or  to  that  of  its  first  polar.  And  the  same  argument 
applies  to  the  other  polar  curves. 

Let  us  proceed  to  the  polar  conic.  If  we  differentiate  the 
expressions  just  given  for  H^  &c.,  the  differential  will  consist 
of  two  groups  of  terms,  viz.  the  differential  on  the  supposition 
that  A^  Bj  &c.  are  constant,  together  with  the  terms  got  by 
differentiating  these  quantities.  If  we  write,  for  shortness, 
f,  rj,  fto  denote  the  symbols  of  differentiation  with  regard  to 
a;,  y,  2,  we  have 

it  being  understood  that  the  accents  in  the  last  group  of  terms 
may  be  dropped  after  the  expansion,  the  term   flW'?^  ^^r 

instance,  standing  for  a  ,    ,  ^  T~7~2  •     The  last  equation  may 

be  written  in  the  abbreviated  form 

ri^=-r(^)-ffr(|). 

Thus  then  the  equation  of  the  polar  conic  of  any  point,  with 
regard  to  the  Hessian,  may  be  written  F+  TF=0,  where  V 
denotes  a  group  of  terms  in  each  of  which  a  fourth  differential 
is  multiplied  by  the  product  of  two  second  differentials,  and  W 
a  group  in  each  of  which  a  second  differential  is  multiplied  by 
the  product  of  two  third  differentials,  l^ow  if  we  take  the 
Hessian  of  the  first  polar,  then,  as  has  been  stated  above,  the 
second,  third,  and  fourth  differentials  become  multiplied  by 
w  —  2,  ?z  —  3,  w  -  4  respectively,  and  the  result  is 

A'H^  =  (n  -  2)  (w  -  4)  V+  (n  -  Sf  W=  0, 

which  when  w  =  4  reduces  to  the  latter  group  of  terms.  The 
equation  of  the  tangential  of  a  quartic  is  then  evidently  of  the 
form  F+ 7i;TF=0,  and  maybe  transformed  accordingly.  Thus 
it  may  be  written  in  the  form 

/       d  d  C?Vrr/ 
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The  equation  of  the  bltangential  curve  is  got  by  expressing 
the  condition  that  the  tangent  Lx  +  My  +  Nz  should  touch  the 
conic  just  written ;  and  it  will  evidently  consist  of  three  groups 
of  terms,  since  the  condition  that  a  line  should  touch  S  +  k&  is 
of  the  form  2  +  ^^  +  ^'^'  =  0.  What  answers  here  to  S  is  the 
covariant  called  0';  and  I  have  verified  that  the  other  two 
groups  of  terms  are  also  expressible  in  the  form  0  +  hH'^J^ 

POLES  AND   POLARS. 

396.  It  will  be  convenient  to  collect  here  some  properties 
of  the  Jacobian  of  a  system  of  three  curves,  stated  Higher 
Algebra^  Arts.  88  and  176,  and  elsewhere  in  this  volume.  The 
Jacobian  is  the  locus  of  points  whose  polar  lines  with  regard 
to  three  curves  meet  in  a  point,  its  equation  being 


/= 


^x» 

^, 

^3 

^x» 

%J 

^3 

W^, 

^2^ 

^3 

=  0. 


*  I  attempted  in  like  manner  to  obtain  the  bitangential  curve  of  a  quintic 
by  writing  down  for  the  curve  whose  equation  is  given  Art.  394,  a  covariant 
of  the  right  order,  and  such  that  the  absolute  term  vanishes  if  the  axis  of  x 
touches  the  given  curve  a  second  time.    For   instance,  if  \//^  =  49  —  9^*,  then 

A  [--']+  Sac.  and  ^\f  [A  -^  +  &c.]  are  covariaaits  of  the  right  order.    Although  I 

have  not  been  successful,  it  may  be  useful  for  purposes  of  reference  to  give  the 
values  I  obtained  for  the  covariants  in  this  case.  It  will  be  seen  that,  without  loss 
of  generality,  we  may  suppose  c,  and  c^  to  vanish.    We  have  then 

JS.-ir-c  +  3b^  {dox  +  d^y)  +  3  {b%  -  Abcd^)  x^  +  3  (^2b%  -  bbcd^  xy  +  Z  (i^g^-  bcd^)  y^ 
+  (^y,  -  166cei  +  ISc^rfa)  x'  +  (Sfi^/^  -  ZUce^  -  Qbd^d^  +  Ud^^  +  ISc^^/j)  x'y 
'      +  (_  Qhcf^  -  Ubd^ei  +  Ube^di  +  ISc^^  +  ^^cd^d^  -  IScdi^)  x*  +  &c., 
e  =  942  {{b*do^  +  6¥c'^di)  +  {U*doeo  +  Ub^c^Ci  -  Gb^cdodi  -  hW<^d^  x 
+  (•ii^dflCi  +  llbHH^  -  28b^cdod^  +  Slb^cdi'  -  Sdb'^c^ds)  y 
+  {2b'dJ^  +  46^eo'  +  66'cV,  +  Gb^cd^ei  -  ^LSb^cd^e^  -  lObb^c^e^  -  223b^c^dod2 

+  269i2c2(fi2  +  SGbc^di)  x^  +  &c.}, 
*  =  66  [(i3e^+4i2ccZi)  4a;  {b^f^-W'ce^-2,%bcH^  +y  {b^fy-  2b\e^-v2W-  [d^-  d^d^  -AlbcH^ 
+  x2  (_  1262c/;  _  126%«i  +  126%^,  +  Gic^e^  _  \%1bcd^d^+  V^'ibcd^ -  ^<^d^  +  &c.]. 
Of  the  quantities  A,  B,  &c.  the  only  ones  which  contain  terms  independent  of  x  and 
y  are  A  =  b^,  F=bc;  so  that  if  any  quantity  \}r  of  the  form  9  +  kE^  written  at 
full  length  be  ^  +  B^  +  B^ -\-  C^x-  +  &c.,  then    the  degree  of    \\f  being  22,  the 

absolute  term  in  the  covaaiant  A  \^\  +  &c.  is  b'^B^^  +  iibcAB^,  and  in  ^  ^  +  &c. 

is  2J2Co  +  mcBi. 
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We  have  seen,  Art.  191,  that  the  Jacoblan  is  the  locus  of  the 
double  points  of  curves  of  the  system 

\u  +  fiv  i- vw  ==  0. 

If  the  three  curves  have  a  common  point,  that  point  is  on 
the  Jacobian.     For,  from  the  equations 

(where  rw,  wi',  m"  are  the  degrees  of  the  three  curves  respec- 
tively), we  have 

Jx  =  mu  [v^w^  -  v^w^)  +  m'v  {w^u^  -  w^u^)  4-  rn^'w  [u^v^  -  WgVj, 
which  we  may  write 

Jx  =  mAu  +  m'Bv  +  m"  Cw^ 
whence  evidently  /  vanishes  for  any  values  which  make  t/,  v,  w 
to  vanish. 

If  the  three  curves  be  of  the  same  degree,  this  common  point 
is  a  double  point  on  the  Jacobian.  For  differentiating  with 
respect  to  cc,  we  have 

^       dJ  dA        ,  dB        „    dC         .  ,„  ,,  ^ 

f/ +  x-T-  =  mu-T--\-mv ^■\-m  ^o-^-\- mAu^  +  m Bv^  +  m  Cw^] 

but  since  Au^  +  Bv^  +  Cw^  = «/,  we  see  that  when  m  =  m'  —  m'\ 

-=-  will  vanish  for  any  values  which  make  w,  v,  w  and  con- 
dx 

sequently  J  Xo  vanish.     So,  again, 

dJ  dA        ,   dB  ^      ,,    dG  ,        .      ^      ,r)     ,      nn 

dy  dy  dy  dy  ^  '  '^ 

which,  since  Au^-\-  Bv^  +  Cw^  —  0,  vanishes  for  any  values  that 
make  w,  v,  lo,  / to  vanish,  when  m—  m^  =  7nf\  In  like  manner 
the  other  differential  coefficient  of  /  vanishes  for  the  same  point. 
If  only  two  of  the  curves  be  of  the  same  degree,  the 
Jacobian  touches  the  third  curve  at  the  common  point.  For 
the  equation  written  above,  when  we  make  m  =  m\  becomes 

^       dJ  dA  dB       ,f    dC        ,     /   „       n  ^ 

e/ +  x  -^  =mu  -^  ^  mv  -J-  •\-  m  w  -^  -^  mJ  -\-  [m  —m)  Gw^^ 

CLX  CLX  CLX  CtX 

and  for  the  common  point,  this  reduces  to  cc/,  =  (?7i"  —  m)  Gw^ ; 
and  we  have,  in  like  manner, 

xJ^  =  (^^"  -  ^n)  Gw^y  xJ^  =  (?7^''  -  m)  Gw^ ; 


POLES  AND  POLARS.  359 

SO  that         xJ^  +  yJ,^  +  zJ^  =  0,   xw^  +  yw^  +  zw^  =  0, 

represent  the  same  right  line. 

If  in  this  case  the  common  point  be  a  double  point  on  w^ 
it  will  also  be  a  double  point  on  J,  having  the  same  tangents 
as  those  for  the  curve  «?.* 

The  values  just  obtained  for  /„  J^,  J^  evidently  vanish  when 
t^„  w^^  w^  vanish.  Differentiating  again,  and  omitting  the 
terms  which  vanish  as  containing  m,  v,  w^  /,  e/^,  or  w^^  w^j  w^, 
we  have 

(PJ        (    dA        dB\      ,   „ 

But  from  the  values  previously  found  for  A  and  5,  we  have 
dA  ^      dB         ,  ,         , 

and  by  eliminating  xyz  from  the  equations 

ajw,  +  yu^  +  2^3  =  0,  xv^  +  y v^  +  zv^  =  0,  irw?„  +  yw^^  +  21^,3  =  0, 
we  have 

«i  (^»^i3  -  ^3^12)  +  ^1  (^12^  -  ^13^2)  =  "  ^n  K^»  -  V2)  =  -  ^«^,i» 

or  jce/",,  =  (w"  -  2m)  Cw^^^ 

and  similarly  the  other  second  diiferential  coefficients  of  /  are 
proportional  to  those  oi  w\  or  the  two  curves  have  the  same 
tangents  at  their  common  double  point. 

397.   It  is  proved,  as  in  Art.  190,  that  there  are 

[m-iy+{m-l)  [m'-l)  +  (m'-  If 

points,  whose  polar  lines,  with  respect  to  two  curves  m,  v^  are 
the  same,  and  through  these  points  must  pass  the  Jacobian  of 
M,  V,  and  any  third  curve.  It  was  shewn  (Art.  97)  that  the 
Jacobian  intersects  u  in  the  points  which  can  be  points  of 
contact  of  u  with  curves  of  the  system  v  -t-  Xu\  Hence,  it 
immediately  follows  that  the  locus  of  points,  which  can  be 
points  of  contact  of  curves  of  the  system  u  +  \u  with  curves 
of  the  system  v  +  fiv\  where  u  and  u  are  of  the  degree  w,  and 
V  and  V  of  the  degree  m  is  a  curve  of  the  order  2m  -f  2m'  —  3, 

*  Clebsch  and  Gordan,  Abehche  Functionen,  p.  62. 
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whose  equation  may  be   written   in  either  of  the  equivalent 
forms  :* 


=  0, 
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^7 
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=  0. 


Again,  it  appears  from  the  preceding  that  the  points  in 
which  curves  of  the  systems  u  +  \u\  v  +  fiv\  w  +  vw\  can  all 
three  touch,  are  among  the  intersections  of  two  curves  of  the 
degrees  respectively  2m  +  27w'-3,  2w4-2m"-3.  But  among 
these  intersections  are  included  the  m^  points  w,  u  ;  and  the 
S  {m  —  ly  points  common  to  the  Jacoblan  of  all  curves  of  the 
system  u  -t  Xu.  Deducting  these  numbers,  we  obtain  for  the 
number  of  points  in  which  the  three  curves  can  touch 

4  {mm'  +  m'm''  +  m"m)  -  6  (m  +  ^'  +  m'')  +  6. 

398.  We  have  seen  (Art.  97)  that  the  order  of  the  condition 
of  contact  of  two  curves  w,  v,  or,  as  we  shall  call  it,  of  their 
tact-invariant^  is  in  the  coefficients  of  v^m{m-\-  2m'—  3)  —  2S  —  3/c 
or  n-\-2m[m'—\) ;  and,  In  like  manner,  of  the  order  n+2m\m—l) 
in  the  coefficients  of  u.  The  tact-lnvarlant,  In  the  case  of 
two  conies,  was  found  {Conies^  Art.  372)  by  forming  the  dis- 
criminant of  w  +  \v,  and  then  the  discriminant  of  this  con- 
sidered as  a  function  of  X.  By  similar  reasoning  to  that 
used  in  the  case  of  conies,  it  may  be  shewn  that  If  the  same 
process  be  employed  in  the  case  of  two  curves  of  the  m^^ 
order,  the  tact-Invariant  is  a  factor  in  the  result.  In  fact 
if  A  be  the  tact-invariant,  ^  =  0  the  condition  that  it  may 
be  possible  to  determine  \  so  that  u-\-\v  may  have  two 
double  points,  and  (7  =  0  the  condition  that  It  may  be  possible 
to  determine  \  so  that  u  +  \v  may  have  a  cusp,  then  the 
discriminant,  with  respect  to  X,  of  the  discriminant  of  u-\-Xv, 

*  Steiner  has  remarked  that  the  number  of  curves  of  the  system  u  +  ^u',  which 
osculate  curves  of  the  system  v  +  fiv'  is  3  {{m  +  m')  {m  +  m'  —  6)  +  2mm'  +  5},  Crelle, 
vol.  XLVii.  p,  6.  It  will  be  remembered  that  we  have  seen,  Art.  102,  that  the  con- 
dition for  two  curves  osculating  is,  in  addition  to  the  conditions  of  ordinary  contact, 
that  the  ratio  of  H  to  L^  shall  be  the  same  for  both. 
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is  AB'C,  That  ^and  G  are  factors  appears  by  taking  u  as 
a  curve  which  has  either  two  double  points  or  a  cusp.  Id 
this  case,  not  only  the  discriminant  of  u  vanishes,  but  its 
differentials,  with  respect  to  each  of  the  coefficients  of  u  (Higher 
Algebra^  Art.  116);  therefore,  in  the  discriminant  of  u+Xv, 
the  term  not  containing  \  and  the  term  containing  its  first 
power  both  vanish,  or  X^  is  a  factor  in  the  discriminant ;  therefore 
its  discriminant  considered  as  a  function  of  \  vanishes. 

Thus,  if  u  and  v  be  cubics,  the  discriminant  of  each  contains 
its  coefficients  in  the  twelfth  degree,  and  these  coefficients  enter 
in  the  one  hundred  and  thirty-second  degree  into  the  dis- 
criminant with  respect  to  X.  But  the  tact-invariant  contains 
the  coefficients  of  each  in  the  degree  eighteen ;  and  the  invariants 
which  vanish  when  u  +  \v  can  have  a  cusp,  or  a  pair  of  double 
points,  contain  the  coefficients  of  each  curve  in  the  degrees 
twenty-four  and  twenty-one  respectively.  For  the  degree  in 
the  coefficients  is  the  same  as  the  number  of  curves  of  the  form 
u-\-\v-\- fiw  which  have  the  singularities  in  question.  In  the 
case  of  the  cusp,  this  number  is  found  by  putting  the  inva- 
riants S=Oj  T=0'j  giving  thus  an  equation  of  the  fourth  and 
one  of  the  sixth  degree  to  determine  X,  fj,,  and  we  have 
twenty-four  solutions.  In  the  case  of  the  two  double  points, 
we  may  suppose  w,  v,  w  to  have  seven  points  common,  and 
through  these  points  we  can  have  twenty-one  systems  of  a 
line  and  a  conic.     We  have  then  132  =  18  +  2  (21)  -h  3  (24). 

399.  In  general  the  discriminant  being  of  the  degree 
3  (w  -  l)*",  the  discriminant  with  respect  to  X  contains  the  co- 
efficients of  each  curve  in  the  degree  3  (m  —  If  [Sm^  -  Qm -\' 2). 
Now  the  tact-invariant  contains  the  coefficients  of  each  in  the 
degree  Stw  (w  - 1),  and  from  considerations  afterwards  to  bo 
explained,  it  appears  that  the  order  of  the  condition  that 
u-\-\v  may  have  a  pair  of  double  points,  (or,  what  is  the  same 
thing,  the  number  of  curves  of  the  system  u-\-Xv-\-  /jlw^  which 
have  two  double  points),  is  Kttz  -  1)  (3??i'- 9wi*- 5m -f  22), 
and  the  corresponding  number  for  the  case  of  the  cusp  is 
12  (m  -  1 )  (m  -  2) ;  and  it  may  at  once  be  verified  that 
3(7?i-l)*''(3m'-6w+2) 

=3m(7»  -  1)  +  3  (7?2  -  1)  (3m'-t)m'-  5m -h  22)  +  36  (??i-  l)(m-2)- 

AAA 


362  POLES    AND    POLARS. 

f 
In  like  manner,  having  formed  the  discriminant  of  Xw  4  //.v  4-  vw^ 
where  w,  v^  w  are  curves  of  the  same  degree,  we  may  form 
the  discriminant  of  this  considered  as  a  function  of  X,  /z,  v; 
and  this  discriminant  will  contain  as  factors  the  resultant  of 
w,  u,  w^  and  the  conditions  that  it  may  be  possible  that  a  curve 
\u  ■{  fjLV  +  vw  may  have  three  nodes,  or  may  have  a  node  and 
cusp,  or  may  have  a  tacnode;  the  order  of  any  of  these 
conditions  in  the  coefficients  of  any  of  the  curves  being  the 
same  as  the  number  of  curves  of  the  form  \u  ■]■  fiv -\-  vw  +  t  =  0, 
which  have  the  singularity  in  question.  When  the  curves 
are  all  conies,  the  discriminant,  considered  as  a  function  of 
X,  fi^  V,  of  the  discriminant  of  Xu-^  fjLV  +  vw,  is  AB^^  where  A 
is  the  resultant  of  w,  i?,  w^  and  ^=0  is  the  condition  that 
\u  +  fiv-\-  viv  =  0  may  be  capable  of  representing  two  coin- 
cident right  lines,  but  I  am  not  in  possession  of  the  general 
theory. 

400.  In  connection  with  this  subject  it  may  be  observed 
i;hat,  the  tact-invariant  of  a  curve  and  its  Hessian  being  of  the 
•order  3  {m  —  2)  {5m  —  9)  in  the  coefficients  of  the  former,  and 
'Of  the  order  m{7m  —  l5)  in  the  coefficients  of  the  latter,  is  of 
ihe  order  6  (6w'''  — 17wi  + 9)  in  the  coefficients  of  the  original. 
When  7n  =  3,  this  tact-invariant  is  the  sixth  power  of  the  dis- 
<criminant ;  and  assuming,  therefore,  that  the  sixth  power  of  the 
•discriminant  is  always  a  factor,  there  remains  a  factor  of  the 
•order  6  (wi  -  3)  (3m  —  2),  whose  vanishing  expresses  the  condition 
^hat  the  curve  has  a  point  of  undulation. 

Again,  take  the  condition  that  the  curve,  its  Hessian  and 
bitangential  have  a  common  point;  this  condition  being  of 
the  orders  respectively  3  (?«  —  2)'^  (m"  -  9),  m  {m  —  2)  [m^  -  9), 
3??2  [m  —  2)  in  the  coefficients  of  these  curves  is  of  the  order 
3  (wi  —  2)  (m  —  3)  [^rn^  +  ^m  —  6)  in  the  coefficients  of  the  original. 
When  9n  =  4,  this  invariant  seems  only  capable  of  being  ac- 
counted for  as  the  twelfth  power  of  the  discriminant  multiplied 
by  the  square  of  the  invariant  last  considered.  And  assuming 
that  the  same  factors  are  to  be  found  in  general,  there  remains 
an  invariant  of  the  order  3  (w  -  4)  (3m'  -f  bm^  -  32m  -f  18j, 
which  will  vanish  whenever  the  curve  has  an  inflexional  tangent 
which  elsewhere  touches  the  curve. 
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401.  As  the  Jacobian  is  the  locus  of  points  whose  polar  lines 
with  respect  to  three  curves  meet  iu  a  point,  so  we  might 
consider  the  locus  of  the  points  in  which  these  polar  lines 
meet;  or,  what  is  the  same  thing,  the  locus  of  points  whose 
first  polars  with  respect  to  the  three  curves  have  a  common 
point.  We  shall  confine  ourselves  to  the  consideration  of  the 
case  when  the  three  curves  are  the  three  first  polars  of  a 
given  curve,  in  which  case  the  Jacobian  is  the  Hessian  of  that 
curve,  and  the  other  locus  now  mentioned  is  its  Steinerlan  (see 
Art.  70),  the  theory  now  to  be  explained  being  the  generalization 
of  that  given  for  the  cubic*  (Art.  175,  &c.). 

To  any  point  P,  then,  on  the  Steinerian  corresponds  a  point 
Q  on  the  Hessian ;  the  first  polar  of  P  has  Q  for  a  double 
point,  and  the  polar  conic  of  Q  consists  of  two  right  lines 
intersecting  in  P.  Consider  two  consecutive  points  P,  P'  on 
the  Steinerian;  then,  as  in  Art.  178,  the  intersection  of  their 
first  polars  will  be  the  point  Q  counted  twice,  together  with 
the  points  of  contact  of  the. first  polar  with  its  envelope.  Thus, 
then,  the  polar,  with  regard  to  the  curve,  of  any  point  Q  on 
the  Hessian,  is  the  tangent  to  the  Steinerian  at  the  corre- 
sponding point  P.  In  particular,  if  Q  is  a  point  of  inflexion 
on  the  curve,  its  polar  will  be  the  tangent  at  that  point ;  thus 
we  see  that  the  Steinerian  is  touched  by  the  3m  [m  -  2)  sta- 
tionary tangents  of  the  curve. 

402.  We  have  seen.  Art.  70,  that  the  orders  of  the  Hessian 
and  Steinerian  respectively  are  3  (m  -  2)  and  3  (m  -  2)*'' ;  the 
Hessian  ordinarily  has  no  double  point,  and  therefore  its 
Pliickerian  characteristics  are 

fi  =  3[m-2)j    S  =  0,   K  =  Oj   v  =  3(m-2)(37W-7), 

T  =  2-7  (w  -  1)  (m  -  2)  {m  -  3)  (3m  -  8),   t  =  9  (m  -  2)  (3m  -  8). 

Since  there  is  a  (1,   1)   correspondence  between  the   Hessian 

and  Steinerian,  the  deficiencies  of  the  two  curves  will  be  the 


*  The  principal  theorems  of  this  section  were  given  by  Steiner  in  a  paper  read 
before  the  Berhn  Academy,  1848,  and  afterwards  reprinted  in  Crelle,  1854,  vol.  XLVii. 
The  theory,  as  regards  the  cubic,  was  given  by  me  in  the  former  edition  of  this 
work  (1852)  in  ignorance  of  what  Steiner  had  done,  with  which  I  only  became 
acquainted  through  Crelle. 
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same.  We  have  also  the  class  of  the  Stelnerian ;  for  any  tan- 
gent thereof  which  passes  through  a  fixed  point  if,  must  have 
its  pole  lying  on  the  first  polar  of  M^  and  since  it  must  also 
lie  on  the  Hessian,  it  must  be  one  of  the  3  (w  —  1 )  (wi  --  2) 
intersections  of  the  two  curves.  The  characteristics,  therefore, 
of  the  Steinerian  are 

/£  =  3(m-2)'*,   v  =  3(?w-l)(w-2), 

5  =  f  (7/i-2)(w-3)(3m*-97n-5),    «  =  12  (m -  2)  (wi - 3), 

T  =  f  (7/1-2)  (m-3)(3m*-3m-8),     t  =  3  (w -2)  (4m- 9). 

A  point  is  a  double  point  or  cusp  on  the  Steinerian,  if  it  is  a 
point  whose  first  polar  has  two  double  points  or  a  cusp.  The 
numbers  therefore  h  and  k  just  obtained  are  the  number  of 
first  polars  of  points  of  the  given  curve  which  have  the  singu- 
larities in  question  (see  Art.  399). 

403.  If  the  first  polars  of  any  two  points  -4,  B  touch  at 
a  point  C  having  QP  for  their  tangent,  then  two  of  the  poles 
of  the  line  AB  coincide  with  ^;  and  the  first  polar  of  any 
point  on  AB  (other  than  the  intersection  of  AB  with  PQ) 
will  also  touch  QP  at  Q,  The  first  polar  of  the  excepted 
point  or  intersection  oi  AB  with  PQ^  will  have  Q  for  a  double 
point;  Q  will  be  a  point  on  the  Hessian,  and  P  the  corre- 
sponding point  on  the  Steinerian.  Thus  the  Steinerian  is  the 
envelope  of  lines,  two  of  whose  poles  coincide ;  and  the  Hessian 
is  the  locus  of  such  coincident  poles.  Steiner  has  investigated 
the  envelope  of  the  line  PQ^  which  joins  two  corresponding 
points  P,  C  or  which  is  the  common  tangent  of  two  first  polars 
which  touch  each  other.  This  curve  we  shall  call,  as  in  the 
case  of  cubics  (Art.  177),  the  Cayleyan.*  It  has  evidently 
a  (1, 1)  correspondence  with  the  Hessian,  and  with  the  Steinerian, 
and  has  therefore  the  same  deficiency. 

In  order  to  determine  its  class  we  use  the  principle  estab- 
lished, Art.  372,  and  Conies^  Appendix,  that  if  two  points  on  a 
line  (or  two  lines  through  a  point)  have  a  (m,  m)  correspon- 
dence, there  will  be  ??i  +  m  cases  of  coincidence  of  these  points. 


♦  Professor  Cayley  himself  calls  it  the  Steiner-Hessian. 


PULES    AND    POLAKS.  365 

Consider,  then,  the  lines  joining  any  assumed  point  M  to 
two  corresponding  points  P,  Q,  Then,  since  the  Steinerian  is 
a  curve  of  the  order  3  (m  —  2)'',  if  the  line  MP  be  fixed  there 
will  be  3  (m  -  2)'"^  positions  of  P  and  as  many  positions  of  MQ, 
In  like  manner,  to  any  position  of  MQ  correspond  3  (w  -  2) 
positions  of  P.  There  are,  therefore,  3  (w  —  2)''  +  3  (w  -  2)  or 
3  (?/i—  1)  (w  — 2)  lines  which  can  be  drawn  through  M  contain- 
ing two  corresponding  points  P,  §,  and  this  is  therefore  the 
class  of  the  Cayleyan.  It  obviously  touches  the  inflexional 
tangents  of  the  given  curve.  It  has  no  inflexions,  and  its 
characteristics  therefore  are 

A6  =  3(?w-2)(5w-ll),   v  =  3(m-l)(w-2), 

S  =  |(w-2)(5m-13)(5m'-  19m+16),  «  =  18  (w-2)  (2w-5), 

T  =  f (w2-2)'(m'-2m-l),   4  =  0. 

404.  The  definitions  already  given  may  be  further  extended, 
by  considering  the  double  points  not  only  on  first  polars,  but  on 
any  of  the  system  of  polar  curves.  The  locus  of  a  point,  such 
that  its  ^-polar  has  a  double  point,  is  a  curve  of  the  order 
SO  {m  —  d-  \Yj  which  is  the  ^-Steinerian ;  and  the  locus  of  the 
double  point  is  then  a  curve  of  the  order  30'^ [m-  6  —  1),  which 
is  the  ^-Hessian.  We  know  that  if  the  ^-polar  of  a  point  P 
passes  through  a  point  §,  then  the  [m  —  6)  polar  of  Q  passes 
through  P;  and  it  is  easy  to  see  also  that  if  the  ^-polar  of  a 
point  P  has  a  double  point  Q^  then  the  [m-O-l]  polar  of 
Q  has  a  double  point  P.  Hence  the  ^-Steinerian  is  the  same 
curve  as  the  {m—  6—1)  Hessian,  and  the  ^-Hessian  the  same 
as  the  {m  —  6—\)  Steinerian.  In  like  manner  we  might  con- 
sider the  ^-Cayleyan  or  envelope  of  the  line  joining  corre- 
sponding points  on  the  ^-Steinerian  and  ^-Hessian,  the  three 
curves  having  the  same  deficiency.  Except  in  the  case  of 
6=1  these  curves  have  not  been  much  studied. 

405.  We  have  studied  (Art.  184)  the  envelope  of  the  polar 
lines,  with  regard  to  a  cubic,  of  the  points  on  a  right  line, 
which  we  have  called  the  polar  of  that  right  line.  So,  in 
general,  if  a  point  P  moves  along  any  directing  curve  S  of  the 
order  s,  the  envelope  of  its  ^-polar,  with  regard  to  a  given 
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curve  U  of  the  order  tw,  will  be  a  curve  which  may 
be  called  the  ^-polar  of  S^  with  regard  to  U,  We  saw 
(Art.  96)  that  the  envelope  of  a  curve,  whose  equation  con- 
tains as  parameters  the  coordinates  of  a  point  which  moves 
along  a  curve  /S,  may  be  found  by  considering  the  parameters 
as  coordinates,  and  then  expressing  the  condition  that  the 
moving  curve  should  touch  S.  Hence,  the  0-polar  of  8  is 
also  the  locus  of  points  whose  [m  —  6)  polars  touch  8.  Using 
then  the  expression  (Art.  97)  for  the  order  of  a  tact-invariant, 
we  see  that  the  ^-polar  of  /S  is  a  curve  of  the  order 
5  (5  +  2^  —  3)  [m  —  6) J  this  number  to  be  diminished  by  2  (??i  -  6) 
for  every  double  point,  and  by  3  {m  —  6)  for  every  cusp 
on  8",  or,  if  the  class  of  8  be  /,  then  the  ^-polar  will  be 
of  the  order 

{rn-  6>){/  +  25(l9-l)}. 

It  will  be  of  the  order  6[2s+0-^)  in  the  coefficients  of  8. 
Thus,  in  particular,  if  ^=1,  the  envelope  of  the  first  polars 
of  the  points  of  a  curve  8  is  the  same  as  the  locus  of  the  poles 
of  the  tangents  of  8^  its  order  being  /(m— 1).  If  in  this 
case  s=l,  this  order  reduces  to  0,  as  it  ought,  since  the 
envelope  then  reduces  to  the  [m-Xy  poles  of  the  line  8, 
In  general,  it  is  obvious  that  each  double  tangent  of  8  will, 
by  its  [m—\]^  poles,  give  rise  to  {m  —  lY  double  points  on 
the  envelope,  and  that  each  stationary  tangent  of  8  will  give 
rise  to  {m  -  ly  cusps  on  the  envelope.  We  have,  therefore, 
for  the  class  of  the  envelope 

[m  -  ly  s-[m-\)s-2  {m  -  1)'  t  -  3  (m  -  1)'  t ; 
or,  since  /^  —  s'  —  2t  —  3^  =  5,  the  class  of  the  1-polar  is 
(w-l)(m-2)/  +  (7W-l)*5. 

If  ^  =  772  —  1,  the  envelope  of  the  polar  lines  of  the  points 
of  a  curve  /S,  or  locus  of  points  whose  first  polars  touch  >S, 
is  of  the  order  5(s  +  2?7i— 5)  or  s^ -{- 2s  [m  -  2) ,  And  since 
the  number  of  these  polar  lines  which  pass  through  an 
arbitrary  point  M  is  the  same  as  the  number  of  intersections 
with  8  of  the  first  polar  of  ilf,  the  class  of  the  envelope  is 
(m—  1)5. 

In  general  the  number  of  double  points  on  the  ^-polar  of 
8  Is  {m-6y  times  the  number  of  [771- 1)  polars  of  a  point 
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which  touch  the  curve  twice,  and  the  number  of  cusps  is 
(m  -  df  times  the  number  of  such  polars  which  osculate  the 
given  curve. 

406.  If  the  ^-polar  of  a  curve  yS'  be  a  curve  22,  then  the 
[m  —  6)  polar  of  R  must  include,  as  part  of  itself,  the  curve  S, 
Thus,  for  example,  \i  6^m-\^  R  is  the  envelope  of  the  polar 
line  of  a  point  P  which  moves  on  /S';  but  since  the  pole  of 
this  polar  line  may  not  only  be  the  point  P,  but  (m-l)"-! 
other  points  besides,  it  follows  that  if  we  seek  the  locus  of 
the  poles  of  the  tangents  of  R  (or,  what  is  the  same  thing, 
the  envelope  of  the  first  polars  of  the  points  of  i?),  we  shall 
get  the  curve  >S,  together  with  another  curve,  which  is  the  locus 
of  points  copolar  with  the  points  of  ^;  that  is  to  say,  having 
the  same  polar  lines.  In  this  case,  where  6  =  7n-\^  we  have 
seen  that  the  class  of  R  is  s[m  —  l)\  therefore.  Art.  405,  the 
envelope  of  the  first  polars  of  the  points  of  R  is  of  the  order 
s(m--l)*;  or,  in  addition  to  the  curve  /S',  there  will  be  a 
companion  curve  of  the  order  sm[m  —  2).  We  have  seen  that 
every  point  on  the  Hessian  is  a  point  at  which  coincide  two 
poles  of  a  tangent  to  the  Steinerian;  consequently,  the  points 
in  which  S  meets  the  Hessian  will  be  points  on  this  companion 
curve,  which  will,  besides,  meet  8  in  ^5  (w  — 2)  (w  — 3)  pairs  of 
copolar  points. 

If  ^  =  1,  i?  is  the  locus  of  the  poles  of  the  tangents  of  S^ 
and  since  a  given  point  has  one  polar,  if  we  seek  the  envelope 
of  the  polar  lines  of  the  points  of  i?,  we  must  fall  back  on  the 
curve  S^  and  it  would  appear  that  there  can  be  no  companion 
curve.  It  is  to  be  noted,  however,  that  the  common  tangents 
of  Sj  and  of  the  Steinerian,  form  part  of  the  envelope.  In  fact, 
we  have  seen  that  to  each  of  these  common  tangents  there 
correspond  two  coincident  points  on  i?,  and  therefore  when 
we  employ  the  converse  process,  to  these  two  points  answer 
two  coincident  lines,  every  point  on  either  of  which  has  a 
right  to  be  counted  in  the  envelope.  Further,  the  curve  S 
must  be  reckoned  in  that  envelope  [m—\Y  times,  because  to 
every  tangent  of  8  there  answer  [m  -  V)^  poles  lying  on  -5,  and, 
therefore,  when  we  take  conversely  the  polars  of  the  points  of 
R^  each  tangent  of  8  is  counted  [m  —  1)'  times.     Now  we  have 
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seen  that  if  the  order  and  class  of  i2  be  r  and  /,  the  order  of 
its  {m  —  1)  polar  is  /  +  2  {m  —  2)  r,  but 

r'={m-l){m-2)s-\-(m'-iysj   r  =  s{m-  1); 

hence,  the  order  of  the  polar  is  3  (tw  -  1)  (m  -  2)  s'  +  (w  -  l)'*^, 
which  agrees  with  what  we  have  established,  since,  as  the 
Steinerian  is  of  the  class  3  (m  —  1)  (tw  —  2),  the  number  of  its 
common  tangents  with  ;S'  is  3  (m  —  1)  (m  -  2)  /.  There  must 
be  a  like  general  theory  of  the  reciprocity  when  E  is  the 
^-polar  of  Sj  and  S  the  [m  -  6)  polar  of  i?,  but  this  has  not 
yet  been  investigated. 

OSCULATING   CONICS. 

407.  The  form  of  a  curve  in  the  neighbourhood  of  a  point 
P  thereof  is  defined  by  the  circle  of  curvature,  but  it  admits 
of  a  further  definition.  In  fact,  drawing  parallel  to  the  tangent 
at  P  an  infinitesimal  chord  QR^  then  if  the  normal  at  P  meets 
this  at  iV,  the  arcs  PQ,  PR^  and  the  lines  NQ^  NR^  regarded  as 
quantities  of  the  first  order,  are  equal  to  each  other,  but  they 
differ  by  quantities  of  the  second  order ;  in  particular,  NQ^  NR 
differ  by  a  quantity  of  the  second  order ;  or,  what  is  the  same 
thing,  if  L  be  the  middle  point  of  QR^  then  the  distance  NL  is 
of  the  second  order.  But  observe  that  PN  is  also  of  the 
second  order;  hence  the  angle  ZPiV,  =  tan"^X^-^ PiV  is  in 
general  a  finite  angle ;  that  is,  joining  P  with  the  middle  point 
of  the  chord  QR  (parallel  to  the  tangent  at  P),  we  have  a 
line  PL  inclined  at  a  finite  angle  to  the  normal.  In  the  case 
of  the  circle,  PL  coincides  with  the  normal ;  hence  the  angle  in 
question  is  a  measure  of  the  deviation  from  the  circular  form, 
or  we  may  call  it  the  "  aberrancy,"  and  the  line  PL  the  axis 
of  aberrancy.* 

In  the  case  of  a  conic,  the  axis  of  aberrancy  is  the  diameter 
through  P,  and  the  aberrancy  is  the  inclination  of  this  diameter 
to  the  normal.  And  for  a  given  curve,  drawing  any  conic 
having  therewith  a  4-pointic  intersection  at  P,  the  curve  and 


*  See  Transon,  "  Recherches  sur  la  courbure  des  lignes  et  des  surfaces,"  Liouv., 
t.  VI.  (1841) ;  his  term  '  deviation'  is  in  the  text  replaced  by  the  more  specific  one 
"  aberrancy." 
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conic  have  the  same  axis  of  aberrancy;  that  is,  the  centres 
of  all  the  conies  of  4-pointic  intersection  with  the  curve  at  P 
lie  on  the  axis  of  aberrancy  at  this  point.  Whence  also  the 
axis  of  aberrancy  at  P  and  the  axis  of  aberrancy  at  the  con- 
secutive point  of  the  curve,  intersect  in  a  point,  say  the  "  centre 
of  aberrancy,"  which  is  the  centre  of  the  conic  of  5-pointic 
intersection  with  the  curve  at  P;  this  conic  is  completely  de- 
termined by  the  conditions  that  its  centre  is  this  point,  that 
it  touches  the  curve  at  P,  and  that  it  has  there  a  curvature 
equal  to  that  of  the  curve. 

It  is  easy  to  show  that  the  aberrancy  at  the  point  P  is  given 
by  the  formula 

tan5=;,-^^^, 

where  /?,  q^  r  are  the  first,  second,  and  third  differential  coeffi- 
cients of  y  in  regard  to  x, 

408.  Observe  that  the  axis  of  aberrancy  is  a  line  having 
reference  to  the  line  infinity,  but  independent  of  the  circular 
points  at  infinity;  viz.  if  instead  of  these  we  had  any  two 
points  7,  /,  then  the  line  in  question  is  constructed  by  means 
of  the  line  IJ  without  any  use  of  the  points  /,  /  themselves ; 
the  chord  QR  is  taken  so  as  to  pass  through  the  intersection 
0  of  the  tangent  at  P  with  the  line  //,  and  we  have  then 
L  the  harmonic  of  0  in  regard  to  the  points  §,  R, 

The  theorem  that  the  centres  of  the  conies  of  4-pointic 
intersection  lie  in  a  line  may  be  presented  in  a  more  general 
form ;  the  conies  have,  of  course,  a  4-pointic  intersection  with 
each  other ;  or,  what  is  the  same  thing,  they  are  conies  having 
all  of  them  four  common  tangents  (viz.  the  tangent  at  P 
taken  four  times) ;  the  general  theorem  is,  that  for  the 
system  of  conies  touching  four  given  lines,  the  poles  of  any 
line  in  regard  to  the  several  conies  of  the  system  lie  in  a  line  ; 
a  theorem  which  is  better  known  under  the  reciprocal  form, 
that  for  the  conies  passing  through  four  given  points,  the  polars 
of  any  point  in  regard  to  the  several  conies  pass  all  through 
one  and  the  same  point., 

In  the  case  where  the  circular  points  at  infinity  are  replaced 
by  a  conic,  there  is  not  any  analogous  theory  of  aberrancy. 

BBB 
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409.  The  investigation,  Art.  236,  of  the  equation  of  the 
conic  of  5-pointic  contact  at  any  point  on  a  cubic  may  be  ex- 
tended to  curves  of  any  degree.  Let  8  represent  the  polar 
conic  and  T  the  tangent  at  the  point,  then  the  equation  of 
any  conic  touching  at  the  same  point  will  be  8—  FT=Oj 
where  F  is  Ix -\- mi/ +  nz ,  7,  w,  n  being  still  undetermined. 
Then  the  equation  of  the  lines  joining  to  the  point  a;ys',  the 
intersections  of  the  conic  and  the  curve  is  obtained  by  sub- 
stituting in  the  equation  of  each  curve  x'  +  Xa?  for  a;,  &c.,  and 
eliminating  X  between  the  two  equations.  The  result  of  the  sub- 
stitution in  the  first  equation  is  T+ 1X8 -\-  J\'A'  +  ^V^'A*  -|-  &c. ; 
and  the  result  of  the  substitution  in  the  equation  of  the  conic 
is2[n-l)T-FT-h\[8-FT)]  and  if  this  last  be  written 
6T-\-XVj  the  result  of  eliminating  \  between  the  two  equations 
becomes  divisible  by  jT,  the  quotient  being 

F"-^  -  i(9F"-*^iS^+ i^r-^TA'- &c.  =  0, 
which  represents  the  2  (w  —  1)  lines  joining  the  point  xi/'z'  to 
the  2  (n  —  1)  other  points  common  to  the  conic  and  curve.  In 
order  that  the  conic  should  have  a  3-pointic  contact  with  the 
curve,  one  of  these  lines  must  coincide  with  Tj  or  the  equation 
just  written  must  be  divisible  by  T;  and  since  every  term, 
except  the  two  first,  is  so  divisible,  this  condition  is  plainly 
equivalent  to  ^  =  2,  which,  since  6  =  2  (n—1)  —F\  implies 
P'  =  2(?i  — 2).*  Introducing  this  value  of  dj  and  performing 
the  division  by  T,  the  equation  reduces  to 

-  Pr-»  +  i  V"-'A'  -  i  r'-'TA'  +  &c.  =  0, 
which  represents  the  2n—3  lines  joining  the  point  xyz'  to  the 
other  points  of  intersection  of  the  curve  and  conic. 

The  contact  will  be  4-pointIc  if  this  equation  be  again 
divisible  by  T,  or  if|A'-P>Sf  be  divisible  by  T.  The  con- 
dition that  this  shall  be  the  case  is  found,  as  in  Art.  382,  by 
substituting  in  this  quantity  the  coordinates  of  an  arbitrary  point 
on  T,  viz.  My  ~  iV^,  Na  -  Z7,  L^  —  Ma  when  it  ought  iden- 
tically to  vanish,  and  in  this  way  we  find  immediately  that  F 

must  be  of  the  form  fiT+  -^  (x  ;r--^y  -j-  "^  ^  ~^)  where  fi 

*  The  problem  of  finding  the  circle  of  curvature  at  any  point  on  a  curve  is 
evidently  that  of  describing  a  S-pointic  conic  passing  through  two  fixed  points. 
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is  Still  indeterminate.  Tims  the  chord  of  intersection  with  the 
polar  conic  of  every  4-pointic  conic  meets  the  tangent  in  the 
fixed  point,  noticed  Art.  394,  where  the  tangent  meets  both 
the  polar  cubic,  and  also  the  polar  line  of  xy'z^  with  regard 
to  the  Hessian  either  of  the  curve  itself  or  of  any  of  the 
polar  curves. 

Let  us  denote  by  EI  the  line  -tt\^  JT"  "^  ^  1"  ^^~T)^ 

and  allowing  that  we  have  the  identical  equation  A'  — 11/9  = /jf, 
then,  introducing  the  value  for  P,  fn  +  yLtJ',  the  equation  be- 
comes divisible  by  T,  and  gives  for  the  equation  of  the  27i  —  4 
lines,  joining  to  xyz  the  other  intersections  of  the  curve  and 
conic 

(|/+  P^  -  il8]  F"-'  -  \  F"-^A*  +  &c.  =  0. 

The  condition  for  5-pointic  contact  is,  that  this  equation  should 
be  divisible  by  T,  and  we  determine  the  value  of  /x  correspond- 
ing to  such  contact,  by  substituting  in  the  terms  above  written 
J/7  —  NP^  Na  -  X7,  L^  -  Ma.  for  ic,  y,  z.  From  the  identical 
equation  of  Art.  235,  we  can  infer  what  J  is,  and  I  have 
found   that,  by   the   substitution  just   mentioned,    /  becomes 

-3(7t-l)(»-2)S+^-^^^-^^J2f  (S"),  where  S,  ^,  and  ^R 

have  the  same  meaning  as  in  Art.  386.   The  results  of  substitution 

2 
in  8^  P,  and  in  A*  are  Q^^  r-^  Qg,  and  Q^  respectively.     Using 

then  the  values  of  Arts.  390,  391,  we  have 
^£P  =  |  (3  [n-  1)  {n-  2)  S^-  2  (/»-  1)  B^lt  {H)} 

-  f  |9  (7i-2f  ^2-  6  (n-2)  Rf  {H)+^B'(d\ 

-  1  Lg  (w -2)  (n-3)  Si?+4 (w -3) i2^|r  (^)  -  IW  , 

whence  reducing,  /*  =  -  ^^3  (40  -  3Zr4>),  and  the  5-pointic  conic 
is  determined. 

410.  Prof.  Cayley  ha?  pursued  the  enquiry  so  as  to  ascertain 
what  condition  must  be  fulfilled  by  the  coordinates  x'y'z'  in  order 
that  the  contact  may  be  6-pointic  (see  PhiL  Trans.,  1865,  p.  545). 


372  SYSTEMS  OF  CURVES. 

The  investigation  is  too  long  to  give  here ;  his  result  is  that 
xy'z  must  satisfy  the  equation 

(m  -  2)  (127W  -  27)  EJ{U,  E,^)-  3[m-  1)  HJ' [U,  H,  4)) 

4-  40  (m - 2yj{U,  H,  0)  =  0, 

where  by  /  ( 27,  H^  <I>)  is  meant  the  Jacobian  of  these  three 
functions,  and  by  J'  is  meant  that,  in  taking  the  Jacobian, 
4>  is  to  be  differentiated  on  the  supposition  that  the  second 
differential  coefficients  of  H^  which  enter  into  the  expression 
for  <I>,  are  constant.  The  equation  here  written  represents  a 
curve  of  the  order  12m  -  27  whose  intersection  with  U  deter- 
mines m  (12w-  27)  sextactw  points. 

SYSTEMS  OF  CUEVES. 

411.  The  problem  to  find  how  many  conies  can  have  a 
6-pointic  contact  with  a  given  curve  belongs  to  the  class  of 
questions  on  which  some  remarks  were  made,  Conies^  Ap- 
pendix on  systems  of  conies  satisfying  four  conditions.  We 
shall  here  somewhat  develope  the  theory  there  indicated. 
De  Jonquiferes,  Liouville^  t.  VI.  (1861),  considered  the  properties 
of  a  series  of  curves  of  the  m*^  order  satisfying  \m  [m  +  3)  —  1 
conditions,  that  is  to  say,  one  less  than  the  number  sufficient 
to  determine  the  curve,  the  series  being  characterized  by  its 
index  iV,  where  N  is  the  number  of  curves  of  the  series  which 
can  pass  through  an  arbitrary  point.  Thus,  if  the  equation 
of  the  curve  algebraically  contains  a  parameter,  N  will  be 
the  degree  in  which  that  parameter  enters.*  Chasles,  in  papers 
in  the  Comptes  Rendus^  1864 — 1867,  on  the  number  of  conies 
which  satisfy  four  conditions,  used,  instead  of  De  Jonqui^res' 
single  index,  two  characteristics,  viz.  fjb  the  number  of  curves 
of  the  series  which  pass  through  an  arbitrary  point,  and  v  the 
number  of  them  which  touch  an  arbitrary  line.     This  method 

♦  Prof.  Cayley  has  remarked  that  it  is  not  true  conversely  that  the  equation  of 
a  curve  belonging  to  a  series  whose  index  is  N,  can  be  always  expressed  in  this 
form.  For  instance,  the  index  will  be  plainly  N  if  the  equation  contain  linearly 
the  coordinates  of  a  parametric  point  limited  to  move  on  a  plane  curve  of  the  order 
N,  and  unless  the  curve  be  unicursal,  the  equation  cannot,  without  elevation  of 
order,  be  made  an  algebraic  function  of  a  single  parameter.  Or,  more  generally,  the 
equation  may  contain  linearly  the  coordinates  of  a  point  limited  to  move  on  a  curve 
in  space  of  k  dimensions. 
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is  especially  convenient  as  giving  symmetrical  results  In  the 
case  of  conies  which  are  curves  of  the  same  order  and  class. 
A  sketch  of  this  method  is  given  in  Conies^  I,  c,  and  we 
shall  here  repeat  a  few  of  the  theorems,  stating  them  for  a 
series  of  curves  of  any  order. 

412.  The  locus  of  the  poles  of  a  given  line,  with  respect 
to  curves  of  the  series,  is  a  curve  of  the  degree  v.  For  this 
is  obviously  the  number  of  points  in  which  the  line  itself  can 
meet  the  locus.  The  envelope  of  the  polars  of  a  given  point, 
with  respect  to  curves  of  the  system,  is,  in  like  manner,  a 
curve  of  the  class  /a. 

The  locus  of  a  point  whose  polar,  with  regard  to  a  fixed 
curve  (whose  order  and  class  are  m\  w'),  coincides  with  its  polar, 
with  respect  to  some  curve  of  the  system,  is  a  curve  of  the  order 
v  +  fi{m  —\).  For,  in  order  to  determine  how  many  points  of 
the  locus  lie  on  a  given  line,  consider  two  points  A^  A'  on  that 
line,  such  that  the  polar  of  -4,  with  regard  to  the  fixed  curve, 
coincides  with  the  polar  of  A'  with  regard  to  some  curve  of 
the  system,  and  the  problem  is  to  know  in  how  many  cases 
A  and  A  can  coincide.  Now,  first,  if  A  be  fixed,  its  polar, 
with  respect  to  the  given  curve,  is  also  fixed,  and  the  locus 
of  poles  of  this  last  line,  with  respect  to  curves  of  the  system 
being  by  the  first  theorem  of  the  order  f,  we  see  that  to  any 
position  of  A  answer  v  positions  of  A\  Secondly,  let  A'  be 
fixed,  and  since  its  polars,  with  respect  to  curves  of  the  system, 
envelope  a  curve  of  the  class  /a,  and  since  the  polars,  with 
respect  to  the  given  curve  of  the  points  of  the  given  line, 
envelope  a  curve  of  the  class  m'—  1,  Art.  405,  there  are  fi  [m—\) 
common  tangents  to  the  two  envelopes,  and  therefore  as  many 
positions  of  A  answering  to  A,  The  number  then  of  coin- 
cidences of  the  points  A  and  A  \^  V  +  fx  [m  —  1),  or  this  is  the 
degree  of  the  locus  in  question.  It  is  obvious  that  this  locus 
meets  the  fixed  curve  In  the  points  where  it  is  touched  by  curves 
of  the  system,  and  therefore  that  the  number  of  these  curves, 
which  touch  the  fixed  curve,  is  m  [v-{-  fju  {rn-  1)},  or  is  mV  +  w'yc*. 

413.  In  general,  tlie  number  of  curves  of  the  system  which 
satisfy  any  other ,  condition  will  be  of  the  form  jxol  -f  vyS,  and 
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the  numbers  a,  /3  may  be  taken  as  the  characteristics  of  this 
condition.  If  a  curve  be  determined  by  a  sufficient  number  of 
conditions  of  any  kind,  and  if  these  characteristics  be  given  for 
each  condition,  we  can  determine  the  number  of  curves  satisfying 
the  prescribed  conditions.  We  exemplify  this  in  the  case  of 
conies.  The  number  of  conies  determined  by  five  points,  by 
four  points  and  a  tangent,  by  three  points  and  two  tangents, 
&<=•  «  1,  2,  4,  4,  2,  1, 

and,  consequently,  the  characteristics  of  the  systems  determined 
by  four  points,  three  points  and  a  tangent,  &c.  are 
(1,  2),  (2,  4),  (4,  4),  (4,  2),  (2,  1). 
The  number  then   of  conies   satisfying   the    condition   whose 
characteristics  are  a,  /3,  and  also  passing  through  four  points, 
or  through  three  points  and  touching  a  line,  &c.  are 

a-l-2i8,  2a  +  4)e,  4a  +  4iQ,  4a+2/3,  2a  +  /3. 

If  we  call  these  numbers  /i,'",  v"\  p'",  a"\  t"  respectively, 
we  see  that  they  are  not  independent,  but  we  have 

tit  o      '"        _'"  O     "'  "'  1    f     III     I  iii\ 

V    =2/A  ,  a    =2t  ,  /)    =f  (v    H-o-  ). 
The  characteristics  of  the  systems  formed  with  the  condition 
a,  P  together  with  three  points,  or  together  with  two  points 

and  a  line,  &c.  are  plainly 

/  tit     iii\    I  III     tii\    I  III      tii\    I  III     iii\ 

And  therefore  the  number  of  conies  of  these  systems  respec- 
tively which  satisfy  a  new  condition  a',  jS'  is  fjL"a+v"l3\ 
v"a-\-p"^',  &c.  Or,  writing  at  full  length,  if  we  have  two 
conditions  whose  characteristics  are  (a,  /3),  (a,  /S'),  and  if  we 
denote  by  /x",  v",  p",  a"  the  number  of  conies  which  satisfy 
these  two  conditions,  and  also  pass  through  three  points,  or 
pass  through  two  points  and  touch  a  line,  &c.  we  have 

fj."=  aa'  +  2(i8a'  +  a/3')  +  4ye/3',    v"  =  2aa' +  4  (/Sa' +  a/8')  +  4^/3', 

p"=4aa'  +  4(/8a'  +  a/Q')-f2y3/3',  o-"  =  4aa' -f  2  (^a' -f  a^')  +   /3/3', 

and  it  is  to  be  noted  that  these  numbers  are  connected  by 
the  identical  relation 

II  ft       II      ,       O        It  II  f\ 

fjb  —  fv  +fp  —  o-  =0. 

In  like  manner  the  characteristics  of  the  system  of  conies 
satisfying  the  two  conditions  (a,  /3),  (a',  y8'),  and  also  passing 
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through  two  points,  or  through  a  point  and  touching  a  line, 
or  touching  two  lines,  are  (/x",  v"),  {v",  p"),  {p'\  o-"),  and  there- 
fore the  number  of  such  conies  which  satisfy  a  third  condition 
a",  fi"  are  yLt'a"  +  v"/3",  &c.  Or,  writing  at  full  length,  if  we 
denote  by  //,',  v',  p  the  number  of  conies  which  satisfy  three 
conditions  (a,  )8),  (a,  ^'),  (a",  13"),  and  also  pass  through  two 
points,  or  through  a  point  and  touch  a  line,  &c.  we  have 

fi'  =  aa'a"   +  22aa'/8"  +  42a/3'/8"  -f  4^y8'y8", 

v'  =  2aaV'  +  4Saa'/3"  +  42a/3'/3"  +  2/5/3'y3", 

p'  =  4aa'a"  +  42aa'/3"  +  22a/S'^"  +  ^f^'^". 

It  is  evident  that  the  characteristics  of  the  system  formed  by 

adding  to  these  three  conditions  a  fourth,  a'",  I3"\  are  /x'a"'+  v'yS'", 

vV"  +  p'/3"',  or,  at  full  length, 

^  =  aaVV"  +  22aa'a"^"'  +  42aa'/3"/3"'+42a)S'y8"/3"'+2^/3'^"/3"', 
V  =  2aa'a"a"'  +  42acc  V'/8"'  +  42aa'y8";8"'+  22ayS'y8"^'"+  /3/3'/3"^"'. 

And  so  finally,  if  we  add  a  fifth  condition,  the  number  of  conies 
satisfying  all  five  is  fia""  +  v^"",  or 

aa'a"a'"a""  +  22aa'a"a'"^""  +  42aa'a"/3"')8""  +  42aa';8"^"'/8"" 

+  22a/3'/S"yS"'/3""  +  /3/3'/S"^'"y8"". 

Thus  this  formula  gives  the  number  of  conies  which  touch  five 
given  curves,  by  writing  for  a,  yS,  &c.  the  class  and  order 
of  each  curve.  And  in  like  manner  we  could  find  the  number 
of  curves  of  any  order  determined  by  the  condition  of  touching 
given  curves  if  we  knew  the  number  in  each  case  where  the 
conditions  were  only  those  of  passing  through  points  or  touch- 
ing lines. 

414.  In  the  preceding  article,  the  conditions  we  considered 
were  each  independent  of  the  others,  but  we  may  have  a  con- 
dition equivalent  to  two  or  more  conditions,  as  for  example, 
the  condition  that  a  conic  shall  touch  a  given  curve  twice 
or  oftener,  the  condition  that  a  curve  shall  osculate  a  curve 
or  have  with  it  contact  of  higher  order.  A  condition  equi- 
valent to  two  may  be  called  two  inseparable  conditions.  It 
is  found  that  the  formulae  obtained  in  the  last  article  for  in- 
dependent conditions  are  applicable  with  the  necessary  modi- 
fications  to    inseparable   conditions.      Thus,   if  we   have  two 
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inseparable  conditions,  the  characteristics  //,",  v\  p",  cr",  are 
the  number  of  conies  determined  when  we  combine  with  the 
given  two-fold  condition  three  points,  or  two  points  and  a 
line,  &c.,  and  these  numbers  will  be  always  connected  by  the 
relation  fi"  —  ^v"  +  f p"  —  o-"  =  0.  We  proceed  precisely  as  in 
the  last  article  to  find  the  number  of  conies  determined,  when 
with  the  two-fold  condition  are  combined  any  three  others. 
In  this  way  we  obtain  the  following  formulae.  If  m\  n\  r\  s" 
are  the  characteristics  of  a  second  two-fold  condition,  then 
the  characteristics  of  the  system  of  conies  determined  by  the 
pair  of  two-fold  conditions  are 

m"fi" - 1  (fjuV  +  m"y")  +  (/>''  +  p"^")  +  In'v"  - i  {r"v"  +  n"p"), 

a's" -  f  (cr'V -f  s"p")  +  (v'V  +  nV")  +  f p'V" -  ^  (pV  +  r'v"). 
And  if  //,',  v',  p  be  the  characteristics  of  a  three-fold  condition, 
the  number  of  conies  determined  by  the   two-fold  and  three- 
fold condition  is 

J/  (2<7"  -  p")  +  ip-  (2/'  -  v")  +  ^v-  {5  (/'  +  p")  -  6  (/."  4  <t")]. 

415.  Returning  to  the  two  characteristics  /^,  v  of  a  series 
of  curves  of  the  m*^  order,  satisfying  one  condition  less  than 
the  number  sufficient  to  determine  each  curve,  we  may  in- 
vestigate as  follows  the  relation  between  these  two  charac- 
teristics. Consider  the  points  A,  A\  &c.,  in  which  a  curve 
of  the  series  meets  a  given  line ;  then,  since  fi  curves  of  the 
series  pass  through  A^  each  meeting  the  line  in  w  —  1  other 
points,  it  is  evident  that  to  each  point  A  corresponds  fi{m  —  l) 
points  A' J  and  in  like  manner  to  each  point  A\  yit  (m  —  1)  points 
A.  And  the  number  of  united  points  of  the  correspond- 
ence is  therefore  2/jb  [m  —  I).  This  number  will  be  v  if  the 
united  points  can  only  arise  when  a  curve  of  the  series  touches 
the  line  AA\  but  it  may  happen  that  a  curve  of  the  series 
will  be  a  complex  containing  a  portion  which  counts  twice, 
and  such  a  curve  would  give  rise  to  united  points  which  must 
be  deducted  from  2/^  (m  —  1)  in  order  to  give  v  the  number 
of  proper  tangencies.  Thus,  in  the  case  of  conies  which  we 
shall  specially  consider,  let  \  be  the  number  of  conies  of  the 
series  which  reduce  to  two  coincident  right  lines,  and  we 
have  V  =  2/1,  —  \. 
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416.  A  conic  considered  as  a  curve  of  the  second  order 
may  degenerate  into  a  pair  of  lines,  or  line-pair ;  in  this  case 
the  tangential  equation  found  by  the  ordinary  rule  becomes 
a  perfect  square ;  or,  geometrically,  every  line  through  the 
common  point  of  the  line-pair  is  to  be  considered  as  doubly 
a  tangent  to  the  curve.  Similarly,  a  conic  considered  as  a 
curve  of  the  second  class  may  degenerate  into  a  pair  of  points, 
or  point-pair;  and  every  point  of  the  common  line  of  the 
point-pair  may  be  considered  as  in  a  sense  doubly  belonging 
to  the  curve.  In  the  latter  case,  the  point-pair  may  be  con- 
sidered as  the  limit  of  a  conic  whose  tranverse  axis  is  fixed, 
and  which  flattens  by  the  gradual  diminution  of  its  conjugate 
axis,  so  as  to  tend  to  a  terminated  right  line,  the  tangents  of 
the  conic  becoming  more  nearly  lines  through  two  fixed  points, 
viz.  the  terminating  points  of  the  line. 

Thus  then,  if  X  be  the  number  of  point-pairs  in  the  system, 
and  CT  the  number  of  line-pairs,  we  have 

/A  =  2v  —  -cr,    V  =  2/L6  —  \,    3/A  =  2\  -{-  -cr,    3v  =  2ct  +  \. 

In  Zeuthen's  researches,  concerning  systems  of  conies,  the 
numbers  X,  ct  are  substituted  for  Chasles'  characteristics  fi,  v, 
it  being  in  most  cases  easier  to  ascertain  the  number  of  conies 
of  a  given  system  which  reduce  to  line-pairs  or  point-pairs, 
than  the  number  which  pass  through  an  arbitrary  point  or 
touch  an  arbitrary  line. 

A  special  case  presents  itself  when  the  two  points  of  a  point- 
pair  coincide,  the  line  of  the  pair  continuing  to  exist  as  a  definite 
line ;  or,  the  two  lines  of  a  line-pair  may  coincide  without 
their  common  point  ceasing  to  exist  as  a  definite  point.  This 
may  be  called  a  line-pair-point. 

417.  In  a  system  of  conies  satisfying  four  conditions  of 
contact,  it  is  comparatively  easy  to  see  what  are  the  point- 
pairs  and  line-pairs  of  the  system;  but  in  order  to  find  the 
values  of  X  and  -sr,  each  of  these  pairs  has  to  be  counted,  not 
once,  but  a  proper  number  of  times,  and  it  is  in  the  deter- 
mination of  these  multiplicities  that  the  difficulty  of  the  problem 
consists.  For  this  purpose  Zeuthen  uses  the  following  con- 
siderations :  Take  the  elementary  system  of  a  conic  determined 

ccc 
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by  four  points,  then  evidently  the  number  of  line-pairs  is 
three,  and  of  point-pairs  is  0,  but  since  /t  =  l,  v  =  2,  we  have 
\  =  0,  CT  =  3 ;  whence  it  is  inferred  that  a  pair  of  lines 
joining,  two  by  two,  four  given  points  counts  once  among  the 
number  of  line-pairs.  But  take  a  system  of  conies  determined 
by  three  points  and  a  tangent,  here  we  may  have  three  line- 
pairs,  viz.  the  line  joining  any  two  of  the  points,  and  the 
line  joining  to  the  third  point  the  intersection  of  the  fixed 
tangent  with  the  line  joining  the  first  two  points.  There 
are  in  this  case  no  point-pairs.  We  have  also  /i  =  2,  v  =  4:, 
hence  \  =  0,  -cr  =  6 ;  and  it  is  inferred  that  a  line-pair  counts 
for  two  if  it  consists  of  the  line  joining  two  given  points, 
together  with  the  line  joining  to  a  third  given  point  the  in- 
tersection of  the  first  line  with  a  given  line. 

Lastly,  take  the  system  of  conies  determined  by  two  points 
and  two  tangents,  and  there  can  be  but  a  single  line-pair,  viz. 
the  pair  joining  the  two  points  to  the  intersection  of  the  two 
tangents ;  but  since  in  this  case  yti  =  4,  v  =  4,  \  =  t:r  =  4,  it  is 
inferred  that  a  line-pair  counts  for  four  if  it  joins  to  two 
given  points  the  intersection  of  two  given  lines.  It  is  needless 
to  dwell  on  the  reciprocal  singularities. 

The  movement  of  a  conic  which  touches  a  given  curve  may 
be  considered  either  a  rotation  round  the  point  of  contact  or  a 
slipping  along  the  tangent  at  that  point;  and  hence  it  is  in- 
ferred in  the  case  of  a  conic  determined  by  touching  four 
given  curves,  that  we  are  to  count  among  the  line-pairs,  once, 
(A^)  a  pair  consisting  of  two  lines,  each  being  a  common 
tangent  to  the  curves;  that  we  count  twice,  {B)  a  pair  con- 
sisting of  a  common  tangent  to  two  curves,  and  a  tangent 
drawn  to  a  third  curve  from  a  point  where  this  common  tangent 
meets  the  fourth  curve,  and  that  we  count  four  times,  (C)  a 
pair  consisting  of  tangents  drawn  to  two  curves  from  the  in- 
tersection of  other  two.  Reciprocally,  we  count  among  the  point- 
pairs  once  {A)  a  line  each  of  whose  determinations  is  the  inter- 
section of  two  curves,  twice  {B)  a  tangent  to  a  curve  terminated 
by  another  curve,  and  by  the  intersection  of  two  other  curves ; 
and  four  times  (C)  a  double  tangent  to  two  curves  terminated 
on  two  other  curves.  In  these  cases  for  the  intersection  of 
two  curves,  may  be  substituted  the  intersection  of  a  curve  with 


SYSTEMS  OP  CURVES.  379 

itself  or  a  node,  and  for  a  common  tangent   to   two   curves 
may  be  substituted  a  double  tangent  to  a  single  curve. 

418.  Thus,  for  example,  to  find  the  number  of  line-pairs  in 
the  system  of  conies  which  touch  four  given  curves.  We  have 
nw'w'V  line-pairs  consisting  of  one  of  the  nn  common  tangents 
to  the  first  two,  combined  with  one  of  the  n'n''  common 
tangents  to  the  other  two;  and,  since  we  can  in  three  ways 
form  two  pairs  out  of  the  four  curves,  the  number  A  is  ^nn'n'^n'^\ 
Again,  there  are  nnri'm"  pairs  consisting  of  a  common  tangent 
to  the  first  two  curves,  and  a  tangent  to  the  third  from  one 
of  the  points  where  it  meets  the  fourth;  and,  since  we  get 
the  same  number  if  we  take  a  common  tangent  to  the  second 
and  third,  or  to  the  first  and  third,  we  have  j(5'  =  32wnW". 
Lastly,  there  are  plainly  ^nnm'm"  pairs  of  tangents  of  the 
kind  C\     We  have  therefore 

OT  -  3nw'w  V  +  62ww  V'wi'"  +  42nn'77i'V", 

and,  in  like  manner, 

and  from  these  numbers  are  deduced  the  same  values  for  ft, 
and  V,  as  we  have  found  already. 

419.  We  proceed  in  the  same  way  if  the  conditions  of  the 
problem  are,  that  the  conic  shall  touch  the  same  curve  more 
than  once,  or  shall  have  with  it  contact  of  higher  order.  Prof. 
Cayley  uses  the  following  convenient  notation.  Let  (1)  denote 
single  contact,  (1,  1)  single  contact  with  the  same  curve  in 
two  places,  (2)  contact  of  the  second  order  or  3-point  contact, 
and  so  on.  Thus  the  system  we  have  considered  of  conies 
having  single  contact  with  four  curves  is  denoted  by  (1),  (1), 
(1),  (1).  Let  us  now  consider  the  system  (1,  1),  (1),  (1),  that 
is  to  say,  when  the  conies  have  double  contact  with  a  single 
curve  and  touch  two  others.  Then  it  is  seen,  precisely  as 
before,  that  A'  =  rnn'  +  nn\nn\     We  have  also 

B  =  T  [nW  -H  n'V)  +  nn'{m-2)  n   +  nn    [m  -  2)  n 

-f  wwV  (w  -  1 )  +  nnm  (w  -  I)  +  tiV'tw  [n  -  2), 

C  =  SwV  +  imn!  {n - 2) n'  +  mm'  {n - 2) ?i'  +  mWin {n -  1). 
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Lastly,  we  must  count  separately  {D')  the  /cn'n"  line-pairs, 
consisting  of  a  pair  of  tangents  drawn  from  a  cusp  of  the 
first  curve  to  the  other  two.  Zeuthen  shews  that  these  last 
count  each  for  three,  by  writing  in  the  formulae  in  the  first 
instance  an  unknown  multiplier  a;,  and  determining  x  by  an 
examination  of  the  elementary  cases  where  the  second  and  third 
curves,  reduce  to  points  or  lines.  Collecting  then  the  numbers 
A'  +  2B  -I-  4  G\  and  reducing,  we  find 

CT  =  w V  [n'  4  6mw  -  8n  -  4m  +  t  +  48  +  3/c) 

-f  2  (mV  +  m'n)  [n^  +  27nw - n -  47W  +  t)  +  2m V/i [n -  1), 

and  there  is  a  corresponding  expression  for  X.  From  these 
we  find  expressions  for  /a,  v,  viz. 

ti  =  fjf'm'm:'  +  /'  (m V  +  m V)  +  /nV, 

V  =  /"m'TTi"  +  V"  (771 V  +  m"w')  +  VVW", 

where  ft'   =  2772  (m  +  w  —  3)  +  r, 

fi'  =  v'    =  2?7i  (77i  +  2n  -  5)  +  2t, 

;a'"  =  v"   =27l(277l+n-5)  +  2S, 
v'"  =  27l(772  +  7l-3)  +  S. 

And  these  numbers  denote  the  number  of  conies  determined  by 
the  conditions  of  touching  one  curve  twice,  together  with  three 
points,  two  points  and  a  tangent,  a  point  and  two  tangents,  and 
three  tangents,  respectively. 

It  is  unnecessary  to  consider  separately  the  case  (1,  1),  (1,  1), 
see  Art.  413,  and  the  same  principles  are  applicable  to  the  cases 

(3)  (1),  (4). 

Eeferring  for  further  details  to  Zeuthen's  memoir,  which 
may  be  most  conveniently  consulted,  Nouvelles  Annales^  1866, 
and  to  Prof.  Cayley's  memoirs,  Phil.  Trans.,  1867,  we  give 
the  following  table,  in  which  Prof.  Cayley  has  summed  up  the 
simpler  results  expressed  in  terms  of  772,  ti,  and  a  (see  Art.  83). 

(1,1,1)       /-t'  =  |?7l'  +  2771^71  +  mn^  +  Jw'  -  277l'  -  377172  -  ^Tl'' 

-  V^  -  ¥^  +  a  (-  3w  -  f  72  -f  13), 
/  =  1  m'  +  2772'''72  +  2mn^  +  ^n^ -id-  4.mn  —  n^ 

-  ^^m  -  ^-^n  +  a  (-  3771  -  372  +  20), 
p  =  Jtti'  +  rri^n  +  2ran^  +  §72'  -  |??2'  -  3??272  -  272' 

-  2^97?2  -  Y«  +  «  (~  f  ^  -  371 -f  13), 
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(1,1,1,1)     /A  =  -^\m'  +  ^m\  +  wi V  +  J w w**  4  ^m* 

+  a  (-  f  ?n''-  3mn  -  f  n*  +%^m  +y  w  -  -S-J^)  4.  ja'', 
J'  =  ai'w*  +  Jwi'w  +  ni'ii'  +  |7ww'  f  i^^Ti*  -  Jm'  -  2wV 
-  3w2n* -  ^w' -  2^2^7/1'  -  2\mn  -  \^^n'  +  ^^m 
+  ^^n  +  a  (~|m*-  3wn  -fw'"'+  Ywi+¥^--^f-^ 

(2)  ^"  =  a,  v"  =  2a,  p"  =  2a,  a"  =  a ; 
(2,1)  /  =  12??2+12n  +  a(2w+   w-14), 

/  =  24m  +  24n  +  a  (2m  +  2n  -  24), 
p  =  12m  +  12w  +  a  (  m  +  2w  -  14), 
(2,  1,1)         fi  =  24m'  +  36mw  •\-  12n'  -  i68m  -  168/2 

+  a  (m'  +  2mn  +  Jw'-  25m  -  2^9^  +  133)  _  la'-*, 

V  =  12m'  +  36mw  +  24n'  -  168w  -  168w 

+  a  (Jm'  -h  2m«  +  w'  -  ^.^m  -  25n  +  138)  -  |a', 
(3,  2)  fji  =  27m  +  24^  -  20a  -f  ^a', 

V  =  24?7i  +  27w  -  20a  +  ia', 

(3)  /  =  -  4?/z  -  3?i  +  3a,  v'  =  - 8m-8w  + 6a, 

p'  =  -  3m  -  4w  +  3a. 
(3,  1)  /A  =  -8m'- 12m?2--3n'+56mH-53n-f-a(6m +  371-39), 

V  =-  Sni"-  Umn - Sn'+  53m+56n  +  a(3m 4-  6n-39). 

(4)  /A  =  -10m-8w+6a,  v  =  -  8?/i -  lOw  +  6a. 

420.  It  still  remains  to  give  formulae  for  the  number  of 
conies  satisfying  five  inseparable  conditions,  as  for  example  (5) 
the  number  of  conies  having  contact  of  the  fifth  order  with  a 
given  curve.  These  numbers  are  found  from  an  examination 
of  the  case  where  a  curve  touched  by  the  conies  is  a  complex 
of  two  other  curves.  Thus  the  conies  having  contact  of  the 
fifth  order  with  a  complex  of  two  curves,  are  made  up  of  the 
conies  having  like  contact  with  the  separate  curves,  and  there- 
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fore  the  expression  for  (5)  must  be  such  a  function  of  m^  w,  a, 
that 

<j>  {m  +  m',  n-h  n\  a  +  a')  =  <^  (m,  n,  a)  -I-  <^  {m\  n\  a'), 

whence  (5)  is  plainly  of  the  form  am  +  hn-\-  ca.  From  sym- 
metry we  must  have  a  =  h^  and  knowing  the  number  of 
sextactic  conies  when  m  =  3,  we  determine  a  and  c,  and  find 
(5)=:-15w2-  15w4-9a. 

So,  in  like  manner,  the  conies  (4,  1)  are  made  up  of  the 
conies  having  this  contact  with  each  of  the  separate  curves, 
and  of  the  conies  having  the  contact  4  with  one  curve  and  the 
contact  1  with  the  other.  The  number  of  these  last  conies 
is  found  by  the  formulae  of  the  last  article,  so  that  we  have 
<l){m-\-  m\  n-{-n\  a  +  a')  —  </> {m^  w,  a)  —  <p  [m\  w',  ol)  a  known 
function  of  m^  w,  a.  By  the  process  here  indicated,  Prof.  Cayley 
establishes  the  table : 

=  -  8m''-  2^mn  -  8/i'-f  104  [m-\-n)  +  6a  (m  +  w  -  11), 
=     120  (w  +  w)  +  a  (-  4m  -  4w  -  78)  -f  3a', 
=  -  |?7i'  -  10m*w  -  lOmn"  -  f  n'  +  ^^rri' 
+  1 1 6mw  +  ^^n"  -  434m  -  434?i 
+  a  (f  wi'+  Qmn  4  f w'  -  ^fm  -  ^^n  +  291)  -  fa'', 
=  24m*  +  54mn  +  24n'  -  468  (m  +  n) 

-f  a  (-  8m  -  8n  +  327)  +  a'*  (^  +  Jw  -  12), 
=  6m''+30m'w+30mn'+6w'-  17w  (m+7i)'+  1320  [m-\-n) 
+  a  (Jm'+  m'w  +  mn'-\-  ^n^-  ^rrt"- 26mn-  \^ri^ 
+  ^s.m  +  Af  %  -  960)  +  a'  (-  |m  -  |n  +  28), 
(1,  1,  1,  1,  1)  =  T^^  (m'  +  n")  -1-  ^^mn  (m'  +  n^)  +  JmV  (m  +  n) 

-  W  K+  ^')  -  ^irnn  (m  f  w)+  JL^^fx (^2*-'+  n') 
4  A|^w27i-3_j^-9  (m4-w)-f  a(-^m'-fm''7i-|mn' 

-  Jn'+  \9m'-f  23mw+  2^n'— a|7;^-^Jiw+486) 
+  a'^{f  (m  +  70-15}. 

Zeuthen  and  Cayley  have  also  investigated  formulae  for  the 
cases  where  the  conditions  include  contact  with  a  curve  at  a 
given  point;    and  Cayley's  memoir  contains  investigations  of 
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a  formula  of  De  Jonqui^res,  giving  the  number  of  curves  of 
the  order  r  having  with  a  given  curve  of  the  order  w,  i  con- 
tacts of  the  order  a,  &,  c,  &c.,  and  besides  passing  through  p 
points  on  the  curve.  But  the  subject  is  too  extensive  to  be 
here  further  treated  of. 

NOTE   BY  PROFESSOR  CAYLEY  ON  ART.  416. 

Some  remarks  may  be  added  as  to  the  analytical  theory 
of  the  degenerate  forms  of  curves.  As  regards  conies,  a  line- 
pair  can  be  represented  in  point-coordinates  by  an  equation 
of  the  form  xy  —  ^\  and  reciprocally  a  point-pair  can  be  re- 
presented in  line-coordinates  by  an  equation  ^17  =  0,  but  we 
have  to  consider  how  the  point-pair  can  be  represented  in 
point-coordinates:  an  equation  a?  —  ^  is  no  adequate  repre- 
sentation of  the  point-pair,  but  merely  represents  (as  a  two- 
fold or  twice  repeated  line)  the  line  joining  the  two  points 
of  the  point-pair,  all  traces  of  the  points  themselves  being 
lost  in  this  representation:  and  it  is  to  be  noticed,  that  the 
conic,  or  two-fold  line  x^  —  0,  or  say  {ax  +  /3y  +  72)''  =  0  is  a 
conic  which,  analytically,  and  (in  an  improper  sense)  geome- 
trically, satisfies  the  condition  of  touching  an7/  line  whatever ; 
whereas  the  only  proper  tangents  of  a  point-pair  are  the  lines 
which  pass  through  one  or  other  of  the  two  points  of  the 
point-pair. 

The  solution  arises  out  of  the  notion  of  a  point-pair,  con- 
sidered as  the  limit  of  a  conic,  or  say  as  an  indefinitely  flat 
conic;  we  have  to  consider  conies  certain  of  the  coefficients 
whereof  are  infinitesimals,  and  which  when  the  infinitesimal 
coefficients  actually  vanish  reduce  themselves  to  two-fold  lines; 
and  it  is,  moreover,  necessary  to  consider  the  evanescent  co- 
efficients as  infinitesimals  of  diff'erent  orders.  Thus  consider 
the  conies  which  pass  through  two  given  points,  and  touch  two 
given  lines  (four  conditions) ;  take  y  =  0,  z  =  0  for  the  given 
lines,  x  =  0  for  the  line  joining  the  given  points,  and  {x  =  0, 
y-az  =  0),  (cc  =  0,  2/  -  /32  =  0)  for  the  given  points ;  the  equation 
of  a  conic  satisfying  the  required  conditions  and  containing  one 
arbitrary  parameter  6,  is 

x'  +  20xy  +  20  V(ay3)  xz  +  &'  [y  -  as)  (y  -  ^2)  =  0 ; 


384  NOTE   BY  PROFESSOR  CAYLEY  ON  ART.  416. 

or,  what  is  the  same  thing, 

and  this  equation,  considering  therein  6  as  an  infinitesimal,  say 
of  the  first  order,  represents  the  flat  conic  or  point-pair  composed 
of  the  two  given  points.     Comparing  with  the  general  equation 

we  have 

viz.  a  being  taken  to  be  finite,  we  have  g  and  h  infinitesimals 
of  the  first  order  ;  h,  c^  f  infinitesimals  of  the  second  order ;  and 
the  four  ratios  *J{b)  :  V(c)  :  V(/)  '  9  »  ^  are  so  determined  as  to 
satisfy  the  prescribed  conditions. 

Observe  that  tbe  flat  conic,  considered  as  a  conic  passing 
through  the  two  given  points  and  touching  the  two  given 
lines,  is  represented  by  a  determinate  equation,  viz.  consider- 
ing the  condition  imposed  upon  6  (^  =  infinitesimal)  as  a  de- 
termination of  6j  the  equation  is  a  completely  determinate 
one;  but  considering  the  flat  conic  merely  as  a  conic  passing 
through  the  two  given  points,  the  equation  would  contain 
two  arbitrary  parameters,  determinable  if  the  flat  conic  was 
subjected  to  the  condition  of  touching  two  given  lines,  or  to 
any  other  two  conditions. 

Generally  we  may  consider  the  equation  of  a  curve  of 
the  order  ?2;  such  equation  containing  certain  infinitesimal 
coefficients,  and  when  these  vanish,  reducing  itself  to  a  composite 
equation  F*Q^.,.=  0 ;  the  equation  In  Its  original  form  represents 
a  curve  which  may  be  called  the  penultimate  curve.  Consider 
the  tangents  from  an  arbitrary  point  to  the  penultimate  curve ; 
when  this  breaks  up,  the  system  of  tangents  reduces  itself  to 
(1)  the  tangents  from  the  fixed  point  to  the  several  component 
curves  P=0,  ^  =  0,  &c.  respectively;  (2)  the  lines  through 
the  singular  points  of  these  same  curves  respectively;  (3)  the 
lines  through  the  points  of  intersection  P=0,  $  =  0,  &c.  of  each 
two  of  the  component  curves ;  these  points,  each  reckoned  a 
proper  number  of  times,  are  called  "  fixed  summits ;"  (4)  the 
lines  from  the  fixed  point  to  certain  determinate  points 
called  "free  summits"  on  the  several  component  curves  P=0, 
§  =  0,  &c.   respectively.      We   have   thus   a   degenerate  form 
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of  the  w-thic  curve,  which  may  be  regarded  as  consisting  of 
the  component  curves,  each  its  proper  number  of  times,  and 
of  the  foregoing  points  called  summits,  and  is  consequently 
only  inadequately  represented  by  the  ultimate  equation 
P*5^...=  0;  the  number  and  distribution  of  the  summits 
is  not  arbitrary,  but  is  regulated  by  laws  arising  from  the 
consideration  of  the  penultimate  curve,  and  there  are  of 
course  for  any  given  value  of  n  various  forms  of  degenerate 
curve,  according  to  the  different  ultimate  forms  F'Q^...=  Oj 
and  to  the  number  and  distribution  of  the  summits  on  the 
different  component  curves.  The  case  of  a  quartic  curve 
having  the  ultimate  form  a;y  =  0  has  been  considered  by 
Cayley,  Comptes  Bendus,  t.  LXXIV.,  p.  708  (March,  1872), 
who  states  his  conclusion  as  follows :  "  there  exists  a  quartic 
curve  the  penultimate  of  a^y  =  0,  with  nine  free  summits,  three 
of  them  on  one  of  the  lines  (say  the  line  y  —  O),  and  which  are 
three  of  the  intersections  of  the  quartic  by  this  line  (the  fourth 
intersection  being  indefinitely  near  to  the  point  a;  =  0,  y  =  0), 
six  situate  at  pleasure  on  the  other  line  a;  =  0 ;  and  three  fixed 
summits  at  the  intersection  of  the  two  lines.".  Other  forms 
have  been  considered  by  Dr.  Zeuthen,  Comptes  Bendus,  t.  LXXV. 
pp.  703  and  950  (September  and  October,  1872),  and  some 
other  forms  by  Zeuthen ;  the  whole  question  of  the  degenerate 
forms  of  curves  is  one  well  deserving  further  Investigation. 

The  question  of  the  number  of  cubic  curves  satisfying  given 
elementary  conditions  (depending  as  it  does  on  the  consideration 
of  the  degenerate  forms  of  these  curves)  has  been  solved  by 
Maillard  and  Zeuthen ;  that  of  the  number  of  quartic  curves 
has  been  solved  by  Dr.  Zeuthen. 
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Art.  58,  p.  48.  On  the  equivalence  of  higher  singularitier  of  curves  to  ordinary 
singularities,  see  Professor  H.  J,  S.  Smith,  "On  the  higher  singularities  of  plane 
curves,  Proceedings  London  Math^  Soc.  vi.  153 ;  Zeuthen,  Math,  Ann.,  X,  212. 

Art.  151,  p.  132.  In  connection  with  this  theory  see  Cremona  {Nouvelles  AnnaUSf 
1864,  p.  23) ;  also  Schroter  "  on  a  mode  of  generating  cubics" ;  Math.  Ann.  v.  50, 
DurSge  "on  a  cubic  considered  as  the  locus  of  the  foci  of  a  system  of  conies," 
Math.  Ann.  v.  83 ;  and  Clebsch  "on  two  methods  of  generating  cubics,"  Math.  Ann. 
V.  422.  Grassmann  {Crelle,  Lii.  254)  has  generated  a  cubic  as  the  locus  of  a  point 
such  that  the  lines  joining  it  to  three  fixed  points  meet  three  fixed  lines  in  points 
which  lie  on  a  right  line. 

Art.  161,  p.  139.  Investigations  of  a  nature  kindred  to  those  of  Sylvester  on 
residuation  were  made  about  the  same  time  by  Brill  and  Noether,  Gdttinger 
Nachr,,  1873,  p.  116.  An  abstract  is  given  by  Fiedler  in  the  notes  to  his  translation 
of  this  work. 

p.  185.    Add  to  the  note  "  See  also  a  dissertation  by  Rosenow  Breslan,  1873," 

Art.  220,  p.  191.    The  form  in  which  8  is  written  by  Aronhold  is  as  follows  : 

-8=  {b,c^  -  m2)2  +  (cia  -  a,')  (bc^  -  b^^)  +  {ab,  -  a,')  {b^  -  c,^) 

+  {a^a^  -  ma)  [be  -  JjCj)  +  {a^m  -  a^bi)  (Vi  +  c*i  -  ^c^m) 

+  {mag  -  a^Pi)  (JjCj  +  c^b  -  2mb^, 

p.  212.  Add  to  tlM  note,  "In  the  paper  last  mentioned  Gundelfinger  writes  down 
the  34  forms  which  constitute  the  system  of  concomitants  to  a  ternary  cubic,  in 
conformity  with  Gordan's  theory,  Maih.  Ann.  I.  90.  See  also  Gundelfinger's  paper 
Math.  Ann.,  viii.  136.  On  the  subject  of  cubic  curves  Clebsch  ought  also  to  be 
consulted,  Vorlesungen  iiber  Geometric,  p.  497." 

On  the  Bitanoents  of  a  Quartio,  by  Professor  Catley. 

Thh  equations  of  the  28  bitangents  of  a  quartic  curve  were  obtained  in  a  very 
elegant  form  by  Riemann  in  the  paper  "  Zur  Theorie  der  Abelschen  Functionen  fiir 
den  Fallp  =  3,"  Werke,  Leipzig,  1876,  pp.  456—472;  and  see  also  Weber's  "Theorie 
der  Abelschen  Functionen  vom  Geschlecht  3,"  Berlin,  1876.  Riemann  connects  the 
several  bitangents  with  the  characteristics  of  the  28  odd  functions,  thus  obtaining  for 
them  an  algorithm  which  it  is  worth  while  to  explain,  but  they  will  be  given  also 
with  the  algorithm  employed  p.  231  ei  seq.  of  the  present  work,  which  is  in  fact  the 
more  simple  one.    The  characteristic  of  a  triple  6-function  is  a  symbol  of  the  form 

a  /3  y, 

where  each  of  the  letters  is  =  0  or  1 ;  there  are  thus  in  all  64  such  symbols,  but  they 
are  considered  as  odd  or  even  according  as  the  sum  aa'  +  pft'  +  yy'  is  odd  or  even  j 
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and  the  immbers  of  the  odd  and  even  chfiracteristics  are  28  and  36  respectively ;  and, 
as  already  mentioned,  the  28  odd  characteristics  correspond  to  the  28  bitangenta 
respectively. 

We  have  x,  y,  z  trilinear  coordinates,    a,  /3,  y,  a*,  /J*,  y'  constants  chosen  at 
pleasure,  and  tlieu  a\  ^\  y"  detenniuate  constants,  such  that  the  equations 

«+      X+      2+  ^  +  n  +  I  =«, 
«x  +  /3^+ye+|  +j  +^  =0, 

«^+/^y  +  /*+|  +  |'  +  7=0' 

a"x+fr'y  +  y"z  +  1  +  JL  +4,  =  0, 

are  equivalent  to  three  independent  equations ;  this  being  so,  they  determine  ^,  tj,  X 
each  of  them  as  a  linear  function  of  (x,  y,  z) ;  and  the  equations  of  the  bitangenta 
of  the  curve  J(x^  +  J(ytj)  +  J(2$)  =  0  (see  Weber,  p.  100)  are 
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The  whole  number  of  ways  in  which  the  equation  of  the  curve  can  be  expressed 
in  a  form  such  as  ^{x^  +  ^{yr\)  +  .l{zQ  =  0  is  1260 ;  viz.  the  three  pairs  of  bitangents 
entering  into  the  equation  of  the  curve  are  of  one  of  the  types 

12.34,  13.24,  14.23  g]  No.  is  70 
12.34,  13.24,  56.78  Q  H  »  630 
13.23,    14.24,     15.25       ^  „       660 

1260 
and  it  may  be  remarked  that  selecting  at  pleasure  any  two  pairs  out  of  a  system 
of  three  pairs  the  type  is  always  a  or  III |,  viz.  (see  p.  233)  the  four  bitangents  are 
such  that  their  points  of  contact  are  situate  on  a  conic. 

Art.  269,  p.  241.  In  saying  that  the  case  of  quartics  with  a  single  node  had 
received  no  attention  I  overlooked  Brioschi's  paper,  Math.  Ann.  iv.  95,  followed  by 
Cremona,  p.  99,  and  Brill,  Math.  Ann.  vi.  QQ  and  Crelk,  vol.  65. 

Art.  276,  p.  246.  The  method  here  employed  had  been  indicated  by  Bumside, 
Educational  Times  reprint  vii.  70. 

Art.  287,  p.  257.  On  this  subject  see  a  paper  by  Mr.  Malet,  Trans,  Royal  Irish 
Academy,  xxvi.  431  (1878). 
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Casey,  on  bicircular  quartics,  241. 
Cassmi's  ovals,  44, 126. 
Catenary,  287. 
Caustics,  98,  &c. 

of  parabola,  107. 
Cayley  on   intersections  of  two  curves, 
21,  22. 
on  equivalence  of  higher  singularities 

to  a  union  of  simpler,  48. 
modification  of  Pliicker's  equations, 

66. 
on  envelope  of  equation  containing 

independent  parameters,  74. 
on  quasi-evolutes,  92. 
on  characteristics  of  parallel  curves, 

102. 
on  problem  of  negative  pedals,  107. 
on  foci,  120. 
on  involution,    and  classification   of 

cubics,  162,  179. 
his  notation  for  equation  of  cubic, 

189. 
algorithm  for  bitangents  of  quartics, 

230,  232. 
on  tangents  from  nodes  of  binodal 

quartic,  241. 
on  cartesians,  251. 
on  logarithmic  curve,  287. 
on  skew  reciprocals,  304. 
on  transformation  of  curves,  316. 
solution    of  problem  of    bitangents, 

341,  351,  355. 
on  sextactic  points,  371. 
on  systems  of  curves,  372,  379. 
on  degenerate  forms  of  curves,  383. 
note  on  bitangents  of  quartic,  387. 
Cayleyan  of  cubic,  different  definitions  of, 
151. 
its  equation,  190. 
in  point  coordinates,  203. 
of  a  system  of  conies,  225, 
of  a  curve  in  general,  36-1. 
Centres,  115. 
Central  cubics,  164. 
Centre  of  mean  distances,  112. 

of  contacts  of  parallel  tangents,  119. 
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Characteristics  of  reciprocal,  65. 

of  evolute,  94. 

of  paraUel,  102. 

of  inverse  curve  and  pedals,  106. 

of  system  of  conies,  372. 
Chasles  on  contact  of  parallel  tangents,  119. 

on  projection  of  cubics  into  central 
cubics,  164. 

on  Cartesians,  241,  250. 

on  systems  of  curves,  372. 
Circular  points  at  infinity,  1, 83, 90, 119,124. 

their  coordinates,  7. 

normal  at,  94. 

circular  cubic,  126,  142,  248. 
Circular  coordinates,  7. 
Cissoid,  84,  182. 
Class  of  a  curve  how  connected  with  its 

order,  54. 
Clebsch,  on  unicuraal  cubics,  188. 

on  canonical  form  of  a  qiiartic,  265. 

on  Jacobians,  359. 

on  generation  of  cubics,  387. 

on  symbolical  notation,  343. 
Clifford,  on  Miquel's  theorem,  128. 
Conchoid  of  Nicomedes,  44. 
Condition  that  curve  should  have  a  double 
point,  55. 

a  cusp,  58. 

a  point  of  undulation,  362. 

that  two  curves  should  touch,  80. 

that  four  consecutive  points  on  curve 
should  lie  in  a  circle,  97. 

that  cubic  should  be  sum  of  three 
cubes,  197. 

should  represent  three  lines,  197, 

a  conic  and  a  line,  210. 

that  quartic  should  be  sum  of  five 
fourth  powers,  265. 
Contact  of  conies  with  cubics,  135,  207. 

with  curves  in  general,  3G8. 
Contravariants  of  cubic,  190,  204. 

of  quartic,  264,  271,  273. 
Coresiduals,  134. 

Correspondence  of  two  points  on  a  cubic, 
132. 

on  Hessian,  149. 

general  theory  of,  255,  324,  331. 
Cotes,  theorem  of  harmonic  means,  115. 
Covariants  of  cubics,  189,  200. 

of  quarcics,  264,  209,  273. 
Cramer  on  intersections  of  two  curves,  22. 

on  points  of  visible  inflexion,  37. 

on  tracing  of  curves,  43. 
Cremona,  on  Cayleyans,  151. 

on  transformation  of  curves,  316. 

on  nodal  quartics,  3, 
Critic  centres  of  system  of  cubics,   160, 
174,  178. 

of  cubic  and  Hessian,  200. 
Crunodes,  24,  129. 
Curvature,  centre  and  radius  of,  84,  86. 

of  roulettes,  284. 

aberrancy  of,  3C8. 
Cusps,  25,  48,  58. 

curvature  at,  87. 
Cuspidal  cubics,  180. 
Cycloid,  275. 
Daudelin  on  caustics,  99. 


Deficiency  of  a  curve  defined,  30. 

same  for  curve  and  its  reciprocal,  66. 
or  for  any  curve  connected  with  it  by 

linear  correspondence,  97. 
unaltered   by    Cremona   transforma- 
tion, 321. 
or  any  rational  transf  ormation,326,33 1 . 
Degenerate  forms  of  curves,  377,  383. 
De  Jonquieres  on  systems  of  curves,372,383. 
De  Morgan  on  Newton's  process  for  finding 
figure  of  curve  at  multiple  point,  46. 
Des  Cartes  (see  Cartesians),  on  the  cycloid, 
278. 
on  the  logarithmic  spiral,  293. 
Descriptive  properties,  1,  82, 
Diameters,  112. 
Diodes,  the  cissoid,  182. 
Discriminant  of  a  curve  defined,  55. 

of    a    cubic    expressed    in  terms   of 
fundamental  invariants,   159,    196, 
199,  210. 
expressed  as  a  determinant,  211. 
of  discriminant,  360. 
Divergent  parabolas,  164,  166,  173,  176. 
Double  points,  their  species,  24. 

equivalent  to  how  many  conditions,  28. 
limit  to  their  number,  28. 
Duality,  geometrical,  12. 
Durege,  on  cubic  considered  as  locus  of 
foci,  387. 

Envelopes,  general  theory  of,  67. 

of  line  whose  equation  is  algebraic 

function  of  parameter,  70. 
of  line  whose  intercept  between  two 
lines  is  constant,  102,  (see  also  69, 
84),  283. 
of  line  joining  feet  of  perpendiculars 
from  point  on  circle  on  sides  of 
inscribed  triangle,  283. 
of  hne  joining  corresponding  points 
on  cubic,  133. 
Equitangential  curve,  290. 
Epicycloids,  278. 

Euler,  on  intersections  of  two  curves,  22. 
on  epicycloids,  279. 
on  logarithmic  curve,  286. 
Evectants  of  invariants  S  and  T,  191,  194, 
E volutes  of  conies,  41,  83. 
of  curves  generally,  82. 
tangential  equation  of,  89. 
characteristics  of,  94. 
confocal  with  curve,  124. 

Flecnodes,  217, 

Foci,  general  theory  of,  119. 

locus  of  foci  under  certain  conditions, 
127. 

of  circular  cubic  lie  on  circles,  248. 

of  bicircular  quartic,  242. 

Galileo,  on  the  cycloid,  277. 

on  the  catenary,  289. 
Geiser,  on  bitangents  of  quartics,  231. 
Gergonne,  on  intersections  of  two  curves, 

22. 
Gordan,  on  number  of  concomitants  to  a 

cubic,  387, 
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Grassman,  on  generation  of  cubics,  387, 
Gregory,  on  tracing  of  curves,  43. 

on  logarithmic  curve,  287. 
Groups,  of  cubics,  Plucker's,  178. 
Guldenfinger,  on  concomitants  of  cubics, 
387. 


3,  on  unicursal  cubics,  185. 
Harmonic  mean  of  radii,  115. 

pencil  by  chords  of  cubic,  133. 
polar  of  point  of  inflexion  of  cubic, 
146,  203. 
Hart,  construction  for  ninth  point  common 
to  all  cubics  passing  through  eight, 
140. 
theorem  that  foci  of  a  circular  cubic 

lie  on  circles,  145. 
proof  of  Hesse's  theorem  on  inflexions 

of  cubics,  148. 
on  foci  of  bicircular  quartic,  242. 
theorem  that  confocals  cut  at  right 

angles,  248. 
on  logarithmic  curve,  287. 
Hesse,  his  theorem  that  inflexions  of  cubic 
are  also  inflexions  of  Hessian,  148. 
algorithm  for  bitangents  of  a  quartic, 

230,  234. 
reduction  of  bitangential  of  quartic, 
344. 
Hessian,  defined,  57. 

passes   through   points  of  inflexion, 

59,  87. 
of  cubic,  its  equation,  190. 
of  quartic,  223. 
of  Hessian  of  cubic,  196. 
of  UV,  212. 
Homographic,  tangents  from  nodes  of  a 
binodal  quartic  are,  241. 
transformation,  295. 
Huyghens,  on  evolutes,  88. 

on  the  cycloid,  278. 
Hyperbolas,  cubical,  170,  &c. 
Hyperbolism  of  any  curve,  178. 
Hyperelliptic  integrals,  330. 

Identical  equation  for  cubic,  205. 
Igel,  on  unicursal  cubics,  185. 
Independent  parameters,  envelope  with,  74. 
Infinity,  pole  of,  117. 

normal  at,  94. 

satellite  of,  131. 

polar  conic  of,  with  respect  to  cubic, 
158. 
Inflexion,  points  of,  33. 

tangent  at  it  double,  34. 

curve  there  crosses  tangent,  35. 

number  of,  59. 

three  inflexions  of   cubics  lie  on  a 
right  line,  110,  131. 

inverse  of  this  theorem,  312. 

real    for  acnodal  cubics,    imaginary 
for  crunodal,  184. 

of  quartics,  how  many  real,  221. 
Inflexional  tangents  of  cubic  touch  Hes- 
sian, 152. 

equation  of  system  of,  203. 
Ingi-am,  on  inversion,  3]  2. 
Interscendental  curves,  275. 


Intersections  of  curves,  16. 
Inversion,  106. 

characteristics  of  inverse  curves,  106. 

of  parabola,  183. 

applied  to  obtain   focal   properties, 

in  wider  sense  of  word,  254. 
a  case  of  quadric  transformation,  810. 
applications  of  the  method,  311. 
Involute  of  circle,  290. 

JacoBi,  on  intersection  of  two  cflrves,  22. 
Jacobian  of  three  curves,  150. 
of  a  system  of  conies,  225. 
common  point  of  three  curves  of  same 
degree  is  double  point  on,  160,  358. 
properties  of,  357. 
Joachimsthal,  his  method  of  determining 

point  where  line  meets  curve,  49. 
Jungius,  on  catenary,  289. 

Keratoid  cusps,  48. 

Kirkman,  on  Pascal's  hexagon,  19. 

Leibnitz,  on  interscendental  curves,  275. 
Lemniscate,  44. 
Limagon,  44,  99,  252,  282. 
Line  coordinates,  9. 
Linear  transformation,  295. 
Lituus,  292. 

Locus,  of  common  vertex  of  two  triangles, 
whose  bases  are  given,  and  vertical 
angles  have  given  difference,  142. 
of  point  whence  tangents  to  a  curve 

have  given  invariant  relation,  79. 
whence    tangents    make    with    fixed 
line  angles  whose  sum   is   given, 
123. 
of  nodes  of  all  nodal  cubica  through 
seven  fixed  points,  160. 
Logarithmic  curve,  286. 

spiral,  292. 
Liiroth,  on  special  class  of  quartics,  265. 

MacLaurin's,  general  theorem  on  curves, 
117. 
theory  of  correspondence  of  points  on 

a  cubic,  133. 
on  harmonic  polars  of  inflexions  of 
cubic,  146. 
Magnus,  on    reduction    of   homographic 

transformation  to  projection,  299. 
Maillard,  on  number  of  cubics  satisfying 

elementary  conditions,  385. 
Mersenne,  on  cycloid,  277. 
Metrical  theorems  defined,  1, 108. 
Miquel's  theorem,  128. 
Multiple  points,  equivalent  to  how  many 
nodes,  28. 
how  related  to  polar  curves,  52. 
how  afiect  points  of  inflexion,  60. 
number  of  tangents  from,  63. 
Multiple  tangents,  32,  52. 

Newton's    process   for    finding  figure  of 
curve  at  multiple  point,  46. 
theorem  of  ratio  of  rectangles,  108. 
on  diameters,  112. 
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Newton,  on  intercept  between  curve  and 
asymptotes,  113. 
theorem  that  a  cubic  may  be  projected 
into  one  of  the  five  parabolas,  164. 
classification  of  cubics,  176. 
description  of  cissoid  by  continuous 
motion,  183. 
Newton's  rectification  of  epicycloids,  284. 
Nicomedes,  conchoid  of,  44. 
Node  cusps,  214. 
Normal,  89. 

of  point  at  infinity,  94  » 

Number  of   terms  in    general  equation, 
15. 
of    conditions    which    determine    a 

curve,  15. 
of  tangents  to  a  curve  from  a  given 

point,  54. 
of   conies  which   touch    five    given 

curves,  375. 
satisfying  any  five  conditions  of  con- 
tact, 382. 

Oscnodes,  216. 
Osculating  conies,  368,  Ac. 
Oval,  no  real  tangents  can  be  drawn  to 
cubic  from,  167. 
a  quartic  may  have  four,  219. 

Parabola,  cubical  and  semicubical,  83, 176. 

divergent  of  the  third  degree,  164. 
Parallel  curve  to  a  conic,  equation  of,  70. 

tangential  equation  of,  103. 

characteristics  in  general,  102. 
Parallel   tangents,   have   fixed    point  as 
centre  of  mean  distance  of  their 
contacts,  119. 
Parametric  expression  of  point  on  unicursal 
cubic,  185. 

on  cubic  in  general,  329,  338. 

on  unicursal  quartic,  260, 

on  nodal  quartic,  330. 
Partitivity  of  cubics,  168. 

of  quartics,  219. 

limit  in  general,  220. 
Pascal,  theorem  of  hexagon  derived  from 
theory  of  cubics,  19. 

limagon,  44,  99. 

on  cycloid.  278. 
Pedal,  of  a  curve,  99,  105. 

negative,  105,  106. 
Perpendicularity,    extension   of    relation, 

82,  93. 
Pippian  of  cubic,  151. 
Pliicker,  on  intersection  of  curves,  22. 

on  degree  of  reciprocal,  54. 

his  equations   connecting    reciprocal 
singularities,  65. 

on  theorem  of  transversals,  110. 

on  foci,  119. 

classification  of  cubics,  161,  178. 

on  forms  of  quartics,  219. 

on  bitangents  of  quartics,  227. 
Poles  and  polars, 

general  theory  of,  49,  115,  357,  &c. 

in  case  of  cubics,  142. 

polar  of  point  with  regard  to  triangle, 
4,  143. 


Poles  and  polars, 

of  infinity  with  regard  to  a  curve  of 

the  n^^  class,  119. 
first  polar  contains  points  of  contact 

of  tangents,  53. 
polar   conic  of  line  with  regard  to 
cubic,  156. 
Polar  coordinates,  problems  discussed  in, 

23,  79,  88,  108,  112,  116. 
Polygons,  problem  of  inscription  of,  in 
conies,  253,  337. 
in  cubics,  181,  338. 
in  quartics,  253. 
Poncelet,   on   number  of  tangents  to  a 
curve  from  any  point,  54. 
on  inscription  of  polygons  in  curves- 
253,  339. 
Projection,  of  cubics,  164,  169. 

a  homographic  transformation,  298. 
Pursuit,  cui-ves  of,  290. 

Quadrangle  formed  by  contacts  of  tangents 

from  point  on  cubic,  132,  206. 
Quasi  evolutes  and  quasi  normals,  90,  182. 
Quetelet,  on  caustics,  99. 

Ramphoid  cusps,  48,  214. 
Rational    expression    for    coordinates    of 
point  on  unicursal  curve,  30, 185, 260. 

transformation,  308. 
Reciprocal  of  a  curve,  its  degree,  54. 

characteristics  of,  65. 

method  of  finding  equation  of,  67,  76. 

of  a  cubic,  76,  158,  193. 

of  a  quartic,  78,  223. 

in  polar  coordinates,  79. 

skew  reciprocals,  306. 
Residuation,  Sylvester's  theory  of,  134. 

for  cuspidal  cubics,  180. 
Riemann,  on  constancy  of  deficiency,  326. 

on  bitangents  to  a  quartic,  387. 
Roberts,    on    problem    of    parallels    and 
negative  pedals,  105. 

on  transformation  of  curves,  313. 
Roberval,  on  the  cycloid,  278. 
Roemer,  on  epicycloids,  284. 
Roulettes,  284, 

Satellite  of  a  line  with  respect  to  a  cubic, 
130, 

of  line  infinity,  131, 

envelope  of,  162, 

used  in  classification,  161,  178, 
Schrbter,  on  generation  of  cubics,  387. 
Sextactic  points  on  cubics,  135. 

on  curves  in  general,  371. 
Signs  of  coordinates,  how  determined,  3. 
Singularities,  higher  equivalent  to  a  union 
of  simpler,  49. 

which  to  be  counted  ordinary,  64. 
Sinusoid,  285. 
Skew  reciprocals,  306. 
Smith,  on  singularities  of  curves,  387. 
Spinodes,  25. 
Spirals,  291. 
Stationary  points,  25. 

tangents,  33. 

of  cubic  touch  Hessian,  153. 
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stationary  tangents.eqtiation  of  8yBtem,203. 
Steiner,  on  hexagon,  19. 

on  inscription  of  polygons  in  quartic3, 

253. 
on  bitangents  of  quartics,  234. 
on  curve  enveloping  line  joining  feet 

of  three  perpendiculars,  283. 
on  circles  osculating  conic  and  passing 

through  given  point,  312, 
on  systems  of  curves,  360. 
Steinerian  defined,  67. 

identical   with  Hessian   in   case  of 

cubic,  150. 
its  properties,  363. 
Steiner-Hessian,  364. 
Stubbs,  on  inversion,  312. 
Sylvester's  theory  of  residuation,  134. 
Symbolical  form  of  equation  of  reciprocal, 
77. 
of  locus  of  points,  whence  tangents 
satisfy  invariant  relation,  79. 
Systems  of  curves,  372. 
Syntractrix,  289. 

Tacnode,  214. 
cusp,  214. 
Tact-invariant  of  two  curves,  80,  360. 
Tangent,  at  origin,  equation  of,  23. 

from  any  point,  points  of  contact, 

how  determined,  53. 
how  specially  related  in-  case  of  cubic, 

132. 
equation  of  system,  61,  78. 
from  a  multiple  point,  63, 
locus  of  point  if  sum  of  angles  made 
with  by  a  fixed  line  be  constant,  123. 
if  tangents  fulfil  invariant  relation,  79. 
Tangential  coordinates,  9. 
particular  cases  of,  10. 
equation  of  evolutes,  89. 
of  a  point  with  respect  to  a  cubic, 
130,  180,  206. 


Tangential, 

its  coordinates,  how  found,  156. 

points  of  a  curve,  how  related,  38. 

curve,  mode  of  finding  its  equation. 
352.  ' 

Tracing  of  curves,  40. 
Tractrix,  289. 

Transformation  of  curves,  294. 
Transon,  aberrancy  of  curvature,  868. 
Tricuspidal  quartics,  268. 
Trident,  176. 
Trinodal  quartic,  properties  of,  254. 

tangents  at  or  from  nodes  touch  conic, 
256. 
Triple  points,  their  species,  27. 
Tschimhausen  on  caustics,  98. 
Twinpair  sheet  of  cones,  165. 

Undulation,  point  of,  37. 

in  case  of  quartics,  218. 

general  condition  for,  362. 
Unicursal  curve,  defined,  31,  69,  107. 

cubics,  168,  179. 

quartics,  254. 

correspondence  of  points  on,  332. 
TJnipartite  cubics,  168. 
United  points  of  correspondence,  832. 

Vincent,  on  logarithmic  curve,  286. 

Walker  on  invariants  of  quartics,  274. 
"Waring  on  number  of  tangents  to  a  curve 

from  any  point,  54. 
Wallace  on  catenary,  288. 
Weber,  on  Abelian  functions,  387. 
Wren  on  cycloid,  278. 

Zeuthen,  proof  that  deficiency  is  unaltered 
by  rational  transformation,  326. 
on  bitangents  to  a  quartic,  220. 
on  systems  of  cui-ves,  377,  385. 
I         on  smgularities  of  curves,  387. 
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